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Abstract: An analytical description of conventional cold rolling, is developed with a novel 
mathematical algorithm, based on finite element (FEM) and flow-line (FLM) method 
calculations. A new function, enabling the formulation of deformation, accurately describes 
the possible reverse displacement near the surface of a rolled sheet. The corresponding 
value of deformation can be determined for various friction coefficients and roll gap 
geometries by employing the expressions developed. Knowing the material flow, the 
amount of deformation and stress distribution along the thickness of the rolled sheet can be 
calculated. The results obtained were compared to the counterparts computed by FEM and 
FLM. It was shown that the extended model ensures accurate description of the material 
flow for small thickness reductions and low friction coefficients, where the phenomena of 
reverse displacement are observed, and many numerical approaches fail to capture this 
type of deformation pattern. The model was tested on both experimentally measured results 
and data obtained from various literature sources. 

Keywords: Cold rolling; Symmetric rolling; Shear deformation; Reverse displacement; 
FEM; FLM 

1 Introduction 

Properties of the conventionally produced flat-rolled products are strongly 
affected by the following technological parameters: angular velocity and diameter 
of rolls, friction coefficient, yield stress of materials, reduction and deformation 
temperature. In view of the complexity of rolling process, the material flow is 
generally examined by experimental measurements [1] [2], finite element 
modeling (FEM) [3], flow-line models (FLM) [3-8] or other analytical methods 
[9] [10]. 



J. Gy. Bátorfi et al. Analytical Model for the Material Flow during Cold Rolling 

 – 8 – 

In most general case, the simplest approximation called plane strain compression 
(PSC) is employed which considers only the normal component of deformation, 
while the contribution of friction with corresponding shear components is 
neglected. Here, the amount of strain component in the thickness direction is 
approximated by the following expression, this component can be called the 
reduction too: 

0

0

h hr
h
−

=  (1) 

where h0 and h are initial and final thicknesses of a sheet subjected to rolling. 

This simple approach does not account for accurate estimation of equivalent 
strain, rolling force and torque, whereas the reasonable estimate of the 
technological parameters can be done by FEM, where the properties of a material, 
friction conditions and parameters of a roll gap should be set. The well-established 
FEM models are based on the theory of plasticity with specified material 
parameters and can be used for simulating numerous mechanical problems. In the 
simulation, the material subjected to deformation is subdivided to numerous 
volume elements by a network of points whereas the stiffness equation system is 
imposed to specified boundary conditions, which define the displacement of a 
given group of points. Knowing the deformation of each element, both strains and 
stresses can be calculated, which makes possible the evaluation of these quantities 
in diverse planes and directions. Application of this numerical approach requires 
significant computational capacity. The calculation time depends on the material 
model used, boundary conditions imposed, type and size of mesh generated, and a 
number of steps defined. For instance, simulation of rolling process by employing 
a very fine mesh and nonlinear material model can take approximately 2 weeks or 
even longer, depending on the capacity of the personal computer used. 

In contrast to FEM, flow line models (FLM) [3-8] offer fast and relatively 
accurate analytical solutions for specific deformation processes such as sheet 
rolling, bending or extrusion. Employing FLM approximations requires the 
definition of model parameters, which might be related to the boundary conditions 
of deformation process, however, in many instances, the fitting parameters do not 
reveal physical meaning, which complicates the implementation of this numerical 
approach in industrial practice. In case of rolling, FLMs engage streamlines which 
enforces the material to flow along these predefined directions with specific 
velocity, whereas the heterogeneity of strain/stress distribution is predefined by 
model parameters. For instance, in the model of Decroos et al. [7], the model 
parameters α and n ensures diverse deformation velocities along various 
streamlines and as it turned out both values are functions of friction coefficient 
and roll gap geometry and can be defined as it is described in Ref. [6]. In many 
instances, the FLM [7] ensures results comparable to FEM [5-8]. In addition to 
FLMs, alternative approximations [9, 10] provide accurate solutions exclusively 
for small values of friction coefficient. 
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It should be noted that the friction coefficient of Coulomb model (µ) is not 
constant in cold rolling, and the temperature of material changes either but the 
temperature variation has a negligible effect on material flow. In cold rolling of Al 
alloys, an increase of temperature in one deformation pass is far below one needed 
for recovery or recrystallization, however, the smallest changes in friction tend to 
induce strong strain/stress heterogeneities across the thickness of rolled sheet, 
which in turn has a strong influence on recrystallization phenomena during the 
subsequent annealing process. In this view, the determination of µ is of crucial 
importance. It is generally known that rolling is possible if µ exceeds the 
minimum value µmin necessary for the process to be completed [11]: 
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where R is a roll radius. 

There are other literatures, such as the one described in [14], which also takes 
horizontal forces into account. 

To evaluate the strain in rolling, Inoue [15] employs three basic assumptions: 1) 
the value of shear does not grow linearly; 2) the shear strain can decrease after 
reaching neutral point; 3) there is a plane strain state in the sheet and the normal 
strain is uniform through the thickness. Apart from mentioned approximation, 
there are many literature sources dealing with the strain heterogeneities which 
evolve in rolled materials across the thickness [5] [12] [13], however, there are 
still many issues which are not entirely understood or cannot be captured by 
numerical methods. 

There are many other modelling methods, like the “Genetic Algorithm” based on 
“Artificial Neutral Network” [14]. 

In this contribution, we present a new mathematical formulation allowing fast and 
accurate estimation of strain/stress heterogeneities. 

2 Computational Procedure 

The evolution of strain in rolling was investigated by FEM simulations. Since cold 
rolling does not account for widening, the calculations were performed with 
Deform 2D© software. Cold rolling is a symmetric process and therefore, the 
boundary conditions are defined to the rolls and symmetry line. All simulations 
were carried out with the constant friction coefficient for the Coulomb model, the 
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value of which exceeds µmin. This minimal value is changing between 0.015 and 
0.05. The behavior of a material is described by the plastic-multilinear model with 
a constant Young’s modulus of 68.9 GPa and Poison’s ratio of 0.33. The plastic 
properties are the same as applied in [5] and as it is described later in Eq. (15). 
The mesh of a rolled sheet is divided into 50x11 elements, while half of the 
thickness is separated into 10 layers. In the calculation procedure, 59 different 
parameter set were used, and 11 points were taken along the half-thickness of the 
sheet, so the mathematical function introduced below was fitted to the results of 
649 points. The amount of reduction on the material flow was analyzed by 
changing the degree of deformation and friction conditions. The applied 
geometrical values are the following: 250 mm is the radius of the roll, the velocity 
is 2 m/min, the initial half-thickness is 2 mm, the final thickness is changing 
between 0.6 and 0.9 mm, the friction coefficient is changing between 0.025 and 
0.25. 

3 New Mathematical Formulation of Rolling 

As Fig. (1) shows, the material flow in rolling, revealing diverse patterns, is 
strongly correlated to the roll gap geometry. It is obvious that the distorted 
patterns of Fig. (1) can be successfully described by analytical approximations 
where the displacement is approximated by a quadratic function in the horizontal 
direction, Eq. (3). This function is capable of describing the experimental patterns 
as well [1]. Analyzing the experimentally observed [1] displacement of initially 
vertical line, it becomes clear that the stress/strain state during rolling can be 
considered as a plane strain one. 

2x Az=  (3) 

where x and z are parallel to rolling (x) and normal (z) directions, respectively, 
and A is a constant. 

The precise description of deformation is important since it allows understanding 
the evolution of crystallographic texture in rolled materials [3-7]. Knowing the 
variations of texture evolved enables the evaluation of mechanical properties and 
their anisotropy. 

In most general case, the distortion of the initially rectangular grid can be 
described by a simple analytical expression, Eq. (4). This type of displacement 
function is predicted by the flow line models, FEM and likewise observed 
experimentally [6] [7] [15]. It turns out that the model parameters α and n are 
functions of roll gap geometry and friction coefficient [6] [7]. 

nx z= α  (4) 
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It should be noted that mathematical expressions of Eqs. (3) and (4) describes the 
displacement fields with relatively good accuracy, however, a new exponential 
function Eq. (5) was introduced for more complex shaped curves, since the 
function presented by Eq. (4), is not capable of characterizing the phenomenon of 
reverse displacement, described in detail below. In some instances, [6] [16] [17], 
the maximal shear strain is localized in the subsurface layers and this phenomenon 
cannot be captured by a simple polynomial expression. Fig. (2) shows several 
examples of deformation patterns which can be reproduced by the extended 
function. 

2
2B z 2

1 3x B (e 1) B z−= − +  (5) 

 

                           

(a)                                                       (b)                                                  (c) 

Figure 1 
Distortion of mesh used in FEM simulations: a) initial mesh; b) mesh after 30% reduction with friction 
coefficient of 0.08; c) mesh after 50% reduction with friction coefficient of 0.08 (the initial thickness 

of Al sheet is 2 mm while the roll diameter is 250 mm; only the half-thickness is revealed due to 
symmetry imposed by rolling) 

This complex equation is particularly advantageous in the cases when the reverse 
displacement occurs near the surface of the sheet leading to a strong deviation 
from the parabolic curve. 

The shape of curve expressed by Eq. (5) can be controlled by varying the model 
parameters B1, B2 and B3. As Fig. (2) shows, in some instances the maximum 
displacement is observed not on the surface of a rolled sheet but in the subsurface 
region. These types of curves are typically observed in FEM simulations, whereas 
the model parameters (B1, B2 and B3) can easily be determined for each particular 
case by fitting procedure. Comparing Eqs. (3) and (5), it becomes obvious that the 
simplified deformation model (SDM) can reproduce the quasi parabolic function 
of Eq. (3) if B1=0 and A=B3. Since the material flow is controlled by the roll gap 
geometry and friction coefficient, it is reasonable to suggest the model parameters 
will also be. The SDM model use the diameter of the roll, the initial thickness, the 
final thickness and the friction coefficient as inputs for calculating different 
parameters of the model. 
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Figure 2 
Distortion of initially vertical line as predicted by the extended function with specified model 

parameters 

4 Results 

Fig. (3) reveals the two ends of the deformation spectrum: A) small reduction with 
a small value of friction coefficient (R=250 mm, h0=1 mm, h=0.9 mm, r=0.1, 
μ=0.08, v=2 m/min) and B) relatively large straining with the larger value of 
friction coefficient (R=250 mm, h0=1 mm, h=0.6 mm, r=0.4, μ=0.25, v=2 m/min). 
In both cases, the linear velocity of rolls was identical v=2 m/min, this means, that 
this rolling process is a symmetric rolling. As it is shown in Fig (3a), the 
application of a small reduction degree with low values of µ accounts for reverse 
displacement and this phenomenon can be captured by the extended function 
(SDM, Eq. (5)), while the flow line model [7] fails to reproduce this deformation 
pattern. In the case of relatively large straining with larger µ, both the FLM and 
SDM can successfully reproduce the displacement curve calculated by FEM.  
It can be concluded here that the reverse displacement tends to vanish by 
increasing the degree of deformation. 
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(a) 

 
(b) 

Figure 3 
Displacement patterns calculated by FEM, FLM [7] and SDM for various roll gap geometries: a) 

R=250 mm, h0=1 mm, h=0.9 mm, r=0.1, μ=0.08, v=2 m/min; b) R=250 mm, h0=1 mm, h=0.6 mm, 
r=0.4, μ=0.25, v=2 m/min 

4.1 Determining the Model Parameters 

In order to make the model practically attainable, the model parameters (B1, B2 
and B3) of Eq. (5) should be determined. It is suggested here by Eqs. (6-8) that 
parameters B1-B3 are functions of friction coefficient µ while the polynomial 
coefficients pij depend on the reduction degree r. In Eq. (9), the sijk coefficients are 
fitting parameters. 
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3 2
i i3 i2 i1 i0B p p p p= ⋅µ + ⋅µ + ⋅µ +  (6) 

3 2
ij ij3 ij2 ij1 ij0p s r s r s r s= ⋅ + ⋅ + ⋅ +  (7) 

To determine the sijk, the square sum of the difference between the SDM patterns 
and ones calculated by FEM need to be minimalized according to Eq. (8): 

2

appr FEM
s

f ( , r, z,s) x ( , r, z) x
µ

 µ = µ − ∑∑  (8) 

The minimum can be determined by the multivariable extreme value defined in 
Eq. (9): 

f ( , r, z,s) 0
s

∂ µ
=

∂
 (9) 

Due to a large number of variables, a system of 12 equations with 12 variables 
was created. The solution for this equation-system was found by the Nonlinear 
programming method. The sijk parameters, presented in Table 1 were defined from 
the results presented in [6] [8] [9]. It should be underlined that the parameters of 
Table 1 are applicable for aluminum alloys, while the same procedure can be 
repeated for other metals as well. 

Table 1 
Parameters fitted for Eq. (5) 

 sxx3 sxx2 sxx1 sxx0 
s13x -4.78 315.92 -85.11 0.58 
s12x -8 -381.3 154.26 -12.97 
s11x -23.94 99.61 -38.84 3.35 
s10x -2.58 -2.53 1.4 -0.15 
s23x -0.01 237042 -131188.6 15426.6 
s22x -0.21 -133149.5 71118.7 -7884.67 
s21x -0.91 22114.4 -11439.6 1186.25 
s20x 3.94 -1009.74 514.72 -44.56 
s33x 6.27 5.04 0.35 -15.24 
s32x 19.32 -391.02 172.8 -11.45 
s31x 37.88 101.43 -44.28 3.67 
s30x -6.36 -2.29 1.6 -0.17 

Knowing the sijk values enables the calculation of deformation distribution across 
the thickness of rolled sheets under various conditions. Fig. (4) shows the 
displacement patterns of initially vertical lines calculated by FEM and 
approximated by the simplified mathematical model of Eq. (5) with sijk 
coefficients of Table 1 for various thickness reductions and diverse friction 
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conditions. It is evident that the mathematical model employed provides very 
satisfactory results since the deviations between the FEM and SDM curves are 
negligibly small. It is obvious that the phenomenon of reverse displacement can be 
neglect for rolling under relatively dry condition (higher µ). 

 

Figure 4 
Displacement curves of initially vertical lines calculated by FEM (continuous line) and simplified 

mathematical model (Eq. (5), dashed lines) for thickness reduction R=250 mm, h0=1 mm, h=0.9 mm, 
r=0.1, μ=(0.075, 0.1, 0.15, 0.175, 0.2, 0.25), v=2 m/min 

 

Figure 5 
Displacement curves of initially vertical lines calculated by FEM (continuous line) and simplified 

mathematical model (Eq. (5), dashed lines) for thickness reduction R=250 mm, h0=1 mm, h=0.8 mm, 
r=0.2, μ=(0.025, 0.06, 0.1375, 0.15, 0.175, 0.2, 0.225, 0.25), v=2 m/min 
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Figure 6 
Displacement curves of initially vertical lines calculated by FEM (continuous line) and simplified 

mathematical model (Eq. (5), dashed lines) for thickness reduction R=250 mm, h0=1 mm, h=0.7 mm, 
r=0.3, μ=(0.08, 0.1, 0.125, 0.15, 0.175, 0.2, 0.225, 0.25), v=2 m/min 

 

Figure 7 
Displacement curves of initially vertical lines calculated by FEM (continuous line) and simplified 

mathematical model (Eq. (5), dashed lines) for thickness reduction R=250 mm, h0=1 mm, h=0.6 mm, 
r=0.4, μ=(0.075, 0.9 0.1, 0.125, 0.15, 0.175, 0.2, 0.225, 0.25), v=2 m/min 

To calculate the equivalent (von Mises) strain, it is necessary to estimate the 
deformation in both horizontal and vertical directions, which are typically 
considered uniform along the cross-section of a rolled sheet. The normal and shear 
components of deformation as well as the equivalent strain [13] can be computed 
according to Eqs. (10-13): 
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vM xx

1(z) 4 (z) (z)
3

ε = ⋅ε + γ  (12) 

The shear distribution across the thickness is not homogeneous (Fig. (8)) implying 
that the equivalent strain will also reveal heterogeneous character along the 
normal direction (Fig. (9)). As can be seen in Fig. (8), the shear strain is not linear 
in investigated cases A and B. In case of condition A, the maximum is observed in 
the subsurface region due to phenomenon of reverse shear, while in case of B the 
amount of γ first linearly increases from the mid-thickness to the sub-surface and 
afterward tends to saturate within the surface layers. The analytical model 
developed in this work is capable of reproducing the evolutionary patterns of 
strain evolution presented in Figs. (8) and (9). The deviations observed between 
the SDM and FEM are attributed to the simplifications made in the proposed 
model. 

 
Figure 8 

Distribution of shear strain for different rolling conditions as predicted by the new analytical model:  
a) condition A (R=250 mm, h0=1 mm, h=0.9 mm, r=0.1, μ=0.08, v=2 m/min); b) condition B  

(R=250 mm, h0=1 mm, h=0.6 mm, r=0.4, μ=0.25, v=2 m/min) 
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Figure 9 
Distribution of von Mises strain for different rolling conditions as predicted by the new analytical 

model: a) condition A (R=250 mm, h0=1 mm, h=0.9 mm, r=0.1, μ=0.08, v=2 m/min); b) condition B 
(R=250 mm, h0=1 mm, h=0.6 mm, r=0.4, μ=0.25, v=2 m/min) 

Alternatively, to Eqs. (10-12), the assessment of both shear and equivalent strains 
can be calculated by employing Eqs. (13) and (14). The accuracy of this method 
was tested on the ultrafine-grain structured metals [16]. Since the shear strain is 
mainly localized within the surface layer for a higher thickness reduction as a 
result of the reverse flow phenomenon, it was suggested to calculate the surface 
strain εs, while the εvM is computed by substituting Eqs. (13) and (14): 

2

s
2(1 r) 1ln
r(2 r) 1 r

−  ε = γ  − − 
 (13) 

2 2
s

vM
4 1ln
3 1 r 3

ε  ε = +  −  
 (14) 

Both Eq. (14) and (12) require the amount of γ, imposed by rolling, which can be 
computed using Eq. (11). Fig. (10) suggests that these two methods, Eqs. (12) and 
(14), provide similar results. 
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Table 2 
Shear and equivalent strain values according to different methods and calculations 

Condition Equation 
FEM FLM SDM 

εs εeq εs εeq εs εeq 
A Eq. (12) -0.01669 0.1159 0.01167 0.1157 -0.1149 0.1157 
A Eq. (14) -0.1499 0.1219 0.01048 0.1218 -0.01032 0.1218 
B Eq. (12) 0.5852 0.5723 0.8675 0.6812 0.6279 0.5872 
B Eq. (14) 0.3363 0.6210 0.4985 0.6263 0.3609 0.6256 

 

Figure 10 
Measured (a) and calculated (b) displacement patterns for 30% thickness reduction (h=0.7 mm and 

μ=0.075). The dotted lines on graph (b) represent the upper and lower bounds of experimental 
variations 

 

(a) 
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(b) 

Figure 11 
Displacement for R=250 mm, h0=1 mm, h=0.7 mm, r=0.3, μ=0.075, v=2 m/min, (a) measured values, 

(b) data 

Table 2 summarizes both shear and equivalent strain values calculated for various 
roll gap geometries by various equations. As it follows from Table 2, the FEM and 
SDM methods ensure similar values for εs and εeq, while the FLM is less accurate 
in capturing the shear strain. 

Fig. (11a) presents the distortion patterns of initially vertical lines, made by 
microindentation, after r=30% thickness reduction in 1050 Al alloy. As it turns out 
(Fig. (11b)), both FEM and SDM outputs are in good agreement with the 
experimentally measured counterparts. 

4.2 Calculation of Stress Values 

Knowing the equivalent strains and material’s hardening law [18], the von Mises 
stress distribution can be evaluated by Eq. (15). The calculated stress distribution 
for cases A and B reveals that stress variations across the thickness are 
approximately 5%. The calculated stresses for different rolling conditions as 
predicted by both FEM and the new analytical model for conditions A (R=250 
mm, μ=0.08, h0=1 mm, h=0.9 mm, v=2 m/min) and B (R=250 mm, μ=0.25,  
h0=1 mm, h=0.6 mm, v=2 m/min) are as following: σvM,FEM (A-surface)= 99.03 
MPa, σvM,SDM (A-surface)= 97.15 MPa, σvM,FEM (A-mid-thickness)= 97.79 MPa, 
σvM,SDM (A-mid-thickness)= 97.12 MPa, σvM,FEM (B-surface)= 138.93 MPa, 
σvM,SDM (B-surface)= 136.79 MPa, σvM, FEM (B-mid-thickness)= 133.93 MPa, 
σvM,SDM (B-mid-thickness)= 133.17 MPa. This change seems to be negligibly 
small, but it should be noted that even small stress diversities are capable of 
triggering the evolution of microstructural heterogeneities in variously oriented 
grains. 
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[ ]0.2
vM vM148 MPaσ = ⋅ε  (15) 

Apart from the above formulation, there are other material models, such as the 
cubic polynomial strain-stress function described in Ref. [14] or the Ramberg-
Osgood model [19]. 

The presented analytical model can be employed for the estimation of the 
strain/stress distribution as well as the amount of shear strain/stress in cold rolled 
aluminum sheets or other metals. There are many pros and cons regarding the 
implementation of SDM. Results of experimental observations and FEM 
simulations clearly demonstrate that the major advantage of the analytical model 
developed is that it can accurately capture the evolution of both strain and stress 
heterogeneity across the thickness of a rolled sheet. Compared to time costly FEM 
simulations, this approach is capable of providing a solution within a fraction of a 
second. It should be noted that this model cannot predict the strain/stress evolution 
over time and neglects the effect of temperature and rolling velocity, however, the 
effect of these technological parameters on properties of cold rolled materials is 
negligibly small. The model can be extended by taking into account the deflection 
of the rolls as it is described elsewhere [20]. The disadvantage of the presented 
approach is that the model parameters should be defined for each roll diameter 
individually, though, the fitting parameters can be defined for various rolling 
stands according to the procedure, presented in this contribution, and this will 
ensure a very fast and accurate simulation of cold rolling process. 

Conclusions 

The normal and shear components of material strain, introduced by rolling, can be 
accurately modelled, by the presented analytical description. The model 
parameters were defined from previously published experimental data, found in 
various literature sources, and results of finite element calculations. 

The new model reveals very reasonable agreement with the data calculated by 
FEM and ones measured experimentally. The approach can be used for the 
description of evolution of strain components in cold rolling. The presented 
analytical solution was successfully tested for thickness reductions ranging from 
10% to 40% while the friction coefficient varied between 0.025 and 0.25. The 
discrepancies observed between the FEM calculations and ones produced by the 
analytical model developed are attributed to the simplifications made in the SDM. 

Compared to finite element or flow line models, the developed approach neglects 
the kinetics of material flow, nonetheless, it can guarantee a high accuracy of 
strain evolution in cold rolling process. The extended model can be used for rapid 
analysis of symmetric rolling and is capable of capturing the phenomenon of 
reverse displacement in Al alloys. By determining corresponding model 
parameters, this approach can be employed for strain/stress evolution in various 
metals. Results of model calculations suggest that the reverse displacement tends 
to disappear, by increasing both the degree of deformation and friction coefficient. 
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