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Abstract: PWM-driven feedback systems are known for demonstrating the multistable 

behavior within the stability margins of a nominal operating mode. With the transition of the 

system to the stable coexisting mode, the ripples of the variables increase and the overall 

efficiency deteriorates; therefore, it is an undesired behavior. We study the possibility of 

controlling multistability on the model of a chopper-fed DC drive. The proposed control takes 

the form of short forcing, temporarily moving the margins between the basins of attraction 

of the coexisting modes and thus driving the system to the nominal mode of operation.  

We also propose a universal control strategy, combining different types of short forcing, that 

are applied in a repeated manner with different settings. The latter control strategy 

overcomes unpredictability of the system’s behavior caused by the fractal basin boundaries, 

and also, by external disturbances or noise. 
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1 Introduction 

Pulse width modulation (PWM) is a common solution for high-efficiency voltage 

regulation. In technical systems, it is implemented with the use of different 

topologies of power converters [1]. Accompanied with a microprocessor or a 

microcontroller unit [2] [3], it provides the possibility to implement complicated 

control strategies [4], in particular, for electric drives and servo systems; these are 

fuzzy-logic-based control [5], neuro-fuzzy-based control [6], model predictive 

control [7], reinforcement-learning-based control [8], etc. 

The synthesis of the control strategy and parameter tuning, besides the task of 

providing the desirable static and dynamic indices, has to deal with the stability 

issues. With the assumption that the system’s behavior is approximated as a linear 

system, we obtain the advantage of a well-developed synthesis and stability theory 
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for linear systems [2]. Alternatively, optimization algorithms are applied to tune 

classical linear controllers [9] or nonlinear controllers are synthesized to ensure 

robustness of the system [10]. 

However, with the inclusion of switching power converters, the system obtains the 

special type of nonlinearity—the switching one. Thus, if a simple electric circuit is 

combined of a resistor, a capacitor, and an inductor it is mathematically well 

represented by a simple linear time-invariant dynamical system. However, if the 

considered circuit is fed by a PWM-driven converter with a voltage or current 

feedback, the system becomes piecewise-linear leading to different nonlinear 

phenomena [11]. 

These phenomena have obtained a well-elaborated theory and were experimentally 

observed [11]. Electric drive systems fed from power electronic converters inhere 

their features [12]. In the current work, we focus on one of these features, 

multistability—the coexistence of several stable modes of operation for the same 

set of parameters. Multistability itself is a general feature of many physical systems 

of different nature and is observed both theoretically and experimentally [13] [14]. 

Each of the coexisting stable modes has its own basin of attraction—the set of initial 

states from which the trajectory of the system is attracted to the particular mode. 

Under noise or external disturbances, the transition between the coexisting states 

can occur—what is known as tipping [15] [16]. Those phenomena corresponding to 

multistability are also observed in switching power converters [17-19]. 

In PWM-controlled systems, the nominal operating mode is characterized by the 

lowest ripples of the system variables; therefore, the operation in any other 

coexisting mode is characterized by lower efficiency and should be avoided. It is 

worth noting that synthesis and tuning techniques take into account the nominal 

operating mode, neglecting the possible coexisting modes; however, they can have 

harmful effects on the system’s behavior [20] [21]. 

What is utilized as a case study for our current work, a chopper-fed DC drive 

(Fig. 1a) under the parameters as given in Appendix, is known for demonstrating 

multistability [22] (see also [23]). Previously, we have depicted phenomena related 

to tipping in the considered system [24] [25]. What is sufficient for our study, it is 

demonstrated in [24] that the nominal mode is the most robust-to-noise among the 

coexisting ones for several sets of parameters. 

Controlling multistability itself is of interest to scientific community [26].  

The solutions can be classified into two categories: (i) the system is driven to a 

desired regime by some perturbation [27-29] and (ii) the undesired regime is 

annihilated under implementing some control [30-35]. 
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Figure 1 

Circuit diagram of a chopper-fed DC drive, after [12] 

It is obvious that the best solution is the second one ensuring the monostability 

operation of the system. However, several control techniques require the knowledge 

of the system dynamics, such as the linear augmentation technique [32], while 

others are based on the use of periodic modulation [30] [31] and are simple in 

implementation and tuning. On the other hand, adding additional control loops is in 

many cases undesirable as far as it complicates the tuning of the controller to 

achieve the control tasks (e.g. speed of operation, overshoot, etc.). In contradiction 

to those techniques, in the current work, we elaborate the first solution as being 

simpler for implementation. In general, the perturbation can be implemented in the 

form of constant periodic action [28], temporal feedback [29], or short pulses [27]. 

In a PWM-driven system, the perturbation can be applied in the form of slight 

changes of the switching function. The idea has been theoretically proven for 

extending the stability margins of the nominal regime [36] [37] (however, it requires 

constant control). 

In the current work, our idea is that the same short disturbing action as in [37] has 

been developed specifically for the switching power converters (but with the 

different purpose and implemented as a constant action) slightly varies the margins 

of the basins of attraction of the coexisting modes. Hence, being shortly applied, as 

it has been proposed in [27] for a laser system, the control in the form of short 

perturbations can drive system to the nominal regime. Thus, the proposed control 

strategy uses short forcing only to force the system to return to the desired nominal 

mode of operation if a multistable system tips to the undesired mode and is only 

applied if the coexisting mode is detected. Therefore, the objective of the study is 

to obtain an advantage of the simple for implementation controller that can 

guarantee the nominal operation of the system. 
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2 Mathematical Model of a DC Drive 

2.1 Mathematical Model in Continuous Time 

The system under analysis is a permanent magnet DC motor fed from a chopper in 

the form of buck converter with the speed feedback loop and PWM-2 control 

(Fig. 1a). 

The state of the switch VS is dictated by the relation between the values of a control 

signal 𝑣con and a carrier (ramp) signal 𝑣ramp. Thus, if 𝑣con < 𝑣ramp, the switch is 

on, and the system is depicted by the equation 

𝑑
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[
𝜔(𝑡)

𝑖(𝑡)
] = [

−
𝐵

𝐽

𝐾𝑇

𝐽

−
𝐾𝐸

𝐿
−

𝑅

𝐿

] [
𝜔(𝑡)

𝑖(𝑡)
] + [

−
𝑇𝐿

𝐽

𝑉in

𝐿

] (1a) 

while if 𝑣con ≥ 𝑣ramp, the switch is off, and 

𝑑
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where the notation is explained in the Appendix. Given 

𝐀 = [
−𝐵/𝐽 𝐾𝑇/𝐽

−𝐾𝐸/𝐿 −𝑅/𝐿
], 𝐱 = [

𝜔(𝑡)

𝑖(𝑡)
], 𝐄off = [

−𝑇𝐿/𝐽
0

], 𝐄on = [
−𝑇𝐿/𝐽
𝑉in/𝐿

] 

the system is represented by the state-space equation dependent on the state of the 

switch VS: 

�̇� = 𝐀𝐱 + 𝐄𝑘 (2) 

where 𝐄𝑘 , 𝑘 = {on, off} is the product 𝐁𝐮 from the standard state-space 

representation, is the subscript representing the state of the switch VS. 

For the sawtooth carrier signal with the ramp period 𝑇: 

𝑣ramp(𝑡) = 𝑣lo + (𝑣up − 𝑣lo) (
𝑡

𝑇
mod 1)  (3) 

where 𝑣lo and 𝑣up are lower and upper levels of the sawtooth signal (Fig. 1). With 

a proportional speed controller, the control signal 𝑣con is: 

𝑣con(𝑡) = 𝑔(𝜔(𝑡) − 𝜔ref) (4) 

where 𝑔 is a feedback gain, 𝜔(𝑡) is instantaneous speed, and 𝜔ref is the reference 

speed. 
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2.2 Derivation of Discrete-Time Mapping 

For the purposes of analyzing the periodic steady state of the system, and since the 

behavior of the system is governed by the clock cycle 𝑇, it is natural to obtain a 

discrete-time model in the form of “stroboscopic” mapping 𝐱𝑛+1 = 𝑃(𝐱𝑛) 

synchronized with the period 𝑇 (as it has been explained in [11]), where 𝐱𝑛 = 𝐱(𝑡0), 

and 𝐱𝑛+1 = 𝐱(𝑡0 + 𝑇), where the evolution of the system between periodic 

instances is governed by the continuous-time model, here, (1-4). The model (1-4) 

was implemented in the Matlab environment utilizing the ode45 solver with the 

built-in event detection. 

3 Periodic Steady State of the System 

With the derived discrete-time stroboscopic mapping, an arbitrary 𝑛𝑇-periodic 

steady state is reduced to a period-𝑛 mode of the stroboscopic map. In particular, 

the nominal period-1 mode of the stroboscopic map (𝑛𝑇-periodic mode of the 

system, its period is equal to the clock cycle 𝑇) corresponds to a fixed point of a 

stroboscopic map, 2𝑇-periodic, to period-2 mode, etc. 

The previous publications [22] [23] have demonstrated the coexistence of several 

stable regimes for the same parameters of the considered system (the parameters are 

given in the Appendix). The time-domain and state-space representation of the 

coexisting modes are demonstrated in Fig. 2 and Fig. 3, respectively. In Fig. 2 and 

Fig. 3, the corresponding discrete-time cycles (sampling of the continuous-time 

model) are marked with circles. 

Comparing the three coexisting stable modes (Figs. 2 and 3), it is obvious that 

higher-periodic modes are situated in the same area of the state space, however, 

they are characterized by the higher ripples of the state variables. Therefore, from 

the practitioner’s point of view, they correspond to undesirable lower-efficiency 

modes and should be avoided. On the other hand, the ripples can be measured and 

used to evaluate whether the system operates in its nominal mode or not. 

Previously [23], we have analyzed the evolution of the coexisting regimes as the 

feedback gain 𝑔 varies by means of the bifurcation diagrams. Afterwards, we have 

analyzed the behavior of the system for several gain values corresponding to several 

coexistence scenarios (those depicted in Fig. 4, period-1 and chaotic mode for 

𝑔 = 1.195, period-1, -3 and -4 for 𝑔 = 2, and period-1 and period-6, for 𝑔 = 2.2) 

[24]. What was also observed in [24] is that the nominal period-1 regime for all 

analyzed cases 𝑔 = {1.195; 2; 2.2} is the most robust to noise and external 

disturbances. Below, we also utilize the studies of the basins of attraction of the 

coexisting periodic modes to understand that kind of behavior of the regimes. 
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Figure 2 

Trajectories of the coexisting period-1, -3 and -4 modes in the time domain, after [23] 

 

Figure 3 

Trajectories 𝒜𝑖 of the coexisting period-𝑖 modes, 𝑖 = {1; 3; 4}, in the state-space, after [23] 

4 Basins of Attraction of the Coexisting Regimes 

Proceeding to studying multistability in the considered system, we analyze the 

basins of attraction for several values of gain 𝑔 (corresponding to the values denoted 

in Fig. 3). The basins of attraction are depicted in Fig. 5 for the grid 500×500 of 

initial conditions, where ℬ𝑖  stands for the basin of attraction of the period-𝑖 mode 

(and 𝜒 is used for chaotic mode). 
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Figure 4 

Several cases of coexisting stable modes at the bifurcation diagram of the speed 𝜔  

taking feedback gain 𝑔 as a parameter 

The general feature is that for all analyzed cases in Fig. 4, we observe the complex 

interwoven structure of the basins, resulting in the practical unpredictability of the 

behavior. However, we summarize the basins have one thing common—the basins 

of the nominal period-1 mode near the point of its steady-state operation has the 

largest distance to the basin margin. That is demonstrated in Fig. 5 (the blow-up of 

the marked area in Fig. 4) for the case 𝑔 = 2, the same can be observed in other 

cases. The basins of the coexisting states can be characterized by the commensurate 

distance to the margin (as ℬ3 for 𝑔 = 2 and ℬ6 for 𝑔 = 2.2) or lower (as ℬ𝜒 for 

𝑔 = 1.195 and ℬ4 for 𝑔 = 2). That determines the robustness of a mode to external 

action. In Fig. 5, red circle stands for period-1 mode, blue for period-3, and yellow 

for period-4. 

5 Control of Multistability by Short Forcing 

Between the periodic instances, the switch changes its state if the switching function 

ℎ(𝐱, 𝑡) = 0 is satisfied. For the analyzed system, as it has been explained in the 

Modelling Section 2.1, ℎ(𝐱, 𝑡) = 𝑣con(𝑡) − 𝑣ramp(𝑡) = 0 and therefore it is defined 

after (3) and (4) as follows: 

ℎ(𝐱, 𝑡) = 𝑔(𝜔(𝑡) − 𝜔ref) − (𝑣lo + (𝑣up − 𝑣lo)𝑡∗) (5) 

where for ease of representation we use 𝑡∗ = 𝑡 mod 𝑇 as the time from the 

beginning of the examined period. The block diagram of the PWM signal generation 

corresponding to (5) is depicted in Fig. 7. 

The three considered control strategies rely on slightly changing the switching 

function (5). The same idea is applied in [36] [37] with the other purpose of 

extending the stability margins of the nominal regime by stabilizing the period-1 

mode becoming unstable. 
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Figure 5 

Basins of attraction ℬ𝑖 of coexisting stable states for several values of gain 𝑔 corresponding to Fig. 4 

Respectively, in our work, we consider that slight changes of the switching function 

slightly move the margins of the basins of the coexisting regimes, therefore, it can 

result in the tipping between the coexisting modes. As to our knowledge, the 

technique has never been applied to control the tipping between the coexisting 

modes. Below, we propose several strategies of modifying the switching function 

and analyze the system’s behavior under those actions. 
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Figure 6 

Blow-up of the marked region of the basins of attraction in Fig. 5 with the corresponding sampled 

periodic modes 
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Figure 7 

Block diagram of the PWM signals generation corresponding to the switching function ℎ(𝐱, 𝑡), (5) 

In Figs. 9-11, the corresponding control strategies are applied within the shaded 

area, refer to the captions for explanation. In the figures below, circles stand for 

samples (discrete-time model), while crosses for switching. 

5.1 Strategy 1: Utilizing an Additional Sinusoidal Perturbation 

of the Reference Signal 

The first strategy is based on slight sinusoidal changes of the reference signal 𝜔ref: 

ℎ1(𝐱, 𝑡) = 𝑔 (𝜔(𝑡) − 𝜔ref (1 − 𝑎 sin
2𝜋𝑡∗

𝑇
)) − (𝑣lo + (𝑣up − 𝑣lo)𝑡∗) (6) 

where 𝑎 is an adjustment coefficient for the strategy (6) as well as for those 

discussed below. For the purposes of the current study, its value is not under 

discussion, as far as we aim to analyze the general behavior under the proposed 
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control. In the study, the value is taken as 𝑎 = 10−3. The PWM signal generation 

block diagram corresponding to the strategy (6) is demonstrated in Fig. 8a (the 

control is enabled if the function 𝑘1(𝑡) is ON). 
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Figure 8 

Block diagrams of the PWM signals generation corresponding to the switching functions ℎ1(𝐱, 𝑡), 

equation (6) (a), ℎ2(𝐱, 𝑡), equation (7) (b), and ℎ3(𝐱, 𝑡), equation (8) (c) 
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5.2 Strategy 2: Adding a Signal Proportional to a State 

Variable 

The second possible control strategy (Fig. 8b, enabled by 𝑘2(𝑡)) corresponds to the 

addition of the signal proportional to 𝜔(𝑡): 

ℎ2(𝐱, 𝑡) = 𝑔((1 + 𝑎)𝜔(𝑡) − 𝜔ref) − (𝑣lo + (𝑣up − 𝑣lo)𝑡∗) (7) 

5.3 Strategy 3: Utilizing an Additional Sinusoidal Perturbation 

of the Carrier Signal 

And the third strategy (Fig. 8c, enabled by 𝑘3(𝑡)) utilizes sinusoidal perturbation 

applied to the carrier ramp signal: 

ℎ3(𝐱, 𝑡) = 𝑔(𝜔(𝑡) − 𝜔ref) − (𝑣lo + (𝑣up − 𝑣lo)𝑡∗ − 𝑎 sin
2𝜋𝑡∗

𝑇
) (8) 

5.4 Discussion and Proposal of a Combined Control Strategy 

Let us analyze the observations depicted in Figs. 7-9, where the results of applying 

different control strategies to the system operating in the coexisting modes are 

demonstrated. 

First, we should keep in mind that the proposed control strategies are related to 

slight changes of basin margins; therefore, they cause controlled tipping from one 

mode to another one. However, some other perturbations being applied 

simultaneously (e.g., noise), can cause changes to the direction of tipping. 

Second, in the proposed solution, there is no such control strategy that, being 

applied to the system, causes tipping exactly to the desired mode; even if simulation 

demonstrates that behavior for some parameter set, there is no guarantee the same 

occurs under real-world conditions with inevitable noise and parameter variation 

(therefore, due to the complex structure of basin boundaries, see Fig. 5, the tipping 

in a real application becomes absolutely unpredictable). 

Third, for the selected value of 𝑎, there is no transition from the nominal period-1 

regime to some other; however, there is no guarantee that it will not occur under 

real-world conditions. 

With the above mentioned considerations, our proposal is to apply a combined 

control strategy including the following. The control should be applied if the system 

operates in the undesired coexisting stable mode in the steady state; if the control 

action results in tipping to the undesired mode, the control should be applied again. 

As it has already been mentioned, the detection of the undesired mode can be 

applied in the form of detecting the increased ripples of variables. 
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(a) from period-1 mode 

 

(b) from period-3 mode 

 

(c) from period-4 mode 

Figure 9 

Transitions from the coexisting modes corresponding to implemented Strategy 1—for utilizing an 

additional sinusoidal perturbation of the reference signal 
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(a) from period-1 mode 

 

(b) from period-3 mode 

 

(c) from period-4 mode 

Figure 10 

Transitions from the coexisting modes corresponding to the implemented Strategy 2—for adding a 

signal proportional to a state variable 
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(a) from period-1 mode 

 

(b) from period-3 mode 

 

(c) from period-4 mode 

Figure 11 

Transitions from the coexisting modes corresponding to the implemented Strategy 3—for utilizing an 

additional sinusoidal perturbation of the carrier signal 

The next consideration is that we should apply different control strategies 

alternately to avoid the situation demonstrated in Fig. 11c, where applying the 
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control action causes no transition to another mode (and even no noticeable 

transients). 

Now, let us summarize the observations and formulate the requirements for the 

combined control. Thus, there is no universal control strategy that inevitably drives 

the system to the nominal period-1 mode (in general, we should assume that no 

tuning of the control strategies (6)–(8), selecting the modulation coefficient 𝑎 and a 

forcing duration 𝑡, guarantee to obtain a universal controller). Then, the universal 

combined control strategy should contain several different forcing types repeated 

cyclically until the nominal mode is achieved. The example algorithm is depicted 

by the flowchart in Fig. 12. It corresponds to the application of the three depicted 

control strategies (6-8) repeatedly, that case is used for the simulations in Fig. 13. 

However, it is worth noting that in general, the base of forcing types can be widened 

by using different coefficient 𝑎 and 𝑡 values. 

start 
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Figure 12 

Flowchart of the concept of a combined control strategy 
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(a) from period-3 mode 

 

(b) from period-4 mode 

Figure 13 

Example of application of a combined control strategy (Strategy 2 → Strategy 1 → Strategy 3) 

Conclusions 

As it is known, in a PWM-controlled feedback system, different nonlinear behaviors 

can be observed, including multistability—the coexistence of several stable 

periodic modes for the same set of parameters; particularly, within the stability 

margins of the nominal operating mode it is an undesired behavior. In a coexisting 

mode, the overall system’s efficiency deteriorates and that determines the 

requirement to have the possibility of controlling multistability, i.e. to guarantee the 

nominal operating mode. 

In the example of a chopper-fed DC drive, we study the possibility of controlling 

multistability by short forcing. That is applied in the form of short, slight changes 

of the PWM switching function, slightly moving the margins between the basins of 

the coexisting mode resulting in a tipping between the coexisting modes. Several 

control strategies could be proposed with different disturbing actions applied. 
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To obtain a universal control algorithm, we propose a control strategy that combines 

different types of short forcings, that are applied in a repeated manner. That also 

guarantees that the system is driven, after several iterations, to its nominal mode 

even if it is subjected to any external disturbances (e.g. noise) thus overcoming the 

unpredictability of the system’s behavior caused by the fractal boundaries of the 

basin of attraction. 

Appendix: Parameters of the DC Drive [22] 

Ramp voltage: Lower level 𝑣lo = 0 V, upper level 𝑣up = 2.2 V, period 𝑇 = 4 ms 

DC motor and load: Armature resistance 𝑅 = 3.5 Ω, armature inductance 

𝐿 = 36 mH, back-EMF constant 𝐾𝐸  = 0.1356 V⋅s, torque constant 

𝐾𝑇 = 0.1324 N⋅m/A, viscous damping 𝐵 = 0.000564 N⋅m⋅s, load inertia 

𝐽 = 0.000971 N⋅m⋅s2, load torque 𝑇L = 0.39 N⋅m 

Control system: Input voltage 𝑉in = 100 V, feedback gain 𝑔 = 2, reference speed 

𝜔ref = 100 rad/s 
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