Acta Polytechnica Hungarica Vol. 20, No. 6, 2023

Petri Net-based S’PR Models of Automated
Manufacturing Systems with Resources and
Their Deadlock Prevention

Franti§ek Capkovi¢

Institute of Informatics, Slovak Academy of Sciences, Dubravska cesta 9, 845 07
Bratislava, Slovakia, e-mail: Frantisek.Capkovic@savba.sk

Abstract: Correct allocation of resources in Automated Manufacturing Systems (AMS) is
very important, especially in order to avoid deadlocks and their consequences. Petri Nets
(PN) are frequently used for modeling AMS. S3PR (Systems of Simple Sequential Processes
with Resources) model of Resource Allocation Systems (RAS) based on PN are defined,
analyzed and controlled here. S’PR are modeled by Ordinary PN (OPN). After defining and
creation of such models the deadlock prevention will be performed by two deadlock
prevention methods, namely (i) the method based on elementary siphons, and (ii) the method
based on preventing strict minimal siphons from being emptied in another way (by means of
circuits, holders of resources and complementary siphons). For illustration, two practical
examples will be introduced. Both approaches are very useful not only for reliable deadlock-
free control of existing AMS, but also at design of new AMS of such kind.
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1 Introduction

Petri Nets (PN) in general are defined as follows. A Petri net is a four-tuple N = (P,
T, F, W), where P and T are finite nonempty sets. P = {p1, p2, ..., pa} is a set of
places (|P|=n) and T= {t, to, ..., tw} is a set of transitions (|7] = m). It is valid that
PUT#@andPNT=0@. F=(P X T)U (T % P)is called a flow relation of the net.
It is represented by directed arcs from places to transitions and from transitions to
places. W: (P X T) U (T X P) — N is a mapping that assigns a weight to an arc:
W(f) > 0 if f € F and W(f) = 0 otherwise. Here, N = {0, 1, 2, . . .}, containing natural
numbers plus zero.

N=(P, T, F, W) is ordinary net (OPN) denoted as N= (P, T, F), if Vf € F, W(f) =
1. N is said to be a generalized net (GPN) if 3f € F, W(f) > 1. Consequently, PN
marking M being an (n X 1) vector (frequently named also as the state vector) is
evolved in the matrix/vector form as My+1 = My + [N].ow, k € N, with M, being initial
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marking, where [N] = [Post]” - [Pre] is the (n X m) incidence matrix based on the
set F, and oy is a (m X 1) firing vector of transitions (frequently named also as
control vector). More details about PN can be found in [1]-[4]. While the
foundations of PN were laid by C. A. Petri in his PhD Thesis [1], many other authors
have developed the PN theory into its present form. Among them we should
mention at least [2]-[4]. Some particulars about PN were mentioned also in [5]-[7].

A PN marking M is usually understand as a vector. M(p) denotes the number of
tokens in place p. For economy of space ), cp M(p)p is used to denote the vector
M. Place p is marked at M if M(p) > 0. A subset S € P is marked (unmarked) at M
if M(S) > 0 (M(S) = 0). If My is an initial marking of a net N, (N, M) is called a
marked net. A state machine is PN, where each transition has only one input and
only one output place. PN where a place p is both an input and output place of a
transition ¢ is called self-loop PN. Here, in this paper, only PN without self-loops
will be used.

2 Preliminaries

Resource allocation systems (RAS) represent a special class of automated
manufacturing systems (AMS), where the attention is focused on resources.
Resources are understood as a finite set of devices like robots, machine tools,
automatically guided vehicles, transport belts, input/output devices, etc. Finite set
of different processes of AMS (e.g. production lines) are competing each other for
access to such resources. The competition may induce the existence of deadlocks.
There exist several standard paradigms of RAS - see e.g. [8]-[11], where particulars
about some of them are introduced, and [7], where a summary of most frequently
used paradigms as well as their relation to PN in general are mentioned. In this
paper, only one of them, namely S*PR, modeled by ordinary Petri nets, will be
presented and investigated. More complicated paradigms of RAS, e.g. extended
S’PR (ES?PR) or S*PR (Systems of Sequential Systems with Shared Process
Resources), are modeled by means of generalized Petri nets. They will be
investigated , the future.

2.1 S?PR Model of AMS

A simple sequential process (S?P) [7], where a review of definitions published in
[12]-[14] are introduced, is a Petri net N = (P4 U {p°}, T, F), where

e Py # @ is called the set of activity places; @ is an empty set
o p’¢& Pyis called the idle process place
e Nis a strongly connected state machine

e every circuit C of N contains place p’.
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A simple sequential process with resources (S?PR) is a Petri net N = ({p’} U P4
U Pi, T, F) with Pg being a set of resource places, such that

the subnet generated by X = P, U {p’} U T'is a S*P
Pr#@and (P4 U {p"}) N Pr=0

Vi€ *p,Vt' E€p®, Ar, € Pr,*t N Pr=1"* N Pr={r,}, where *p expresses
all input transitions of the place p, p® represents all output transitions of
p; °t expresses all input places of the transition #, ¢’ ® represents all output
places of the transition ¢/

the following statements are verified
. VrePR,** rNPy=r*NPs#Q
2. VFEPR,*rNnr'=0

..(po) N Pp= (po) “nNPi=0

Here, *r represent all input transitions of the resource place r, **r= U °t is
p p p t E@r

the set of all input places of all input transitions of the place », 7** = U¢ ¢, @ °
represents the set of all output places of all output transitions of the resource place
r; **(p”) expresses all input places of all input transitions of the place p’, (p°) **
represents the set of all output places of all output transitions of the place p’.

S*PR N is composed of n S’ PR Ny, N, ..., Ny, i.e. O, N

2.1.1

Composition of Two S’PR Into S’PR

To illustrate the composition of two S?PR Ny, N, into S’PR N let us introduce the
following.

An initial marking Mo of S?PR N is called an acceptable initial marking for N if

Mo@p®) = 1
M()(p) = O, VPA
M()(l”) 2 1, VPR

S?PR N with such a marking is said to be an acceptable marked.

In Simple Sequential Processes with Resources S?PR N

Py=PsnUPsp
P'={pi} U {p3}
Pr=Pri U Pr;
T=T\UT,

F=F, U F,is also S’PR
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SPR N = N; ° N, (where ° symbolizes the composition of nets) is acceptably
marked when

o Vi€ {1,2},Yp€Ps U {p}, Mo(p) = Mo (p)
o Vi€ {12},Vr€Pg \ Pc, My(r) = My, (r), where Pc= Pgi N Pro # @
o Vr€ Pc, My(r) = max{My; (r), Moz (r)}

e Places from P, symbolize activities - a token in a place p € P, models an
active process - e.g. a part being processed. Places from Py represent
resources - e.g. a buffering capacity of resources, shared devices like
robots and machines, etc. Tokens in a place r € Pr model the available
buffering capacity of resource ». Markings represent states with a physical
meaning. In this sense, only acceptable initial markings are considered.
If the system is well defined and its initial marking is correct, all the
markings that are reachable from it will represent possible states of the
system and have physical meanings.

In Figure 1 we can see the S?P N and two S?PR N,, N, nets, while their composition
S*PR net consisting of two S?PR nets is displayed in Figure 2.

t t tg

P

IZYOR ps ()t 5) Pe

Figure 1
S?P net (left) and two S*PR nets (middle and right)

t te

p3 (i 5) D6

Figure 2
S*PR net composed from two S?PR nets N;, N, i.e. N=N°N,
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S®PR in Figure 2 has the set of places P°= {p{} U {p?} = {ps, ps}, P4=Pu U Pnp
= {pl,pz, D4, ps}, Pr=Pr1 U Pgy= {p7, pg}. From Figure 2 is clear that *p1= {lz, le}
and **p7 =12 U *t¢ = {p1, ps, ps}, p? = {f, ts} and pP® = {t? v 2} = {p1, ps, ps}.
Clearly, **p7 = p®®. In S°PR, only one shared resource is allowed to be used at each
stage in a job.

2.2 Deadlocks, Petri Net Siphons, Traps and P-Invariants

A deadlock in general is a state in which two or more processes are each waiting
for the other one to execute, but neither can continue, , ,. Hence, deadlock is
undesirable and rather bad phenomenon in PN models of real production processes.

There are four conditions for a deadlock occurring known as Coffman conditions
[15]. A deadlock will never occur if one of these conditions is not satisfied. These
conditions are the following:

1. There is a resource that cannot be used by more than one process at the
same time (i.e. the mutual exclusion condition)

2. There are processes already holding resources are waiting for additional
resources or may request new resources held by other processes (i.e. the
hold and wait condition)

3. No resource can be forcibly removed from a process holding it. Resources
can be released only by the explicit action of the process (i.e. not using a
preemption condition)

4. Two or more processes form a circular chain where each process waits for
a resource that the next process in the chain holds (the circular wait
condition)

Petri net siphons, traps and invariants are structural PN parameters. They are
intensively used at the deadlocks prevention. A nonempty subset S c P is called a
siphon if every transition having an output place in S has an input place in S.
A nonempty subset Q C P is called a trap if every transition having an input place
in Q has an output place in Q.

If S has no token in a marking of N it remains without any token in each successor
marking of N. If O has at least one token in a marking of N it remains marked under
each successor marking on N. If every non-empty siphon includes a marked trap,
no dead marking is reachable. S is called an empty siphon at My if Mo (S) = ¥, es
My (p) = 0. Such siphon is inclined to evocate deadlocks. The main aim of the
deadlock prevention is the effort to prevent emptying siphons.

An (n X 1) vector [ is the P-invariant (place invariant) if and only if / # 0 and I”.
[N] = 07, where [N] is the incidence matrix of &V, 0 is zero vector. ||[I]| = {p|/(p) # 0}
is called the support of L. ||I||" = {pll(p) > 0} is the positive support of /.
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2.2.1 TINustrative Example 1

The simple illustration of the siphon and trap is introduced in Figure 3. There, the
siphon S = {p2, p4, ps, ps} and the trap Q = {p1, p3, ps, pe}. Alike, in Figure 2 the
siphon §'= {ps, ps, p7, ps} and the trap O = {p\, ps, p7, ps}.

trap siphon

p7 (

Figure 3
The siphon and trap in the S’PR N

2.2.2  Minimal, Strict Minimal and Elementary Siphons

If a siphon does not properly contain another siphon, it is called a minimal siphon.
The set of minimal siphons is denoted by I1. A minimal siphon S is called a strict
minimal siphon (SMS) if there is no siphon contained in it as a proper subset.
A strict minimal siphon is a siphon containing neither another siphon nor trap except
itself.

Having a matrix [A] consisting of rows being strict minimal siphons, then the
linearly independent rows of the matrix [n] = [1]. [N] point out on elementary
siphons in [A]. Denote 1y as a set of elementary siphons. In general - see [13], | I[1g
| < min{|P], [7]}.

Other rows of [17] point out on dependent siphons in [1]. The dependent siphon may
be strict (strongly) dependent or slack (weakly) dependent. It depends on whether
the linear combination coefficients are all positive or not.

A siphon S €& IIg is called strongly dependent siphon with respect to (w.r.t.)
elementary siphons if 75 = }.g; ¢ 1, @iMs;, Where a; = 0. A siphon S € I1 is called
weakly dependent siphon w.r.t. elementary siphons if 34, B, A # @, B+ @, A N
B=0 and ns=Ysiea ails; - Zs;‘es bjmsj , where a;, b; > 0.

_84—



Acta Polytechnica Hungarica Vol. 20, No. 6, 2023

3 Deadlock Prevention in S3PR Models of RAS

There are several approaches to deadlock prevention [12]-[14], [16]-[23]. While in
[12] elementary siphons are defined and their usage in the deadlock prevention is
described, [13] is devoted to methods of the deadlock resolution in AMS. In [14]
details of the supervisor synthesis for AMS are introduced. A survey of siphons is
performed in [16], while a method of deadlock prevention without the need to
enumerate complete set of siphons is presented in [17]. Different kinds of siphons,
namely compound and complementary ones are analyzed in [ 18], while the control
of elementary and dependent siphons is presented in [19]. The deadlock avoidance
policy for AMS with assembly operations is described in [20]. Deadlock prevention
methods depending on size of AMS are compared in [21]. Controllability for
dependent siphons in S*PR based on elementary siphons are tested in [22].
A practical usage of modeling and supervisory control in railway systems is
presented in [23].

Two principled methods of deadlock prevention are presented and applied here on
the S*PR PN model of a real system and illustrated by examples: (i) the approach
based on elementary siphons; and (ii) the approach based on preventing SMS from
being emptied by means of analyzing circuits of PN models and using
complementary siphons and downstream and upstream siphons.

3.1 Deadlock Prevention Method Based on Elementary
Siphons

This approach is based on elementary siphons and siphons dependent on them. Both
kinds of siphons were defined above in the part 2.2.2.
3.1.1 Illustrative Example

Consider an AMS schematically displayed in Figure 4.
il

4

01-=] =0 =03
02-=] =r
Figure 4

The scheme of the AMS structure
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This AMS contains three machines M1 - M3, two robots R1, R2, two input devices
I1, 12 and three output devices O1 - O3.

The scheme of the technological process being under way in it is displayed in Figure
5. Two types of parts P1 and P2 are processed as it is denoted by routing.

P1 is taken from I1 by R1 and put either into M1 or into M2. After processing P1

0l

RL» M1
/

P1: Il

R2
m M2 — M3 — 02

Figure 5
The scheme of the technological process of the AMS

by M1, P1 is moved to O1 by M1. After being loaded to M2, P1 is processed by M2
and then moved from M2 to M3 by R2. After being processed by M3, P1 is finally
moved to O2 by M3. In the production of P1, R1 and M1, or R1, M2, R2, and M3
are used. Similarly, P2 is taken from 12 by M3, and after being processed by M3 it
is moved from M3 to M2 by R2. Finally, after being processed by M2, P2 is moved
to O3 by M2. To produce part type P2, M3, R2, and M2 are used. The S’PR N model
of the AMS is in Figure 6. Places p7 and p» represent the operations of R1 and M1,
respectively, i.e. one sequence at producing of the part type P1. Similarly, p7 and
P3, Ps, Pe Tepresent the operations of R1, M2, R2, and M3, respectively, i.e. another
sequence at producing of the part type P1. For production sequence of part type P2
Ps, P4, po represent the operations of M3, R2, and M2, respectively. The number of
tokens in p1, i.e., M(p1) = 5, represents the number of concurrent activities that can
take place for P1. The number of tokens in pio, i.e., M(pio) = 3, represents the
number of concurrent activities that can take place for P2. Places p11 and pis denote
the resources R1 and M1, respectively. Places pi> - p1s denote shared resources M2,
R2, and M3, respectively.
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n (

3 ) P10

Figure 6
The S*PR PN model of the AMS

Initial markings of p11, p13, and pis, are all one as robots can hold one part and M1
can process one part at a time. Initial markings of pi» and p14 are two as either of
M2 and M3 can process two parts at a time.

The net has 10 minimal siphons. However, seven of them are equal to (i.e. contain)
traps and ergo they are prevented from emptying. As it was pointed out in [6], [7],
and also mentioned above, such siphons cannot be emptied. Namely, only siphons
being inclined to be emptied are dangerous, because they may lead to deadlocks.
It means that there are such 3 strict minimal siphons (SMS) here. Namely,

S1= {p4, Pe, P13, P1a}; $2 = {ps, po, p12, P13} S3 = {pe, po, P12, P13, pia)

or in the matrix form

0 001 0100O0OO0O0O0O0I1TT1TTO0
[sMS] = [A]T = (0 0001 0O0O0OT1TO0O0T11T10O0 0>

0 000 0O10O01O0O011T10
The incidence matrix of N displayed in Figure 6 is [N] = [Post] '- [Pre], where
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[Pre] =

O OO OROOODOOCD OO OOR
OCOOR OO0 RODOOOOO
O OROOOCDOOC OO OO RRrOO
OrRPO0OQCO0OC0COoOO0COoOORrRrROOOOCO
S OO OO OO ORrRrR OO OOO
R OO0 OO OO RrRrROOOOOO
[=NeolleNeNoNoNolololololoBol =
OrROO0OOR OOOCOOCOOCOCO
O ORrROOO0OORODOOCOOOCO
O OORPR OO0 OO ORrOOO
O OO OO RrROOOD OO OOO

[Post]” =

O OO OO OO RrRrRODOODOOO
S OO ORrRrOOO OO OO RrRrOO
S OORrRPR OO OO OO RrRrROOOO
O OROOOCOOOORrR OO OCOoOCO
(=N YeloNeNoNeloNoloNoNoNo Nl S
O OO ORrRrROOO OO OO ORO
R OO0 OO OO OO OO
O OO OO ORrROODOODOOO
O @PPRPROOOO0OO0OO0OO0OOORr OO0
O OPrRrOOORrROoOOOD OO OoOOO
O OORORFR OO OO OoOOCO

|
[EEN

0 0 0 00 -1 1 00
[m]" = [A]".[N] = (0 -1 0 00 0 -1 1 0)

0o -1 0o 10O0O0O-1 010
The rank ([n]) = 2, because only two of its rows are linearly independent. Namely,
the third row is the sum of first and second one: g3 = g1 + Ns,. It means that
there are two elementary siphons i, S> and one dependent siphon S3. To ensure the
deadlock prevention in our S*PR model, we have to add two control places Vs and
Vs, in order to control Si and S, respectively. The strongly dependent siphon S3 can
never be emptied in our case. Based on n¢; and 15, we have the supervisor with the
structure [N]s = [Post]s’ - [Pre]s resulting from [n], where negative entries yield
[Pre]s, while positive entries yield [Post]s". Namely,

00100001000)
0100 0 O0O0OOT1TTUO0FO

00010000100)
001 00 O0O0OO0OT1TSTO

The first row of [Pre]s symbolizes directed arcs from Vs to transitions of
uncontrolled N displayed in Figure 6, while the first row of [Post]s” symbolizes

[Pre]s= (

[Post]s"= (
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directed arcs from transitions of N to Vsi. Analogically, the second row of [Pre]s
symbolizes directed arcs from Vs, to transitions of N, while the second row of
[Post]sT symbolizes directed arcs from transitions of N to Vs,. Hence, we obtain the
new net N; displayed in Figure 7. It is composed of both the original uncontrolled

net N displayed in Figure 6 and the supervisor Ns. Its incidence matrix [V,] =

.}

P (s

Dl’m

Figure 7
The controlled S°PR PN model of the AMS

3.1.2  Setting the Marking of Monitors

Now it is important to find a suitable marking of the control places (monitors) Vs
and Vs. Namely, an inadequate setting of marking of these monitors may cause
other deadlocks in the controlled plant.

For setting the marking of monitors Vs, i =1, ny (1, is a number of monitors) are
valid the following general rules. Let S = {p;, p, ..., px} be SMS of a net system (No,
M), where Ny = (Po, To, Fo). Add a control place Vs to Ny to make P-vector /= (0,
ves Liy ooy 1y ooy 1y 0, 0, -1)T be a P-invariant of a new net system (N, M), where
Vp € Po\S, I(p) = 0, I(Vs) = -1, ¥p € Py, My (p) = My (p), and [N1]=[[No]” |L%]7,
where Ly, is a row vector due to the addition of the place Vs. Let Mi(Vs) = Mo (S) -
&s, where 1 < &s < Mo (S). Then, S is an invariant-controlled SMS and hence
always marked at any reachable marking of the net system (N, M;). Namely, / is a
P-invariant and Vp € (Po U {Vs}|\S, I(p) < 0. Note than I".M, = I".My = My(S) -
Mi(Vs) = &s> 0. Thus, S is an invariant-controlled siphon.

To make a siphon S be always marked in a net system, we have to keep at least one
token staying at S at any reachable marking of the net system. Suppose someway is
found which controls S never to be emptied and the least number of tokens staying
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at S is denoted as, say, . As mentioned above, ¢ is called the siphon control depth
variable. It is obvious the larger ¢ is, the more behavior of the modeled system will
be restricted, which, in Petri net formalism, means more reachable states will be
forbidden. Therefore, let the siphon control depth variable be as small as possible,
i.e. 1, whenever possible.

After Ny is extended by Vs, the incidence matrix [No] is extended by one row,
denoted by Ly;. Note that I7 = (As’-1) and / is a P-invariant of N;. Consequently, we
have I7.[Ni] = 07 and As".[No] - Lys = 0. It means that As”.[No] = Lys and [N1] =
=[[No]” | (As".[No])T1T =[[No]” | ns]”. We can see that Ly, = ns’.

It is easy to check from Figure 7 that /1 = ps + ps + p13 + p14 - Vs, and L= ps + pg +
pi2 + pi3 - Vs are P-invariants of Ny. Clearly, S| = {ps, ps, p13, p14} is invariant-
controlled by 71, since || [ [|* = Si and I".M = Mi(S1) - M1(Vs,) =3 -2>0,and S,
= {ps, po, p12, p13} is invariant-controlled by L, since || > || = S> and L. M, = Mx(S>)
- My(Vs,) =3 -2>0. Here, || /i ||', i = 1, 2, are the positive supports of /;.

S3 is a redundant siphon. We can see that in uncontrolled net N the summary
marking of Sz (the sum of marking of its places) is Mo(S3) = 5 while the summary
marking of Si and > are Mo(S1) = Mo(S2) = 3. Here, M(S;) means the marking of S;.

Let &g1 = &5, = 1, we have Mo(S3) > Mo(S1) + Mo(S2) - €51 - &s,. Thus, S5 can never
be emptied after S; and S, are controlled via adding two control places (monitors)
Vs,) Vs, as it is shown in Figure 7.

It is easy to check that S| and S, can never be emptied. In such a way deadlocks in
our SPR net are prevented and controlled system can operate safely (without
deadlocks) and reliably.

3.2 Method Preventing Strict Minimal Siphons from
Emptying

This method, sometimes called as classical method, consists of the work with
circuits, the set of holders of resources, and with complementary siphons.

3.2.1  Circuits and Complementary Siphons in S’PR

Let C be a circuit of N and x and y be two nodes of C. Node x is said to be previous
to y iff (if and only if) there exists a path in C from x to y, the length of which is
greater than one and does not pass over the idle process place p°. This fact is denoted
by x <¢ y. In general, the symbol < means a generic strict order relation, while <«
symbolizes the assertion 'does not precede’'.

Let x and y be two nodes in N. Node x is said to be previous to y in N iff there exists
a circuit C such that x <. y. This fact is denoted by x <y y.
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Let x be anode and 4 € P U T be a set of nodes in N. Then x <y A4 iff there exists a
node y € 4 such that x <y y and 4 <y x iff there exists a node y € 4 such thaty <y
X.

For r € Py, H(r) = **r N P, (the operation places P, that use r), is called the set of
holders of r.

[S]= (Uy es  H(r)) \ S is called the complementary set of the siphon S.

In the net N in Figure 6, C = pitipitopstspstapstspi is a circuit and the elementary
path EP(p7, ps) = p1tapatspstaps 1s a path in C. The support of EP(p7, ps) is {p7, t2, p3,
13, ps, t4, ps} and the support of C is {pi, t, p7, L2, p3, 13, ps, t4, ps, t5}. Clearly, we
have p7 <. ps and p7 <y ps.

Consider the same AMS with the same structure like that in Figure 4 - Figure 6,
however, with another initial marking of resources, displayed in Figure 8 (left).

iyl

1) Pro

Figure 8
The uncontrolled S*PR PN model of the AMS (left) and thee monitors creating the controller (right)

Circuits are structural parameters. Therefore, C introduced above in connection
with Figure 6 it is valid here too. There are 3 minimal siphons in the net introduced
in Figure 8, namely, Si = {ps, po, p12, p13}, S2 = {pa, ps, P13, P14}, and S3 = {ps, po,
P12, pi13, pia}. They are the same as those in connection with Figure 6. Their
complementary siphons are [Si] = {ps3, pa}, [S2] = {ps, ps}, and [S3] = {p3, ps, ps,
P}
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3.2.2 Downstream and Upstream Siphons in S*PR

Let A* (£) (A™(t)) denote the set of downstream (upstream) siphons of a transition ¢
and Ps denote the adjoint set of a siphon S in an S’PR N = Oj=;N; = (P U P4 U Px,
T, F). Then

1. A*: T — 27 (27 is the power set of the set IT being the set of minimal
siphons) is a mapping defined as follows: If ¢ € T}, then A* (f) = {S € IT | ¢
< [ST}. If S € A* (¢) then the set [S]' is reachable from ¢, i.e., there

exists a pathin N, leading from # to an operation place p € P,; that is not
included in S but uses a resource of S, where [S]=Ul-, [ST, P4 =Ul=; Py,
and [S] =[S] N Py;.

2. 2.A" : T — 2" is a mapping defined as follows: If ¢ € T}, then A~ (r) =
{Sell | [‘ST<T, t}.

3. Vi€N,VSEMN PI=[SI'U{p€Py|p<— [SI} and Ps= UL,Ps,

where N, = {1, 2, ..., n}.

The downstream siphons are AT (1) = At (&) = At (t5) = {S1, So, S5}, AT(5) = {Ss,
S5}, and At () = A*(t10) = @. Analogically, upstream siphons are A™(#)) = A™ () =
A (te) =A"(t7) =0, A ()= {Si}, A" (ts) = A~ (t5) = {S1, S», S3}. The adjoint sets
are Psi = Psi' U Psi>= ({p3} U {p7} U {ps} U {ps} = {p3, ps, p7, ps}, Ps2 = Px' U
P’ = ({ps} U {p7, p3} U {ps} = {p3, ps, p7, ps}, and Ps3 = Ps3' U Ps3*> = ({p3, ps}
U {p7} U { ps, ps} = {p3, ps, ps, p7, ps}-

3.2.3 Implementation of Monitors and Setting their Markings

The net (Ny, Moy) = (P4 UP° UPRr U Py, T, F U Fy, Moy) is the controlled system of
the net (N, Mo) iff:

1. Py={Vs|S € Il} is a set of monitors and there is a bijective mapping
between IT and Py (i.e. one-to-one and onto mapping; it can be inverted).

2. Fy=F}U F? U F? with
Fy ={(Vs, t)| S € A*(¢), t € P**}
FZ2={(t, Vs)|t€[S]*, S & A" ()}
F3=UL {(t, Vs) |tE T\ P, S¢& A (£), "t N Py S Ps',t <« [S]}}
3. Moy is defined as follows:
e VYp€EP,4U P U Pr, Mo p); and
o VVs€ Py, Mo (Vs) = My(S) - 1.

In our example three monitors are needed to prevent three SMS from being emptied.
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Take first the siphon S| = {ps, po, p12, p13} as an example. We can see that P° = {p,,
pio}. Thus, P%® = {1, ts}. As a result, we have {(Vsi, t1), (Vs1, ts)} € F}.

Due to [S1] = {p3, pa}, [S1]° = {t5,h10}. We can see that S| € AT (53) and S) & A (¢10).
Consequently, {(#3, Vs1), (tio, Vs1)} € FZ. Let us find the arcs related to Vs in F3.
Put T, = (T\ P**)U (T\ P**); Tp = {t| S1 ¢ A (1), tE T}; T, = {t] *t N P4 S Ps'} U
{t| *tN Py S PPy, Ts = {t] t< [S1]'} U {4 t < [S1]?}. Hence, T, = {t2,63,la.ts,
totr,to,t0,t11}; T = {tubtetnts,lo}; T, = {b,b,lelo,ti0}; Ts = {15,04,05,L6,t7,t10,111}
It can be seen that T, N Tg N T, N T5 = {t6}. Thus, (&, Vs1) € F3. For siphons S,
S5, monitors Vs, Vs can be added where {(Vsz, t1), (Vsz, tg), (Vs3, t1), (Vsz, tg)} c
FI}’ {(ts, Vs2), (20, Vs2), (s, Vs3), (t10, Vs3)} S FI;a and {t, Vs2), (ts, Vs3)} S F‘;.
The supervised system is displayed in Figure 8.

As to marking of monitors Mo(Vs1) = Mo(ps) + Mo(po) + Mo(p12) + Mo(p13) -1 =0+
0+1+1-1=2-1=1; Mo(Vsz) :M()(p4) +M()(p9) +M()(p12) +M0(p13) -1=0+0
F1+1-1=2-1=1; Mo(Vs3) = Mo(ps) + Mo(po) + Mo(p12) + Mo(p13) + Mo(p14) - 1
=0+0+1+1+1-1=3-1=2.

Three monitors in Figure 8 (right) controlling the plant with the PN model (left) are
drawn separately in order to avoid confusing at drawing crisscross mutual inter-
connections between the PN model of uncontrolled plant and monitors. In spite of
the separate drawing, it is clear which monitors are connected with which
transitions.

Conclusions

Process of dealing with the allocation of resources may complicate prevention of
S*PR net systems from deadlocks. Two approaches to deadlock prevention of S’PR
net systems modeling automated manufactory systems (AMS) containing common
resources (e.g. competitively utilized several manufacturing devices or other kinds
of resources, like buffers of parts, etc.) were presented in this paper.

First of approaches is based on elementary siphons of the PN models of S*PR net
systems, while the second one is based on preventing strict minimal siphons of such
PN models from being emptied, in another way. The former approach is more
analytical (better expressed in analytical terms) and more friendly for processing by
computer because it uses linear algebra. The latter approach, based on preventing
strict minimal siphons from being emptied, utilizes the analysis of circuits,
computing the holders of resources and complementary siphons, what needs some
preprocessing or more complicated algorithm able to handle operations from the set
theory. On the other hand, also in the former approach the situation may be a little
hindered by the needfulness to deal with strongly or weakly dependent siphons if it
is necessary (i.e. if they are not automatically prevented before emptying already
within the framework of preventing the elementary siphons).

In any case, both approaches are very useful in the deadlock prevention in AMS
with the requirement of correct resource allocation. Moreover, they are very useful
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not only for reliable control of existing AMS, but also at the design of new
deadlock-free AMS like those.

For computing S?PR siphons and traps themselves, the MATLAB based tool
GPenSIM [24] was used. MATLARB itself (or at least GNU Octave) is suitable also
for computer application both of the deadlock prevention methods.

Benefits following from the application of such deadlock prevention methods yield
deadlock free RAS designed off-line (still before their actual deployment in
practice). It means that such methods intensively help us at the AMS design. This
at the least rapidly decreases a risk of defects in operation of real AMS as well as
prevents their shutdowns. In such a way, it is possible to avoid significant economic
losses. It is main advantage of the approaches presented in this paper. However,
other external disturbances unrelated to deadlocks, cannot be prevented in such a
way.
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