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Abstract: The evaluation of education systems and the measurement of their quality, have 

become increasingly important research subjects for all stakeholders. This paper measures 

the efficiency of countries’ educational performance and ranks countries according to the 

obtained results. The research is complemented by an examination of how uncertainty and 

sensitivity analyses affect the changes in rankings. Efficiency of countries’ educational 

performance is presented through a single composite indicator that consists of PISA 

indicators and is measured using the Distance Based Analysis (DBA) methodology. 

Uncertainty and sensitivity of a composite indicator are results of different normalization 

methods. One of the contributions of this paper is the analysis of uncertainty and sensitivity 

impact on the efficiency measurement. 

Keywords: uncertainty analysis; sensitivity analysis; composite indicators; normalization; 

educational performance; efficiency; PISA; Distance Based Analysis (DBA) 

1 Introduction 

An economic and social analysis of efficiency in education and training systems 

significantly contributes to the increase of education system quality. Raising the 

education level of the population has been recognized as a significant factor of 

societal economic development [1]. Although the concept of educational 

efficiency is proposed in several papers [2, 3] and is yet to be improved and 

discussed, a significant question on how stable these efficiency measurements are 

remains. Since it is virtually impossible to observe this issue as a one-dimensional 

problem, multi-criteria efficiency measurement is used and formed as a particular 

composite indicator. Consequently, its stability ensures an amount of safety of the 

observed system. Hereupon, it is essential to elaborate more on the importance of 

securing the safety of a complex system; the issue that has been recognized by 

various risk analysts in industrial and nonindustrial sectors [4, 5, 6, 7, 8, 9, 10]. 



M. Dobrota et al. Uncertainty and Sensitivity Analyses of PISA Efficiency: Distance Based Analysis Approach 

 – 42 – 

The selection of an appropriate methodology is essential to any effort to capture 

and summarize interactions among the individual indicators included in one 

composite indicator or ranking system [11, 12]. 

According to Paruolo, Saisana and Saltelli [13], composite indicators, within 

social sciences, aggregate individual variables with the aim to capture relevant and 

possibly latent dimensions of reality. These authors claim that composite 

indicators have been increasingly adopted by many institutions, both for specific 

purposes and for providing a measurement basis for shaping broad policy debates. 

Composite indicators are applied and constructed everywhere [14, 15]. Saltelli et 

al. [16] characterize the question of composite indicators as follows: “Composite 

indicators tend to sit between advocacy (when they are used to draw attention to 

an issue) and analysis (when they are used to capture complex, multidimensional 

phenomena).” The topic of composite indicators has been described by the OECD 

[17], which defines, in six steps, why they should be created and what the goals 

that should thus be fulfilled are. 

Many authors emphasize the need for an explicit conceptual framework for a 

composite indicator and the practical use of multivariate analysis prior to the 

aggregation of an individual indicator [12]. Authors point to the methods for 

assessing the robustness of the indicator using uncertainty and sensitivity analyses 

[12]. Sensitivity analysis is a study of how uncertainty in the models output can be 

apportioned to different sources of uncertainty in a models input [18]. A related 

practice is an ‘uncertainty analysis’ that focuses more on quantifying uncertainty 

in a model output. Ideally, uncertainty and sensitivity analyses should run in 

tandem, with an uncertainty analysis proceeding in the current practice [16]. 

Sensitivity analysis can serve a number of useful purposes in the economy of 

modeling [16]. Uncertainty quantification studies, which may include sensitivity 

analysis and uncertainty analysis, are essential in risk assessments. In this context, 

sensitivity analysis can be used to select the most relevant parameters and to 

reduce the number of parameters included in the risk assessment [6]. 

In this regard, the usual conclusion of studies, is that multi-criteria methodology 

definitions suffer from a ranking instability syndrome [8, 19]. Some authors offer 

conflict rankings as to what is “best” [20, 21]. According to Keung, Kocaguneli 

and Menzies [8], given different historical datasets, different sets of best ranking 

methods exist under various situations. 

2 Instruments 

In economic terms, the efficiency can be defined as the relationship between 

inputs and outputs while economic efficiency is increased by gain in units of 

output per unit of input. In relation to education, different educational outcomes 

can result from a variety of combinations of inputs (teachers, buildings, class size, 



Acta Polytechnica Hungarica Vol. 12, No. 3, 2015 

 – 43 – 

curriculum, etc.) [2, 61]. The problem that confronts economists and educators is 

how to mix the inputs in the suitable proportions to achieve the most efficient 

outcome [3]. Apparently, education serves many outcomes, and some of them 

cannot be measured by using econometric techniques of the orthodox economic 

theory. Historically, there have been efforts to increase educational efficiency. In 

order to explain the problems inherent in the measurement of educational 

efficiency [59], it is necessary to examine some research done on the input-output 

production functions. Cooze [2] for example, suggests a class size versus student 

achievement, which is one of the guidelines used in our research. 

This paper measures the uncertainty and sensitivity of efficiency measurement of 

countries’ educational performance. The educational performance has been 

described by the three main lifelong learning indicators as defined by the Program 

for International Student Assessment (PISA). PISA includes comparative 

international tests of students' achievements. It has become increasingly popular 

over the last ten years [22], with a major impact on the educational community, 

public, and national and international policy makers [23]. The relevance of 

knowledge and skills measured by PISA is confirmed by recent studies [23] that 

have been keeping track of the young people in years after they were assessed. 

Studies in Australia, Canada, and Denmark show a strong interconnection 

between a student's performance in reading and a chance to complete secondary 

school and carry on with post-secondary studies at the age 19 [3]. There are 

countries that share similarities in education, such as universal public systems and 

diversity in student population. Cross-cultural studies on PISA results [23, 24, 25, 

26] find that some are performing at the top level while some are average 

performing countries [24]. According to Lounkaew [27], the differences in 

achievements between urban and rural students can be explained by intangible and 

immeasurable school characteristics. The impact of a student's family as well as 

school particular influences on student achievements are features that vary along 

the test achievement distributions [27]. However, so far PISA has been the only 

international assessment to incorporate the measures of multiple components in 

order to measure educational performance [24]. 

Attitudes to PISA significance differ from country to country. For example, while 

Germany substantially reformed its education system in a response to its average 

PISA results, England has made almost no change [28, 29, 30]. However, 

Shanghai's performance in PISA 2009 produced a global ‘PISA-shock’, which has 

repositioned this system as a significant new ‘reference society’ [31]. It shifted the 

global gaze in education from Finland to the ‘East’ at the beginning of the so-

called ‘Asian century’ [31]. 

Measuring countries’ educational efficiency is based on the set of input indicators, 

which envelope the appropriate financial and non-financial indicators, covering 

and defining the causes of a lifelong learning performance. Financial indicators 

are used because with a reduction of public expenditure and general 

rationalization policies developed countries are increasing their expenditures on 
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research and education [1]. At the same time, they are increasing demands for 

greater efficiency and effectiveness of their education system [1]. Non-financial 

indicators are mainly related to a class size and student-teacher ratio [2]. The input 

indicators used in this study are: 

∙ Annual expenditure per student by educational institutions for all services 

relative to GDP per capita 

∙ Expenditure on educational institutions as a percentage of GDP 

∙ Ratio of students to teaching staff in the educational institution 

∙ Starting salary/minimum training 

Annual expenditure per student by educational institutions for all services relative 

to GDP per capita provides a measure of the cost of education. The access to 

education at lower levels of schooling in most OECD countries is universal. 

Spending per student by educational institutions in terms of GDP per capita can be 

interpreted as a mean of school’s expenditure on the population relative to a 

country's ability to pay. This measure is difficult to explain on the higher levels of 

education, as enrolment varies from country to country. For example at the tertiary 

level, OECD countries can be relatively highly ranked according to this measure if 

a large part of their wealth is spent on education of a relatively small number of 

students [32, 1, 2]. 

Expenditure on educational institutions as a percentage of GDP is a measure of 

expenses on educational institutions in relation to the wealth of the country. 

National wealth is estimated based on GDP while the expenditure on education 

includes spending by governments, enterprises and individual students and their 

families. The share of education expenditure in GDP depends on the preferences 

of different public and private actors. In 2009, OECD countries spent on average 

6.2% of GDP on educational institutions. In general, OECD countries spend 6.4% 

of GDP on educational institutions, having in mind both public and private 

sources of funding [32, 33]. 

The ratio of students to teaching staff, in educational institutions, compares the 

number of students to the number of teachers for a given level of education and in 

similar types of educational institutions. Class size and student-teacher ratios are 

often discussed aspects of education topics. They have a significant impact on the 

amount of money spent on education. Smaller departments often allow teachers to 

focus on the needs of a student as an individual, rather than to deal with 

disturbances in the department. Ratio of students to teaching staff shows how to 

allocate resources for education. A small student-teacher ratio is often in conflict 

with the possibility of higher salaries for teachers, their professional development 

and training, and greater investment in technology [33, 34]. It can also be in 

conflict with a larger number of teaching assistants whose salaries are often much 

lower than the salaries of qualified teachers [33, 34]. 
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Starting salary/minimum training - teachers' salaries are the highest item of 

expense in school education. Together with alternative employment opportunities, 

salaries of teachers have a significant impact on how alluring the teaching 

profession is. They influence the decisions of individuals to engage in an 

educational profession after graduation (such as graduate career choices related to 

relative earnings in teaching and non-teaching jobs and their growth over time) 

[34]. They also impact one's decision to return and remain in the teaching 

profession after a career break, such as higher wages, fewer people who choose to 

leave the profession [34]. 

The countries performance (output) is made of the key competencies in reading, 

mathematics and science, established by PISA, adopted in 1997 by OECD 

countries. It represents a commitment of the governments of OECD member 

countries, to audit the outcomes of education systems in terms of students’ 

achievement within a standard international framework. PISA is a collaborative 

effort that brings together scientific experts from the participating countries [35]. 

Their governments jointly steer it on the basis of shared, policy-driven interests 

[35]. PISA is designed to collect information through triennial assessments and 

presents data on domain-specific knowledge and skills in reading, mathematics 

and science of students, schools and countries. PISA combines the assessment of 

science, mathematics, and reading with information on students’ home 

background, their approach to learning, learning environment, and their familiarity 

with computers. These are the background factors that student outcomes are 

associated with. By that, PISA provides an understanding of factors that influence 

the development of skills and attitudes at home and school, and examines how 

these factors interact and what the implications for policy development are. 

The three domains assessed in PISA are: 

∙ Reading 

∙ Mathematics 

∙ Science 

Reading literacy presents an individual's ability to: understand, use, reflect on, and 

collaborate with written texts, in order to achieve goals. It allows students to 

develop their knowledge and potential and to participate in society [35]. 

Mathematical literacy is defined as an individual's ability to identify and to 

understand the role that mathematics has in the world, to make reasonable 

judgments. It allows the usage of mathematics in such a way that meets the needs 

of a student as a constructive, concerned, and reflective citizen [35]. 

Scientific literacy represents a student's scientific knowledge and its use to 

identify questions, acquire new knowledge, and explain scientific phenomena. It 

allows students to make conclusions based on scientific matters and to understand 

the characteristics of science as a form of human knowledge. It makes students 
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aware of how science and technology shape our material, intellectual, and cultural 

environment, and willing to engage in scientific issues [35]. 

The primary domains of PISA (Science, Reading and Mathematics) are a crucial 

part of lifelong learning. PISA indicators assess the level of performance of the 

adolescents. PISA provides information on teaching and learning results in 

schools and also demonstrates the features of the development of an educational 

system. The main focus of PISA is not set on the congruence of items within the 

national curricula of participating countries but to record the core competencies in 

different real-life tasks that matter in everyday situations. The concept of literacy 

used in PISA is functional as following: 15-year-old students should apply 

competencies they have learned at school in the context of authentic tasks that are 

part of our everyday life. 

3 Methodology 

Commonly, the ranking of entities is performed in a way that can vigorously 

affect the general evaluation issue. It can affect sports competitions, exams, 

medicine selection, university ranking, and many other areas [36, 37, 38, 39, 40]. 

For creating an objective image of ranking of the observed entities we propose I-

distance method [39, 40, 41, 42]. 

3.1 I-distance 

I-distance measures the distance in an n-dimensional space. This method has 

recently made a significant breakthrough in a considerable number of scientific 

achievements. Originally it was proposed and defined by B. Ivanovic in 1963 [37]. 

Affirmation of this method has been made in University ranking [39] and 

evaluating the socio-economic development of countries [41]. 

Ivanovic has initially proposed this method to rank countries according to their 

development level, but based on several indicators. He considered many socio-

economic development indicators, but the problem was their usage in order to 

calculate a single indicator, which can be represented as the rank. 
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The I-distance construction is an iterative process, which can consist of several 

steps [47, 50]. The method is performed by calculating the mutual distances 

between the entities which are then compared to one another to create a rank. First 

step calculates the amount of discriminate effect of the first variable (the most 

significant variable that provides the most information on the education 

evaluation). Second step computes the value of the discriminate effect of the 

second variable, not covered by the first. This procedure is repeated for all the 

variables. The ranking of entities in the whole set is based on the distance from the 

referent entity [41, 42]. In order to perform the ranking, it is necessary to fix one 

entity as a referent. This is usually the entity with the minimal rate for each 

indicator or a fictive entity with minimal, maximal or average values for each 

variable. In this analysis, object with minimum values for each variable was set as 

a referent [47, 49]. 

If negative correlation coefficients and negative coefficients of partial correlations 

occur [48], it is more suitable to use the square I-distance, given as: 
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This paper also presents a Distance Based Analysis (DBA) approach as a new 

measure of efficiency, where the I-distance method is applied to several Input 

indicators (I−distanceinput) and several Output indicators (I−distanceoutput). After I-

distance values are calculated, it is necessary to normalize the values using L∞ 

metrics (and other metrics). The efficiency of a country is given as follows [51, 

52, 53]: 

I-distance

I-distance

output

input

Ef   (4) 

If the Ef value equals 1, the entity produces an equal amount of output, for given 

amount of input. Any country with an efficiency ratio of at least 1 is considered to 

be efficient [41, 48]. 
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3.2 Sensitivity Issues 

Composite indicators are filled with normative assumptions in variable selection 

and weighting, where ‘normative’ means ‘related to and dependent upon a system 

of norms and values’ [13]. Results and values of composite indicators 

significantly depend on a normalization method. This is why composite indicators 

are often the subject of controversy [54, 13]. 

In this paper, we propose four methods of normalization: Chebyshev distance (L∞ 

norm), Manhattan distance (L1 norm), Euclidean distance (L2 norm), and recently 

proposed 1-2 distance. 1-2 distance implies the normalization of all values among 

values 1 and 2 thus avoiding the problems with zero values and large, poorly 

explainable efficiency measurement values. 

Performing the sensitivity and uncertainty analyses of the PISA educational 

performance, in this paper we compared the results gained by these methods and 

pointed out the changes in rankings, in the process. 

4 Sensitivity Analysis Results 

In order to gain the DBA efficiency measurement values, we have calculated I-

distance ranking measurement for the Input and Output variables. These are used 

as a basis for creating the DBA efficiency measurement of countries’ educational 

performance. 

Input and Output values are firstly corrected with an L∞ norm so that they could 

be mutually comparable, subsequently corrected with an L1 norm, L2 norm, and 1-

2 distance. The results are given in Table 1. 

When DBA method was introduced, an initially proposed normalization method 

was Chebyshev distance (L∞ norm) and thus is the first to be presented in the 

results. Table 1 gives the values of educational performance efficiency 

measurement, as well as the ranking results. As can be seen from Table 1, Finland, 

Japan, France, Germany, Korea, Slovakia, Netherlands, New Zealand, Estonia, 

Australia, and Belgium are shown to be efficient in educational performance 

according to each normalization method. It is interesting to note that Hungary 

seems inefficient by Chebyshev normalization method. However, if we look at 

three other normalization methods, despite the fact that the values are on the 

verge, Hungary shows efficiency in educational performance. In addition, the 

Czech Republic shows even more confusing results. It is inefficient according to 

Chebyshev (L∞) and Euclidean (L2) distances, and far better positioned according 

to other Manhattan (L1) normalization method. Czech Republic is even the most 

efficient country in educational performance according to Manhattan distance. 
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Table 1 

Efficiency and ranking results gained by different normalization techniques 

 
Chebyshev (L∞) Manhattan (L1) Euclidean (L2) 1-2 

Country DBA Rank DBA Rank DBA Rank DBA Rank 

Finland 2.958 1 3.204 2 3.144 1 1.527 1 

Japan 2.833 2 3.069 3 2.701 2 1.436 2 

France 1.754 3 1.900 4 1.862 3 1.163 7 

Germany 1.676 4 1.815 5 1.781 4 1.195 5 

Korea 1.662 5 1.801 6 1.767 5 1.239 4 

Slovakia  1.562 6 1.692 7 1.660 6 1.122 8 

Netherlands 1.532 7 1.660 8 1.628 7 1.172 6 

New Zealand 1.223 8 1.325 9 1.300 8 1.095 9 

Estonia 1.219 9 1.321 10 1.296 9 1.090 10 

Australia 1.183 10 1.282 11 1.257 10 1.079 11 

Belgium 1.175 11 1.273 12 1.249 11 1.069 12 

Hungary 0.945 12 1.024 13 1.004 12 1.002 14 

Switzerland 0.910 13 0.986 14 0.968 13 0.977 15 

United 

Kingdom 
0.831 14 0.900 15 0.883 15 0.949 17 

Czech 

Republic 
0.814 15 9.357 1 0.918 14 1.360 3 

Israel 0.808 16 0.875 16 0.859 16 1.016 13 

Ireland 0.749 17 0.811 17 0.796 17 0.919 18 

Norway 0.578 18 0.627 18 0.615 18 0.838 20 

United States 0.571 19 0.619 19 0.607 19 0.833 21 

Poland 0.526 20 0.569 20 0.559 20 0.786 27 

Spain 0.524 21 0.568 21 0.557 21 0.849 19 

Austria 0.513 22 0.556 22 0.546 22 0.825 23 

Sweden 0.510 23 0.552 23 0.542 23 0.810 24 

Portugal 0.486 24 0.526 24 0.516 24 0.806 25 

Italy 0.450 25 0.487 25 0.478 25 0.797 26 

Chile 0.360 26 0.390 26 0.383 26 0.956 16 

Mexico 0.300 27 0.000 28 0.000 28 0.828 22 

Luxembourg 0.242 28 0.262 27 0.257 27 0.621 28 

Answers to this puzzle could be found in the very structure of PISA results gained 

by the Czech Republic. The Czech Republic scores 500 in Science, 478 in 

Reading, and 492 in Mathematics. When normalized, it scores 0.029 in Output 

according to Manhattan distance while only 0.00315 in Input. This makes Czech 

Republic extremely efficient according to Manhattan normalization method. 

Might be because L1 metrics produces solutions that have a few large, and a lot of 

very insignificant residuals; the residual distribution is quite unequal (spiky).       
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L2 metrics produces a few large (but less than L1), and a lot of small, but still 

significant residuals. The residual distribution is more balanced than within L1 

metrics. 

Table 2 

Changes in Rankings 

Rankings 

Country 1-3 4-6 7-9 10-12 13-15 16-18 19-21 22-24 25-28 

Finland 4 
        

Japan 4 
        

France 1 2 1 
      

Germany 
 

4 
       

Korea 
 

4 
       

Slovakia  
 

1 3 
      

Netherlands 
 

1 3 
      

New Zealand 
  

4 
      

Estonia 
  

1 3 
     

Australia 
   

4 
     

Belgium 
   

4 
     

Hungary 
   

1 3 
    

Switzerland 
    

4 
    

United Kingdom 
    

3 1 
   

Czech Republic 2 
   

2 
    

Israel 
    

1 3 
   

Ireland 
     

4 
   

Norway 
     

3 1 
  

United States 
      

4 
  

Poland 
      

3 
 

1 

Spain 
      

4 
  

Austria 
       

4 
 

Sweden 
       

4 
 

Portugal 
       

3 1 

Italy 
        

4 

Chile 
     

1 
  

3 

Mexico 
       

1 3 

Luxembourg 
        

4 

The uncertainty analysis, emphasizing the changes in positions and rankings, is 

given in Table 2 and Figure 1. Table 2 shows in detail the changes in rankings and 

dispersion. We can see that Finland and Japan are ranked between the 1
st
 and the 

3
rd

 place in all four cases while France is a country with a greater dispersion of the 

results. Again, Germany and Korea are between the 4
th

 and 6
th

 place in all the 
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cases. It could also be noted that the dispersion is slightly increasing as we move 

towards lower ranking results, yet these increases are quite slight. 

Figure 1 shows where the greatest differences among ranks are. If we analyze 

Figure 1, we can see that Manhattan and Euclidean rankings are entirely consistent 

with one another. As mentioned above, the largest differences are with the Czech 

Republic. It is ranked 15
th

 according to Chebyshev, 14
th

 according to Euclidean, 

3
rd

 according to 1-2, and even the 1
st
 according to Manhattan distance 

normalization method. As for other countries, Chebyshev, Manhattan, and 

Euclidean rankings do not differ significantly from one another. On the other 

hand, a newly proposed 1-2 normalization method has some other differences. The 

most significant is Poland that is under ranked according to 1-2 norm, and Chile, 

which is over ranked. 

 

 

Figure 1 

Ranking differences 

 

The differences in DBA values are given in Table 1 and Figure 2. 
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Figure 2 

Changes in DBA values 

Conclusions 

The evaluation and measurement of certain phenomenon are not quite as simple in 

terms of choosing proper components to be a part of an assessment [55]. It can 

also be challenging, in terms of creating an appropriate methodology, which 

would perform the appropriate weighting or normalization [56, 57, 58]. This paper 

shows how uncertainty and sensitivity analyses affect the shift in rankings of 

countries educational performance efficiency. 

There are many ways to measure educational performance and competitiveness 

and to evaluate countries accordingly [59, 60]. In this paper, countries educational 

performance is based on the PISA indicators, because it is the most exhaustive and 

rigorous international program to assess and explain differences in students’ 

performance [3]. 

The assessments scope, nature and collective background information are decided 

by leading experts in participating countries and are steered jointly by 

governments on the basis of shared and policy-driven interests. PISA focuses on 

young people’s ability to use their knowledge and skills to meet real-life 

challenges [23, 24, 26]. This orientation reflects the change in the goals and 

objectives of curricula themselves. The main consideration is what the students 

can do with what they have learned in school and not merely whether they have 

mastered a particular curricular content [3]. 

The paper has illustrated how uncertainty and sensitivity analyses, based on the 

changes in a normalization method, affect rankings and evaluation. Uncertainty 

and sensitivity analyses were applied to gain useful insight into the reliability of a 
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country's ranking. Changes in ranking results mainly occur due to the application 

of different normalization equations. While Manhattan distance measures the 

distance between two points in a grid based on a strictly horizontal and/or vertical 

path (absolute distance values), Euclidean distance uses the root of square 

distances (the length of the line segment connecting them). Chebyshev distance, 

on the other hand, is a metric defined on a vector space, where the distance 

between two vectors is the greatest of their differences along any coordinate 

dimension. 

Furthermore, although the uncertainty and sensitivity analysis were performed 

with numerous measurement and composite indicator definitions, their impact on 

efficiency measurement has not yet been examined. The examination of the 

uncertainty influence, on efficiency, is one of the main contributions of our paper. 
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