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Abstract: This paper presents a calculation method to determine the locally changing tooth
friction coefficient along each contact line based on the TEHD lubrication theory for worm
gear drives operating in mixed lubrication conditions. This also involves a detailed
presentation of a procedure to specify the proportions of boundary lubrication and
hydrodynamic lubrication as well as temperature states in contact. By comparing the
calculated tooth friction coefficients with experimental test results, it can be stated that the
calculated results properly approximate the measurement results.
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1 Introduction

There are different theories for the tribological investigation of gear teeth contact.
Niemann [1] calculated the lubricant behaviour of worm gears according to the
hydrodynamic lubrication theory. Wilkesmann [2] developed an algorithm to
determine the speed and contact properties and losses of various worm gear drives
of standard profiles. Predki [3] applied the elastohydrodynamic lubrication theory
to evaluate the thickness of the lubricating film considering the deflection of the
shaft. Bouché [4] considered the surface roughness and calculated the friction
power loss of the worm gear teeth by assuming the mixed lubrication condition
between the tooth surfaces. The aims of our investigation are to calculate the
locally changing tooth friction coefficient of worm gear drives and to compare the
calculated results with experimental tests. A knowledge of the tooth friction
coefficient is necessary for further investigation into the dynamic behaviour of
worm gear drives.
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2 Geometry and Kinematics of the Investigated Drive

This study examines a worm gear set of a=100 mm axial distance, ZK profile, and
i=40 ratio, with the worm shaft located at the bottom.

Knowledge of contact lines is required for determining the tribological properties
of worm gear sets. Contact line points associated with the traverse positions of the
worm shaft can be determined by a numerical solution of the equation of meshing.
According to the equation of meshing, the normal vector (n) of the common
surface is perpendicular to the relative velocity vector (V) of the bodies at the
contact point [6]:

f(0,,0)=n-v=0
( é/ (01) - X (1)
Figure 1 shows instantaneous contact lines in case of the teeth parameters
specified above, in 3 views, with different ¢, angular position of the worm, in a
stationary system of coordinates fixed to the casing [Xy, Yy, Z1].
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Figure 1

Contact lines calculated in a coordinate system fixed to the housing

Further tribological calculations require knowledge of speed and curvature
properties at the contact line points. Speed conditions are determined in the
manner described by Predki [3] and Bouché [4]. A kinematic procedure was
developed by Litvin [6] to determine the contact point curvatures for spatial gears.
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For the worm gear set examined, Figure 2 shows the course of Vjgng sliding
velocity and the course of vy effective sum velocity along the contact lines at an
input rpm of N;=1500 1/min in the transverse section of the worm gear set.
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Figure 2

Changes in sliding velocity and in effective sum velocity along contact lines (transverse section)

As shown in Figure 2, sliding velocity does not change considerably along contact
lines. On the contrary, there are significant changes in effective sum velocity. At
entry (where the velocity of the worm shaft and the wheel are in the opposite
direction) it assumes a large value. At the middle of the tooth, it is reduced to zero
and it reaches its maximum at exit (here the velocity of the worm shaft and the
wheel are in the same direction). Figure 3 shows the changes in pg reduced radii
of curvature.

Figure 3

Changes in reduced radii of curvature along contact lines (transverse section)
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3 Tribological Simulation

In the dimensions examined, the worm gear flanks operate in a mixed lubrication
state [7]. This means that the asperities of contacting teeth are only partly
separated by the film created. A precondition for determining the friction
coefficient is to obtain the proportions of load distribution between the asperities
and the film and the friction coefficient associated with boundary and
hydrodynamic lubrication, respectively.

3.1 Model of the TEHD Lubrication of Worm Gear Teeth

In order to calculate these tribological properties, tooth flanks must be discretized.
In the course of meshing, the worm shaft and the wheel are in contact with each
other along the lines described above (see Figure 1). Between two contact points
of a single contact line, tooth flanks can be substituted by rolls whose radius
coincides with the reduced radius of curvature of tooth flanks, and the rolls
perform rotational motion of the same or opposite direction at the velocity valid
for the given contact point. This conceptual model is shown in Figure 4. This
approximation, coming from Niemann [ 1], was successfully applied by Predki [3],
as well as by Bouché [4].

7" substituting roll of tooth

jib |)uilll of it :
flank of worm wheel

1 ; contact line
Rolls in rotational

motions of the
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Rolls in rotational
motions of the
same direction

i" contact line

™ substituting roll of
tooth flank of worm

Figure 4

Substituting rolls for the tribological modelling of meshing

Based on the output torque, the height of the rolls, and the reduced radii of
curvature, the load of each of the rolls and their deformations can be determined
on the basis of Hertz’s theory [4]. In the knowledge of these data, the EHD
lubrication theory can be applied to substituting rolls for calculating the film
thickness between tooth flanks. In our investigations, equal Stribeck’s contact
pressure is assumed to exist along the length of a roll. The pressure mound above
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the flattening was approached according to Hertz, since the relatively low contact
load-bearing capacity of the worm wheel made of bronze cannot produce
pressures to give rise to a Petrushevich’s peak and to narrow down the lubrication
gap in the exit area. Accordingly, a lubrication gap of constant height was
assumed for the entire contact area.

3.2 Determining Film Thickness between Substituting Rolls

Venner published a combined equation to determine minimum film thickness
(Pmin) [8]. This equation yields accurate results in all four EHD ranges defined by
Johnson [5]. The equation can be stated in the following form:

1/s

H :[{(0,99-M’”8~L3’4-t)r+(2,05-M’”5)r}3”+<2,45-M’1)S} , @)

t=1—exp{—3,5~ M. L']/4},
r :exp{1—3/(L+4)},
s=3—exp{-1/(2-M)}

where H, L and M are dimensionless EHD parameters. This equation yields the
minimum film thickness under isothermic conditions. Murch and Wilson
introduced a thermal correction factor (¢@g) [9] for determining film thickness even
in non-isothermic conditions. This correction factor depends on oil viscosity (77,),
the temperature dependence of oil viscosity (), the thermal conductivity of oil
(Lg), and effective sum velocity (vs).

3,94

¢9 = 0,62
3,94{'70 L j
A

’ 3)
In order to determine the central non-isothermic lubrication gap size (hy), the hy,
film thickness yielded by Venner’s equation must be multiplied by 1.2 and the
Murch and Wilson’s correction factor [10]:

hO = 192 ! ¢9 ' hmin (4)
Figure 5 shows changes in the central non-isothermic film thickness thus
determined for the worm gear drive examined, in the case of N;=1500 1/min input
rpm, T,=570 Nm output torque, and FVA 4 mineral oil lubrication, at 9=60°C oil
bath temperature. As can be seen, film thickness is affected by changes in
effective sum velocity. Maximum film thickness is assumed at the end of contact
lines; its value is reduced to zero at the middle.
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Figure 5

Changes in non-isothermic central film thickness along contact lines (transverse section)

3.3 Determining the Proportions of Friction Mechanisms

As a part of the present investigations, a calculation method was developed for
determining the proportions of boundary lubrication and hydrodynamic
lubrication. This requires knowledge of the roughness and material properties of
contacting surfaces and of dimensionless film thickness.

The first model to describe rough surfaces — still frequently applied today — was
developed by Greenwood and Williamson (the GW model) [11]. According to this
model, asperities can be modelled by spherical caps of identical radius but
stochastic height, and material properties are isotropic. Contact between two
rough surfaces can be perceived as contact between a derived rough surface
modelled by spherical caps and a smooth surface. The GW model also assumes
that spherical caps do not affect adjacent spherical caps and that deformation is
brought about only within single spherical caps (see Figure 6).

a) 'R

.;]I._”__

Deformable resulting rough surface w2

Midline of surface Midline of asperities

Figure 6
Generating derived surfaces from rough surfaces based on the GW model a) Two contacting rough
surfaces, b) Contact model of a rigid flat surface and a deformable rough surface
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The pi; radius of derived spherical caps can be specified by reduced radius
generation according to the Hertzian theory:

1 1 1

_—

P PP (6)

The maximum valley depth (R, 12) and rms-roughness (Ry») of the derivative
surface can be calculated by the following correlations:

Rv,12 = Rv,l + Rv,z (7)

R = JR:’I + R:qz ®)

These values can be used for calculating the average height (hs) and the standard
deviation of heights (og) of derivative spherical caps as follows:

hs =R, +0,82-R , ©

(10)

Assuming that the height of asperities follows a Gaussian distribution, the
probability density function of the derivative surface can be stated in the following
form by using (9) and (10) [12]:

(p(hs)wzl,—,, "XP[‘E [ha_sh ] J (11)

According to the GW model, contacts between each deformable spherical cap and
the rigid flat surface can be examined separately. A spherical cap will first suffer
elastic deformation then plastic deformation (see Figure 7).
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Figure 7
Contact model of a deformable half sphere and a rigid flat surface

a) contact, b) elastic deformation, c) plastic deformation

The boundary of elastic and plastic deformation is a distinctive point. The force to
generate elastic deformation is called critical force (Fy), and the associated
deformation is called critical deformation (J;). Force and deformation figures are
normalized by these values.
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In the knowledge of spherical cap height, film thickness determines the rate of
deformation ¢ of the spherical cap (see Figures 6 and 7).

The force F between the surfaces can be determined from this deformation 6. The
present calculations used these complex equations to determine the force
generated by deformation.

In order to determine the proportions of friction mechanisms, the generation of
reduced surfaces is followed by film thickness modifications between a maximum
value and zero, and the force arising between each contacting spherical cap and
the rigid flat surface is determined for each film thickness, as well as its relation to
the force that would arise in the case of nothing but boundary lubrication. This
way a curve can be produced to represent the rate of boundary lubrication () in
function of dimensionless film thickness (1). Figure 8 shows curves determined
by this procedure for steel-steel contact pairs of 3 different roughness levels.
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Figure 8
Separation curves of frictions mechanisms determined for steel-steel contact pairs of 3 different

roughness levels
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Figure 9

Changes in the proportion of boundary lubrication along contact lines (transverse section)
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Figure 9 shows the proportions of boundary lubrication at the worm gear drive
examined along contact lines, in case of N;=1500 1/min input rpm, T,=570 Nm
output torque and FVA 4 mineral oil lubrication, at $=60°C oil bath temperature.

At the middle of the tooth, where the film is reduced nearly to zero, is
predominantly characterized by boundary lubrication.

3.4 Calculations of Temperature

It is essential to know the temperature course of the contact zone to be able to
determine hydrodynamic lubrication.

It can be observed that the heat flow generated in the course of friction (Qgiction)
exits to adjacent walls by conduction (q;, 0,), and heats up the oil by convection

(a):
qfriction = ql + qZ + qk (12)

The temperature course of both the oil film and the contacting surfaces is to be
determined on this basis.

3.4.1 Surface Temperature Calculations

The point of departure for determining surface temperatures is Fourier’s Law for
heat conduction, to be stated generally in the following form:

C~p~%= —div(—4-grad9)
ot (13)

Assuming that heat conduction is effected only in the direction of motion (X
direction) and into the specimens (y direction), and that material properties are
constant, and by taking the motion velocity of the specimens (v, V,) into
consideration, equation (12) will be simplified to the following form (index 1
pertains to the worm shaft, and index 2 to the worm wheel):

C oV .%_[62'91 a2‘91]_0

+

A ox L oxt oy’
Copv 08 (3% ),
2 ox (ox* oy’

(14

Gnilke developed a procedure to solve these equations, determining the course of
temperature in the form of Fourier Integrals [13]. This procedure was further
developed by Plote to determine the temperature distribution of bodies moving
into both identical and opposite directions [14].
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Based on [14], surface temperature rises can be stated in a dimensionless form as
follows:
}‘1 i l91 0. = 2’2 '92

2

61:
APy Vs -8y ,

_ﬂ'pH'VS'aH (15)

On the basis thereof, the dimensionless form of Fourier’s equation for heat

conduction can be stated as follows:
2 2

1'%_ d 021+a 921 =0

oxX oX oy

e .%_[6202 + 6262}:0

2 2 2
X X oy (16)
Where Pe; and Pe, are Peclét numbers to be specified as follows:
Pe :Cl'pl'vl'aH Pe :Cz'pz'vz'aﬁ
1 2
A & (17)

Surface temperature rises can be determined in the following manner from
differential equation (17), by disregarding the inferences included in [14], and
using Fourier Integrals:

0

6,(0)= L ][, -cos(-,) -0, -sin(%-0,)]-d,

0

0, (Y):%T[CZI 'COS(Y'%)_sz -sin(Y-qDZ ):|-d(pz
0 (s)

The solution of (18) requires that the dimensionless flux of heat also be expressed
by Fourier Integrals; this can be stated as follows:

_ﬂ:%if[% (@,)-cos(X-@,)+h, ((pz)-sin(Y'(Pz)]d(Pz’

Q(x,z)=
( ) H-Vs - Py 0

i 19

Two more boundary conditions are required for determining cj integration
constants in equation 18. In determining these constants, Plote departed from the
fact that the entire heat generated flows into the contacting surfaces (20) and that
heat fluxes are distributed to the same measure between the surfaces (21):
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9626, _

~6(x.2)
26, _ oo,

Now the temperature rise of the contacting specimens can already be determined.
By adding the melt temperature thereto, the absolute temperature of the surfaces
can be calculated.

3.4.2  Determining Oil Temperature

As a result of internal friction in the oil film and compression, heat is generated,
which flows within the oil through heat transport towards the walls and in the
direction of motion. This energy balance is described by the correlation termed as
energy equation in the EHD theory:

09 09 09 V2 v dp
Ay —r=A, —2—p.-C-h -V, —+n. —~+p -—-3h v, -—=0
cl 2 F “pF o Vs eff F 0 Vs 22
oy, o, X h, 09 dx (22)
conduction of heat convection of fluid shear of fluid compression of fluid

In order to solve equation (22), it is required to know the temperature profile of
the oil along the height of the film (y direction). Accurate specification thereof
requires lengthy calculations. Eller departed from the fact that the oil temperature
profile in the lubrication gap can be described by a parabola [15] (see Figure 10).
This requires knowledge of the surface temperatures (%, %) and the median
integral temperature ($). This latter is unknown, and therefore equation (22)
needs to be solved in an iterative manner. The temperature profile of the oil is
described by equation (23).

Temperature profile of
lubricant in ™ point

Figure 10
Oil temperature profile in the lubrication gap

2
9. (y)=(-6-8, +3-9 +3-192)-[hlj +(6-§L—4-31—2-92)-hl+91

0 0

(23)

The term caused by compression and included in equation (23) is quite frequently
disregarded in the literature due to its insignificance. Oil convection was also
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demonstrated to be insignificant compared to the heat fluxes flowing into the
walls. In our experience, consideration of the convective member in the case of
low film thickness rates (such as the ones at the middle of contact lines) leads to
numerical instability. So it is neglected for this reason and with a view to literature
data. Accordingly, energy equation (22) is stated in the following form:

09 09 %
_/Icl ._1_/102 '_2+’7Eeff S =0
“h
%Y, %Y, b
(S ——
conduction of heat shear of fluid (24)

The first two members of equation (24) can be determined on the basis of the oil
profile and wall temperatures registered. Oil viscosity depends on both pressure
and temperature. The effective viscosity included in equation (24) is the integral
mean value of the viscosity values along the height of the lubrication gap. This is
why knowledge of the median integral temperature (%) is also required for
specifying it. As the former is unknown, equation (24) can only be solved
iteratively.

The pressure and temperature dependence of viscosity was taken into
consideration using the Rodermund equation [16]; this equation assumes the
following form:

h{n(g,p)j_ B _(p_poﬂj(mac?g}

A | C+8 F

(25)

The effective viscosity determined by integrating equation (25) presumes the
lubrication oil’s Newtonian behaviour. The oil in the lubrication gap is exposed to
considerable shear, and therefore it demonstrates non-Newtonian behaviour; this
can be taken into consideration by Eyring’s material law [14]:

T

Tﬁy

Meett =Mne 7
am(TJ
i (26)

where 7 is oil film shearing, and 7y is the Eyring shear stress. This is the stress
where the so far Newtonian behaviour of the fluid changes to non-Newtonian.

The equations describing surface temperature rise and median fluid temperature
are connected equations to be solved together.

Two examples for the temperatures determined by this method are to be presented,
one for the rotational motion of the same direction, the other for the rotational
motion of the opposite direction of the rolls.
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Figure 11 shows wall and median temperatures as well as the course of effective
viscosity in case of rotational motion of the same direction of the rolls within the
contact area.
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Figure 11
Temperature and viscosity changes in the contact zone in case of rotational motion of the same

direction

Figure 12 shows wall and median temperatures as well as the course of effective
viscosity in the case of rotational motion of the opposite direction.
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Figure 12
Temperature and viscosity changes in the contact zone in case of rotational motion of the opposite

direction

Both the worm shaft and the wheel get more heated up in the case of rotational
motion of the opposite direction. Accordingly, the median oil temperature will be
higher and the effective oil viscosity will be lower.
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3.5 Determining Hydrodynamic Lubrication

Hydrodynamic lubrication arises from film shearing. Shearing is two-directional
in the case of worm gear drives, consisting of a component in the direction of
motion (X direction) and a component in the direction of the tangent of the contact
line (z direction). Taking this and the non-Newtonian behaviour of the oil,
shearing stress at a given point of the Hertzian penetration can be specified as
follows:

Teup = \/[rﬁy -arsinh (me\;“j] +[rby -arsinh [%e\;’z]]

i b @7
By integrating the (27) equation along the penetration surface, the Fg gyp frictional
force arising from hydrodynamic lubrication is yielded:

Frenp = J.TEHD -dA
A (28)

Thereby the force arising from hydrodynamic lubrication is known for substituting
rolls Frpup); the friction coefficient characterizing hydrodynamic lubrication
(4enp) can already be determined therefrom.

3.6 Determining the Friction Coefficient in Mixed Lubrication

In mixed lubrication, the friction coefficient consists of a component arising from
boundary lubrication and one arising from hydrodynamic lubrication. These
components are weighted by the function y depending on the dimensionless film
thickness A presented above. Hydrodynamic calculations are presented in the
previous chapter. Measurement figures are specified by Bouché [4] for boundary
lubrication between the tooth flanks of the worm gear drive. According to [4], it
ranges between 14,=0.1-0.14. For the present investigations, its value was
specified at £44,=0.13.

As presented above, the coefficient pertaining to the state of mixed lubrication can
be determined as follows:

Mixed =V~ Hary T (1 -y ) Henp (29)

Figure 13 shows changes — along contact lines — of the friction coefficient
determined by the method described above in the case of n=1500 1/min input
rpm, T,=570 Nm output torque and FVA 4 mineral oil lubrication, at $s=60 °C oil
bath temperature.

As can be observed, in accordance with the partial results presented so far, the
friction coefficient assumes its maximum value at the middle of the tooth
dominated by boundary lubrication. There are considerable changes in the friction
coefficient even along a single contact line.
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Figure 13

Friction coefficient changes along contact lines (transverse section)

4 Experimental Investigations

The locally changing tooth friction coefficient of worm gear drives cannot be
determined directly by gear drive measurements.

The median tooth friction coefficient can be determined indirectly from gear drive
efficiency measurements. For this purpose, a test bench was set up at the gear
technology laboratory of TU Kaiserslautern Institute of Machine Elements, Gears
and Transmissions for testing the efficiency of worm gear drives [17]. The test
bench is shown in Figure 14.

In the course of testing, the drive gear set was tested under various torque and rpm
loads. Mineral oil with additives of ISO VG 150 viscosity classification was
applied as a lubricant, as recommended by the manufacturer. The oil bath
precisely covered the worm shaft, and its temperature was set at $s=60 °C.

Worm gear drive losses can be traced back to four basic reasons: losses by tooth
friction, oil churning, bearings and shaft seals [18]. Each source of loss can be
divided into load dependent (Prp) and no load dependent (Pry) components. The
energy balance of the drive gear can be stated on the basis of the input (P;) and
output power (P,) of the drive gear and sources of loss. The literature provides a
number of solutions for defining loss components. Nass set up equations based on
measurements to determine load dependent and no load dependent total loss
components [19].
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130 kW AC drive motor
2 Clutch

3 Speed sensor

4 Torque sensor

5 Worm gear drive
6 Speed sensor
7 Torque sensor

8 Planetary gear

9 Clutch
10 30 kW AC break motor

11 Thermo camera

12 Measurement computer

Figure 14

Test equipment structure

These equations were taken as a basis for evaluating our measurements, adjusted
to our specific criteria. For the sake of verification, the values thus yielded were
compared to the data resulting from the calculations of [18]. Based on the energy
balance of the gear drive, tooth efficiency (77,) can be specified as follows:

P[P+ [P
’ |P]|—|PL01|—|PLP1| (30)
The tooth friction coefficient (z4,,) can be calculated from tooth efficiency by
taking tooth geometry into consideration as follows:

4, = tan [arctan [MJ -7, J -cos(a,)

z

€2))

Thus, efficiency measurements conducted at n;=500, 750, 1000, 1500, 2000, 2500
1/min input rpm and T,=270, 570, 1000 Nm braking torque yielded the average
tooth friction coefficient associated with these load points. By averaging the
locally changing tooth friction coefficient determined by simulation to a complete
revolution of the worm shaft (summarizing the values of Figure 13 in a single
coefficient of friction) an average tooth friction value can be obtained which can
be compared to the values measured. The simulation took into account the
material properties of FVA 4 mineral oil without additives, as the corresponding
data of the mineral oil with additives of ISO VG 150 viscosity classification were
not available. Here, it must be taken into consideration that the viscosity of FVA 4
oil is significantly higher than that of the oil used for testing.
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Figure 15 shows the values of the average tooth friction coefficient determined for
T,=270 Nm load and 5 rpm figures by experimenting and simulation, respectively.
The shape of the curves is similar, but it can also be observed that the values
measured are overestimated by simulation. The average discrepancy is 0.01.
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Figure 15

Course of the measured and simulated tooth friction coefficient at 270 Nm output torque

Figure 16 shows the values measured and calculated at T,=570 Nm load. The
shape of the curves is similar again, but it is also conspicuous that the discrepancy
is getting larger at an increasing rpm.

Friction coefficient between the teeth, 7.=570 Nm mineral oil 9 =60°C
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Figure 16

Course of the measured and simulated tooth friction coefficient at 570 Nm output torque

Figure 17 shows the course of the simulated friction coefficients and of the
measurement results available at T,=1000 Nm load. Here, the simulation
approximates the measured values with the smallest error, although the initial
discrepancy corresponds to that of the earlier two loads.
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Friction coefficient between the teeth, T,=1000 Nm mineral oil 4 =60°C
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Figure 17
Course of the measured and simulated tooth friction coefficient at 1000 Nm output torque

The measured values were consecutively overestimated by the simulation. This
can be attributed to the fact that an oil of higher viscosity was taken into account
in the simulation than the oil used for testing. Results can also be affected by the
fact that the curve to determine the rate of boundary lubrication models the
distribution of asperity heights by Gaussian distribution. The roughness
characteristics used for generating substituting surfaces come from 2D roughness
measurements. 3D roughness measurements of tooth flanks would yield not only
more accurate roughness indices, but would also provide additional information
for the statistical description of the height distribution of asperities.

Conclusions

This paper presented a complex calculation procedure to determine the tooth
friction coefficient locally changing along the length of the contact lines of worm
gear drives. It was also explained how to generate dimensionless Stribeck curves
from locally changing tooth friction coefficients determined by such complex
calculation; these curves enable the simple still accurate determination of the
changing tooth friction coefficient during multibody simulation calculations. The
tooth friction coefficients determined by simulation were compared to measured
values, and demonstrated satisfactory correspondence.

The authors expect a more accurate agreement by the further development of the
calculation algorithm as follows:

e Consideration of the load condition of substituting rolls by load curves
based on finite element calculations.

e Application of heat flux distribution changing point by point, describing
real conditions more appropriately, in determining surface temperatures.
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e Generation of curves to divide boundary and hydrodynamic lubrication
using curves based on 3D rough measurements. Assumption of non-
Gaussian distribution function if necessary.
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