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Abstract: Our work focuses on studying gait symmetry with the use of bilateral angle-angle 

diagrams. The geometric characteristics of angle-angle diagrams can be used to 

characterize gait, as well as, identify and quantify the associated gait asymmetry. The 

angle-angle diagrams were created for ten patients with leg length inequality (LLI), to 

quantify gait symmetry before and after an application of the heel lift. In order to quantify 

the symmetry of human walking, we have invented and used the characteristics of an angle-

angle diagram, which represent the evolution of the two joint angles, i.e. left and right knee 

angles or left and right hip angles. The novel methods are based on the area of the convex 

hull of the hip-hip diagram or knee-knee diagram, and can be used as an additional method 

for the determination of gait symmetry of the bipedal walking of human subjects or robots. 

Our method is not limited to gait studies, it can also be used to study arm swing symmetry. 

Keywords: human walking; bipedal walking; convex hull; angle-angle diagram; length 

inequality 

1 Introduction 

Currently, several methods can be used in medical practice and in 

physiotherapeutic research to identify defects in bipedal walking. The most 

widely-used method for studying gait behavior in clinical practice is gait phase 

analysis by phase cycles of gait, [1] - [4]. Intensive research is now being done on 

studying leg movements by EMG signal measurements [5] - [7]. For the study of 

gait, we have used new methods based on the analysis of gait angles using angle-

angle diagrams (also called cyclograms). The first mention of the cyclogram [8] 
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argued that a cyclic process such as walking can be better understood if studied 

with a cyclic plot. The creation of cyclograms is based on gait angles that are 

objective, reliable and well suited for statistical study [9] - [14]. 

We will focus on the use of the cyclogram for the evaluation of gait symmetry. 

Symmetry is an important indicator of a healthy gait or proper walking technique. 

Human gait symmetry can be influenced by various factors, such as limb 

asymmetry, injury and other mobility-affecting diseases. Several methods can be 

used for identifying defects in bipedal walking. At present, algebraic indices and 

statistical parameters represent two major classes of gait symmetry quantifiers 

[15] - [19]. Algebraic indices include a symmetry index and a ratio index. 

Symmetry and ratio indices compare bilateral variables such as, step period, 

maximum joint angle or step length. In the case of the evaluation of maximum 

joint angles, the basic formula is as follows: 

Y

X
R , (1) 

where R is the ratio index related to the maximum angles (maximum right angle X 

and maximum left angle Y). Notwithstanding, their successful use depends on 

discrete variables and are unable to reflect asymmetry, as it evolves over a 

complete gait cycle. Statistical methods such as paired t-test and Principal 

Component Analysis (PCA), and parameters such as correlation coefficients, 

coefficient of variation and variance ratio have also been used to measure gait 

asymmetry [14], [20]. Statistical parameters do not usually suffer from the 

limitations of the algebraic indices, however, their computation is more complex 

and interpretation is less transparent. Despite the broad agreement in the 

fundamentals of what constitutes symmetry, there is no appropriate measure of 

gait symmetry (reflecting asymmetry as it evolves over a complete gait cycle) 

[14], [15]. In paper [14], a technique was introduced based on the geometric 

properties of symmetric angle-angle diagrams. This technique is rooted in 

geometry and the symmetry measures are intuitively understandable. Depending 

on the cyclicity of the gait, cyclograms are closed trajectories generated by 

simultaneously plotting two (or more) joint quantities. In order to quantify the 

symmetry of bipedal walking, a cyclogram was obtained in the study [14], 

representing the same joint and two sides of the body, i.e. the evolution of the two 

(left and right) joint angles. The presented approach is based on the symmetry of 

joint angle evolution and comparison of the evolution of a single joint with that of 

its contra-lateral counterpart, [14], [21]. The papers also mentioned basic 

characteristics of the bilateral cyclogram, which can be used to evaluate 

symmetry. The area within the cyclogram, its orientation and its minimum 

moment are geometric parameters used to evaluate the symmetry, [14], [22], [23]. 

For the perfectly (i.e. absolutely) symmetrical gait, there is a zero area within the 

curve, its orientation is 45 degrees and the magnitude of its minimum geometric 

moment is zero [14]. However, angle-angle diagrams have never been used for 
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studying patients with Leg Length Inequality (LLI), hence the new shape 

characteristics of angle-angle diagrams can be very useful. Therefore, the main 

object of our study was to test and verify the application of the method based on 

the area of convex hull of angle-angle diagram to analyze the gait symmetry of 

bipedal walking of patients with LLI. 

2 Methods and Materials 

2.1 Participants and Test Procedure 

The set of data to create and study angle-angle diagrams was measured on a 

sample of 10 volunteers/adult patients (age of 50 (SD 14.8) years) with leg length 

inequality (leg-length inequality of 0.85 (SD 0.32) mm) recruited from patients of 

the Rehabilitation Center Kladruby (Kladruby u Vlasimi, the Czech Republic). 

The subjects were asked to walk properly on a treadmill. A human walking speed 

of 2.3 km/h was selected for studying the proposed method. A constant speed was 

chosen because it directly affects the range of joint angles, [24], [25]. If we want 

to evaluate and compare shape characteristics of the angle-angle diagram, it is 

appropriate to measure the joint angles at a constant walking speed. We assume 

that improvement or deterioration of gait symmetry is not primarily influenced by 

walking speed. 

First, patients were asked to walk without shoes and any support devices, while 

their joint angles (left/right knee angles and left/right hip angles) were measured. 

After that, the physician recommended appropriate shoes with a heel lift under the 

short leg side to stabilize and level the pelvis. Patients were asked to walk 

immediately after the application of the heel lift, and the joint angles were 

measured again. 

2.2 Motion Capture Equipment 

To create and study angle-angle diagrams, we used a model of the human body 

created in MatLab Simulink and SimMechanic software, [26]. The movement of 

the model of a body is controlled by data measured by the motion capture system 

(MoCap), which identifies the position of body segments in the Cartesian 

coordinate system. As a MoCap system, we used a very accurate Lukotronic AS 

200 system (Lutz Mechatronic Technology declares, according to the EU 

Directive 93/42/EEC, that the system can be used in hospitals) with IR active 

markers placed on the following anatomical points on the person being measured: 

fifth metatarsophalangeal joint, malleolus lateralis, epicondylus lateralis, 
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trochanter major and spina iliaca anterior superior, Fig. 1, [16], [27]. The markers 

fastened with small adhesive double-sided tape were placed in accordance with 

the recommendation of the manufacturer of the MoCap system. Using this 

method, we were able to record and study the movement in 3D space, though we 

primarily studied the movement in a 2D sagittal plane. Maximum joint angles are 

small in the frontal plane and thus, one of the basic tools to study the gait is the 

analysis of the joint angles in the sagittal plane, [28], [29]. The MoCap system 

was calibrated accurately before the experiments, and the origin of the world 

coordinate system was set up so that the first axis is along the track of the 

treadmill and the other two axes are perpendicular to the track of the treadmill. 

After obtaining the measured data, we identified joint angles and created the 

cyclograms in MatLab (The MathWorks Inc.) software. If we have information on 

the movement of anatomical points/markers in space, and the points characterizing 

the parts of human body, then we can use these to define the vectors of the 

positions and orientations of body segments. The difference in coordinates of two 

points in space defines a vector. The angles between each two segments are 

calculated by assuming the segments to be idealized rigid bodies. The angles are 

given by formula described in detail by Kutilek et al.
 
[22]. 

 

Figure 1 

Placement of IR markers and angles measured during the examination, [22] 

2.3 Gait Evaluation Methods 

After the measurement and data processing, we used the method based on 

synchronization of two angle plots [14] to obtain bilateral knee-knee and hip-hip 

cyclograms. A prominent gait event such as the heel-touchdown was used to 

synchronize the two plots representing angles at the left and right joint. For a 

symmetric gait, properly synchronized twin trajectories from corresponding joints 

should be identical and a bilateral cyclogram should lie on a symmetry line, [14]. 

The symmetry line is a straight line passing through the origin inclined at an angle 

45 degrees, see Fig. 2. We can mathematically measure cyclogram deviation from 
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the symmetry line to obtain a quantification of gait symmetry. We can also use the 

area within the cyclogram and its orientation to evaluate the symmetry, [14]. 

A bilateral cyclogram is not continuous curve, but it´s a polyline contour (i.e. 

irregular polygon), see Fig. 2. The smoothness of the contour is a function of the 

amount of noise in the measured data. We found that in some cases, the evaluation 

of the cyclogram using the area within the cyclogram and its orientation is 

incorrect. The cyclograms may consist of self-intersecting loops or they have a 

complex shape. Although the cyclogram may be complex and asymmetrical, its 

surface may also be very small. For example, a crescent shape can lead to a small 

area, although it is an asymmetrical gait, see Fig. 2. 

 

Figure 2 

Example of a right hip vs. left hip bilateral cyclogram for measured patient with LLI, deliberately 

unfiltered, with symmetry line 

For the above mentioned reason, we use the convex hull to calculate the area 

which represents the shape of the cyclogram. The convex hull of a cyclogram is 

more appropriate to describe the area which represents the gait asymmetry. A 

convex hull completely encloses a set of points with the fewest number of 

perimeter nodes. In our case, the set of points consists of all points on the 

cyclogram. The area of convex hull is usually larger than the area within the 

cyclogram if the cyclogram is asymmetric and with loops, see Fig. 3a. The second 

way to avoid improper evaluation of the area is based on the calculation of the 

area of the region enclosed by the curve of the cyclogram, the 45° straight line 

(symmetry line) and the lines perpendicular to the symmetry line, see Fig. 3b. The 

region is represented by the area above and below the symmetry line and is 

bounded by the outer curves of the cyclogram and lines perpendicular to the 

symmetry line. The positions of perpendicular lines are defined by the points of 

intersection on the symmetry line. The points are identified by projection of the 

points of the bounding curve of the cyclogram on the symmetry line, and are the 
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nearest and the furthest points of the projection of the cyclogram above/below the 

symmetry line from the origin of the symmetry line, Fig. 3b. We can also use the 

convex hull and/or the region enclosed by the curve of the cyclogram and 

symmetry line to calculate the second moment of area to describe the property of a 

two-dimensional plane shape of the cyclogram. Therefore, we can determine the 

second moment of area about the symmetry line. 

The orientation of the planar geometric entity, i.e. convex hull and/or the region 

enclosed by the curve of the cyclogram and symmetry line, can be defined as the 

angle (bounded by +/-90°) between the symmetry line and the principal axis of the 

planar geometric entity, [14]. We can also use linear regression to determine the 

orientation of the planar geometric entity. Simple linear regression fits a straight 

line (axis) through the set of the points on the cyclogram, or only through the set 

of the points of bounding curve. Hence, the orientation can be defined as the angle 

between the regression principal axis and the symmetry line, [27]. 

 

Figure 3 

a) Example of the convex hull of the bilateral cyclogram (see Fig. 1); b) Example of the area of the 

region enclosed by the curve of the cyclogram (see Fig. 1) with symmetry line 

The described symmetry quantification technique, based on convex hull and/or the 

region enclosed by the curve of the cyclogram, is sensitive to the precision of 

synchronization of the two signals. The area of the convex hull and/or the region 

enclosed by the curve of the cyclogram dramatically increases from zero for even 

a small time-shift, i.e. poor synchronization of the of two angle plots. In the next 

section, we describe the application of the method based on the area of convex 

hull. This method is easier and computationally faster than other 

methods/algorithms. The technique is also intuitively understandable. 

We used convhull (i.e. MatLab function) to create convex hull of each bilateral 

cyclogram. The convhull, [30], returns the 2-D convex hull [31], of the points 

defined by coordinates (x, y), where x and y are values of the left joint angle and 
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right joint angle. The convhull function is based on Quick Hull method. This 

method computes the convex hull of a finite set of points in the plane. It uses a 

“divide and conquer” approach similar to that of a QuickSort sorting algorithm. 

We also used MatLab to calculate the area of the convex hull of each bilateral 

cyclogram. 

The symmetry index (SI) was used as a comparative method to compare and 

quantify the symmetry of bipedal walking, [32]. The SI is a measure of the 

relationship between the discrete values obtained from the left and right sides. We 

used the “average” symmetry index: 

%100
2

SI average 





YX

YX
 (2) 

The symmetry index is related to the maximum angles (maximum right angle X 

and maximum left angle Y) formed when the right-side value is plotted and the 

left-side value is plotted. After the measurements, the area of convex hulls of 

cyclograms and the symmetry indexes were calculated. We assume that the 

decrease of the area of the convex hull indicates the improvement in symmetry of 

bipedal walking and the as well as the decrease of the symmetry index indicates 

the improvement in symmetry of bipedal walking, [33]. 

3 Results 

The calculated areas of convex hulls and symmetry indexes are summarized in 

Table 1 and Table 2. The tables compare the area of convex hulls and symmetry 

indexes before the application of the heel lift and after the application of the heel 

lift. Table 1 represents the area of the convex hull and symmetry index of the right 

knee angle and left knee angle, and Table 2 represents the area of the convex hull 

and symmetry index of the right hip angle and left hip angle before and after the 

application of heel lift.  

We used the measured data (Table 1 and Table 2) to test the proposed method and 

illustrate the relationship between the area of convex hull of the bilateral 

cyclogram and the symmetry index. The following plots (Fig. 4 and Fig. 5) 

display the minimum, maximum, median, first quartile (Q1), third first quartile 

(Q3), mean and standard deviation (SD) for the area of the convex hull of knee-

angle cyclograms and hip-angle cyclograms before and after the application of 

heel lift, and the SI of knee angles and hip angles before and after the application 

of heel lift. 

The data measured before and after the application of the heel lift indicates a 

decrease of the area of the convex hull of the knee-knee cyclogram in only three 

cases. The data also indicates a slight increase of the mean for the area of the 
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convex hulls, Tab. 3, Fig. 4. The gait symmetry index related to the maximum left 

and right knee angles decreased in five cases. The data indicate a slight increase of 

the mean for the SI, Tab. 4, Fig. 5. Improvements in the two characteristics, which 

describe the gait symmetry, are overlapping only in one case (i.e. 10%), Table 1. 

Table 1 

Area of the convex hull and symmetry index of the right knee angle and left knee angle before and 

after the application of the heel lift 

patient with 

LLI 

Area of convex hull [deg2] Symmetry index [%] 

before 

application 

after 

application 

before 

application 

after 

application 

1. 884 733 13.4 14.3 

2. 335 581 16.8 16.4 

3. 567 526 18.6 28.7 

4. 326 457 26.3 22.3 

5. 841 610 57.7 55.3 

6. 409 621 1.6 10.3 

7. 696 785 1.4 3.3 

8. 723 1098 29.7 22.9 

9. 510 630 46.4 56.7 

10. 386 553 38.6 24.9 

Table 2 

Area of the convex hull and symmetry index of the right hip angle and left hip angle before and after 

the application of heel lift 

patient with 

LLI 

Area of convex hull [deg2] Symmetry index [%] 

before 

application 

after 

application 

before 

application 

after 

application 

1. 168 163 8.1 5.6 

2. 123 135 5.3 2.1 

3. 143 160 25.2 55.6 

4. 142 171 0.5 1.3 

5. 397 343 50.6 23.0 

6. 235 348 16.5 6.7 

7. 210 154 68.0 53.9 

8. 154 271 4.5 12.8 

9. 225 212 20.7 0.1 

10. 223 201 13.0 1.4 

The data measured before and after the application of the heel lift indicate a 

decrease of the area of the convex hull of the hip-hip cyclogram in five cases. The 

data indicate a slight increase of the mean of the area of the convex hulls, Tab. 3, 

Fig. 4. The gait symmetry index related to the maximum left and right hip angles 
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decreased in seven cases. The data indicate a decrease of the mean of the SI, Tab. 

4, Fig. 5. Improvements in the two characteristics, which describe the gait 

symmetry, are overlapping in five cases (i.e. 50%), Table 2. 

Table 3 

Comparison of the area of the convex hull of knee-angle cyclograms and hip-angle cyclograms before 

and after the application of the heel lift 

 

Area (hip angles, 

before treatment) 

[deg2] 

Area (hip angles, 

after treatment) 

[deg2] 

Area (knee 

angles, before 

treatment) [deg2] 

Area (knee 

angles, after 

treatment) [deg2] 

Mean 202.00 215.80 567.70 659.40 

SD 79.53 78.31 208.01 180.91 

Median 189.00 186.00 538.50 615.50 

Q1 145.75 160.75 391.75 560.00 

Q3 224.50 256.25 716.25 707.25 

 

 

Figure 4 

Comparison of the area of the convex hull of knee-angle cyclograms and hip-angle cyclograms before 

and after the application of the heel lift 

The results of the comparison indicate that the methods show slightly different 

results. The evaluation method based on the area of convex hull shows 

improvement of the gait symmetry in fewer cases than the method based on the 

gait symmetry index. The reason is that the symmetry index depends on discrete 

variables and is thus unable to reflect the asymmetry, as it evolves over a complete 

gait cycle. The area of the convex hull depends on the complete gait cycle, i.e. 

relations and evolutions of joint angles over time, Fig. 6, which shows the bilateral 

cyclogram with large area of the convex hull and low SI. The SI is low because 

the maximum measured left and right hip angles are almost the same. However, 

we can see different sizes of the joint angles during specific phases of the gait 

cycle and the irregular curve of the bilateral cyclogram. 
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Table 4 

Comparison of the SI of knee angles and hip angles before and after the application of the heel lift 

 

SI (hip angles, 

before treatment) 

[%] 

SI (hip angles, 

after treatment) 

[%] 

SI (knee angles, 

before treatment) 

[%] 

SI (knee angles, 

after treatment) 

[%] 

Mean 21.24 16.25 25.05 25.51 

SD 21.84 21.43 18.51 17.71 

Median 14.75 6.15 22.45 22.60 

Q1 6.00 1.58 14.25 14.83 

Q3 24.08 20.45 36.38 27.75 

 

Figure 5 

Comparison of the SI of knee angles and hip angles before and after the application of the heel lift 

 

Figure 6 

Example of right hip vs. left hip bilateral cyclogram (unfiltered data) with large area of the convex hull 

and supposed low SI 
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The measured data indicate that the improvement of the symmetry, i.e. the 

decrease of the area of the convex hull and symmetry index, is more pronounced 

in the case of hip angle measurements. In the case of knee angle measurements, 

we observed a small improvement of the symmetry. The data indicates a slight 

increase of the mean for the area of the convex hulls. Generally, the decrease of 

the area of the convex hull and symmetry index is up to 50% of the measured 

subjects. 

4 Discussion 

We tested and verified a new method, which is derived from the geometric 

properties of angle-angle diagrams. The described symmetry quantification 

technique based on the area of the convex hull of the bilateral cyclogram is 

sensitive to the precision of synchronization of the two signals and their quality, 

[32]. After obtaining the measured data, we created bilateral cyclograms using 

MatLab software and the MatLab functions were used to calculate the area of the 

convex hull for each bilateral cyclogram. As it can be seen from the examples 

above, it is not necessary to normalize the data because the standard ranges of 

angles are the same for the two sides of the body if the gait is symmetric. 

We found that a study of symmetry based on an algebraic parameter (i.e. 

symmetry index) is not suitable for the study of complex movements, but the 

study of symmetry based on the bilateral cyclograms is influenced by many 

factors that affect accuracy and relevance, [32]. The area of the convex hull of the 

bilateral cyclograms can be used to study complex movements and describes the 

deviations of the measured angles from ideal angles. Using the area of the convex 

hull, we could also study, for example, the deviations of angles that are caused by 

a tremor. Note that algebraic indices (i.e. SI) cannot be used to identify gait 

asymmetry caused by a tremor, or similar movement disorders. 

The results indicate that the new method, described in this work, has identified 

and quantified improvements of gait symmetry, but only in few cases. The method 

based on algebraic parameters, identified improvement of the gait symmetry after 

the application of a heel lift in more cases than the method based on the convex 

hull. The main reason for this result is the short application time of the heel lift. 

The subjects were measured immediately after the application of the heel lift and 

were not able to become accustomed to using the heel lifts. Also, the physician 

applied the heel lift and only maximum angles were used to evaluate the gait 

symmetry. 

Conclusions 

According to the method described here, bilateral cyclograms illustrate bipedal 

gait symmetry. This information is important for rehabilitation medicine, and also 
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could be used in control algorithms for lower limb prostheses or in the creation of 

bipedal robots. The method based on the convex hull of bilateral cyclograms can 

be used as an additional method for the determination of gait symmetry. Thus, 

future work can be focused on the comparison of other traditional methods based 

on algebraic indices and statistical parameters with the new method. In future 

studies, we plan to measure more patients with other types of disabilities and 

evaluate gait symmetry for a longer period of therapy. 

This work has not attempted to describe all of the potential ways of applying the 

convex hull of the bilateral cyclograms. We have demonstrated new methods that 

have subsequently been tested on patients with Leg Length Inequality (LLI). The 

modified characteristics of angle-angle diagram have never previously been 

described and angle-angle diagrams have never been used for the study of patients 

with LLI. There is no limit for the research in field mentioned herin. However, the 

proposed method is sensitive to the precision of synchronization of the two signals 

and the quality of the signals. For this reason, it is necessary to use highly accurate 

and high quality MoCap systems and mathematical software. This may be the 

greatest problem in the use of the proposed methods for clinical practice. 

However, this can be overcome by cost reductions in MoCap systems in the 

future, and their introduction into clinical practice. 
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