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1 Introduction 

Non-additive (fuzzy) integrals with respect to capacities, or fuzzy measures have 

been studied in [6, 9, 14, 19] as aggregation tools in multicriteria decision 

analysis, with a wide range of applications in economics, machine learning, 

engineering, etc. Among these integrals based on capacities, let us mention 

prominent ones as the Choquet integral [4, 5, 18], the Sugeno integral [26, 27], 

and the Shilkret integral [22]. 

In recent years, the concept of bipolar fuzzy integrals more general than integral 

models such as Cumulative prospect theory (CPT) [31] has been considered in   

[8, 10-12, 16]. In [11] the discrete bipolar universal integral based on bi-capacities 

was defined and discussed, as an extension of the bipolar Choquet integration 

proposed in [8] and the bipolar fuzzy integration introduced in [12]. Recently, the 

idea was further developed in [25, 28, 30] by introducing and investigating the 

bipolar pseudo-integrals and bipolar pan-integrals in discrete settings. 
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Due to the integrals based on capacities are used extensively, the research of 

integral inequalities related to fuzzy integrals based on capacities has been 

explored by various authors in [1, 2, 13, 15, 20, 21, 24]. Jensen’s inequality has 

usage in many disciplines, such as mathematical economics, probability and 

optimization theory, etc. This inequality has also been studied for the bipolar 

pseudo-integral [30]. However, in the case of bipolar pseudo-integrals, the 

underlining bi-capacities have to be ⊕-decomposable, where ⊕ is a 

corresponding pseudo-addition. Therefore, it is useful to consider other types of 

integrals, based on the bipolar scale and related to an arbitrary normalized          

bi-capacity, and to investigate the inequalities of such type for these integrals. 

Hence, our main goal now is to propose the conditions for validity of the Jensen 

type inequality for the bipolar Shilkret, Sugeno and Choquet integrals. 

This paper is based on [29] and [17]. The paper is organized as follows. In Section 

2, an overview related to bi-capacities and the bipolar fuzzy integrals with respect 

to bi-capacities is given. In Section 3, the Jensen type inequality for the bipolar 

Shilkret integral and the bipolar Sugeno integral are proved, based on [29]. Novel 

results related to the reversed Jensen type inequality are shown and new 

illustrative examples are given. In Section 4, using results from [17], as a novel 

result the Jensen type inequality for the bipolar Choquet integral is considered and 

the reversed Jensen type inequality for this integral is obtained. Finally, some 

concluding remarks are given. 

2 Preliminaries 

According to [7, 8, 11, 12], in this section, some basic notions related to             

bi-capacities and the bipolar Shilkret, Sugeno and Choquet integrals are presented. 

Recall that the symmetric maximum and the symmetric minimum are operations 

⩔, ⩓: [−1, 1]2 → [−1, 1] given by: 

𝑥 ⩔ 𝑦 = sign(𝑥 + 𝑦)(|𝑥| ∨ |𝑦|); 

𝑥 ⩓ 𝑦 = sign(𝑥 ⋅ 𝑦)(|𝑥| ∧ |𝑦|). 

The symmetric maximum ⩔ is not associative, hence we adopt the next convention 

based on the splitting rule: 

   ⩔   
𝑥𝑖∈𝐼

𝑥𝑖 = sup
𝑥𝑖⩾0

 𝑥𝑖 ⩔ inf
𝑥𝑖<0

 𝑥𝑖 , 

for any subset 𝐼 of the interval [−1,1]. 

Let 𝑋 = {𝑥1, 𝑥2, . . . , 𝑥𝑛} be a non-empty set, which defines the set of arguments, 

and 𝒫(𝑋) be its partitive set. 

Recall, a mapping m: 𝒫(𝑋) → [0,1] is said to be a capacity (or fuzzy measure) if 

m(∅) = 0 and for all 𝐴 ⊂ 𝐵 ⊂ 𝑋 it holds m(𝐴) ≤ m(𝐵). 
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Definition 1   ([7])A mapping  𝐦: 𝑄(𝑋) → ℝ, where 

𝒬(𝑋): = {(𝐴, 𝐵) ∈ 𝒫(𝑋) × 𝒫(𝑋)| 𝐴 ∩ 𝐵 = ∅}, 

is said to be a bi-capacity if 𝒎(∅, ∅) = 0 and for all 𝐴 ⊂ 𝐵 ⊂ 𝑋 it holds 

𝐦(𝐴,⋅) ≤ 𝐦(𝐵,⋅)   𝑎𝑛𝑑   𝐦(⋅, 𝐴) ≥ 𝐦(⋅, 𝐵). 

Now, let us consider 𝑓: 𝑋 → [−1,1] and a bi-capacity 𝐦: 𝑄(𝑋) → [−1,1].          
We denote 𝑓(𝑥𝑖) = 𝑓𝑖, 𝑖 = 1, … , 𝑛. 

In the sequel, the class containing all functions 𝑓: 𝑋 → [−1,1] will be denoted by 

𝒮. The class of all normalized bi-capacities 𝐦: 𝑄(𝑋) → [−1,1], i.e. such that 

𝐦(𝑋, ∅) = 1 = −𝐦(∅, 𝑋), will be denoted by ℳ. For each 𝐴 ∈ 𝒫(𝑋), the 

characteristic function is defined as usual by 

𝜒𝐴(𝑥) = { 
0, 𝑥 ∉ 𝐴
1, 𝑥 ∈ 𝐴.

 

For each (𝐴, 𝐵) ∈ 𝒬(𝑋), 𝜒(𝐴,𝐵) ∈ 𝒮 is defined by 

𝜒(𝐴,𝐵)(𝑥) = {
   1, 𝑥 ∈ 𝐴,
−1, 𝑥 ∈ 𝐵,
  0, 𝑥 ∉ 𝐴 ∪ 𝐵.

 

Obviously, for all (𝐴, 𝐵) ∈ 𝒬(𝑋), it holds 𝜒(𝐴,𝐵) = 𝜒𝐴 − 𝜒𝐵. 

For all 𝑡 ∈]0,1], the couple of sets ({𝑥 ∈ 𝑋 | 𝑓(𝑥) ≥ 𝑡}, {𝑥 ∈ 𝑋 | 𝑓(𝑥) ≤ −𝑡}), 
shortly denoted by ({𝑓 ≥ 𝑡}, {𝑓 ≤ −𝑡}) belongs to 𝑄(𝑋). In order to ensure the 

same property for   𝑡 = 0,    ({𝑓 ≥ 0}, {𝑓 ≤ 0}) will be interpreted as  ({𝑓 ≥ 0}, 

{𝑓 < 0}). 

The bipolar Shilkret integral was introduced in [12] and studied in [11]. 

Definition 2   For 𝑓 ∈ 𝒮 and 𝐦 ∈ ℳ, the bipolar Shilkret integral is defined by 

𝐵𝑆ℎ(𝑓, 𝐦) =⩔𝑖=1
𝑛 |𝑓𝑖| ⋅ 𝐦({𝑓 ≥ |𝑓𝑖|}, {𝑓 ≤ −|𝑓𝑖|}). 

Let 𝑋𝑛 be a finite set of cardinality 𝑛 for 𝑛 ∈ ℕ, 𝒮𝑛 be the class of all functions 

from the set 𝑋𝑛 to the interval [−1,1] and ℳ𝑛 be the class of all normalized        

bi-capacities on 𝒬(𝑋𝑛). The main properties of bipolar Shilkret integral 

𝐵𝐶ℎ:∪𝑛∈ℕ 𝒮𝑛 × ℳ𝑛 → [−1,1], given in [11], are: 

(Sh1)  𝐵𝑆ℎ(𝑐 ⋅ 𝜒(𝐴,𝐵), 𝐦) = 𝑐 ⋅ 𝐦(𝐴, 𝐵), for all 𝑐 ∈ [0,1] and for all 𝐦 ∈ ℳ𝑛, 

(𝐴, 𝐵) ∈ 𝑄(𝑋𝑛), 𝑛 ∈ ℕ; 

(Sh2) 𝐵𝑆ℎ(𝑓, 𝐦1) ≥ 𝐵𝑆ℎ(𝑔, 𝐦2), for all pairs (𝑓, 𝐦1) ∈ 𝒮𝑛1
× ℳ𝑛1

, and 

(𝑔, 𝐦2) ∈ 𝒮𝑛2
× ℳ𝑛2

, 𝑛1, 𝑛2 ∈ ℕ satisfying 

 𝐦1({𝑓 ≥ 𝑡}, {𝑓 ≤ −𝑡}) ≥ 𝐦2({𝑔 ≥ 𝑡}, {𝑔 ≤ −𝑡}),    (1) 

for all 𝑡 ∈]0,1]. 
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The bipolar Sugeno integral was initially introduced in [12] and studied in [11]. 

Definition 3   For 𝑓 ∈ 𝒮 and 𝐦 ∈ ℳ, the bipolar Sugeno integral is given by 

𝐵𝑆𝑢(𝑓, 𝐦) =⩔   
𝑖=1

𝑛 |𝑓𝑖|  ⩓  𝐦({𝑓 ≥ |𝑓𝑖|}, {𝑓 ≤ −|𝑓𝑖|}). 

The bipolar Sugeno integral 𝐵𝑆𝑢:∪𝑛∈ℕ 𝒮𝑛 × ℳ𝑛 → [−1,1] possesses the 

following properties: 

(Su1)  𝐵𝑆𝑢(𝑐 ⋅ 𝜒(𝐴,𝐵), 𝐦) = 𝑐 ⩓  𝐦(𝐴, 𝐵), for all 𝑐 ∈ [0,1] and for all 𝐦 ∈ ℳ𝑛, 

(𝐴, 𝐵) ∈ 𝑄(𝑋𝑛), 𝑛 ∈ ℕ; 

(Su2) 𝐵𝑆𝑢(𝑓, 𝐦1) ≥ 𝐵𝑆𝑢(𝑔, 𝐦2), for all pairs (𝑓, 𝐦1) ∈ 𝒮𝑛1
× ℳ𝑛1

, and 

(𝑔, 𝐦2) ∈ 𝒮𝑛2
× ℳ𝑛2

, 𝑛1, 𝑛2 ∈ ℕ such that (1) is fulfilled for all 𝑡 ∈]0,1]. 

Finally, let us recall the definition of the bipolar Choquet integral. The bipolar 

Choquet integral was initially introduced in [8, 10] and studied in [11]. 

Definition 4   For 𝑓 ∈ 𝒮 and 𝐦 ∈ ℳ, the bipolar Choquet integral is defined by 

𝐵𝐶ℎ(𝑓, 𝐦) = ∑  

𝑛

𝑖=1

 (|𝑓𝛼(𝑖)| − |𝑓𝛼(𝑖−1)|) ⋅ 𝐦({𝑓 ≥ |𝑓𝛼(𝑖)|}, {𝑓 ≤ −|𝑓𝛼(𝑖)|}), 

where a permutation of indexes 𝛼 = (𝛼(1), … 𝛼(𝑛)) is related to non-decreasing 

order of values |𝑓(𝑥𝑖)| = |𝑓𝑖|, i.e. such that 0 ≤ |𝑓𝛼(1)| ≤ |𝑓𝛼(2)| ≤ ⋯ ≤ |𝑓𝛼(𝑛)|, 

|𝑓𝛼(0)| = 0. 

The bipolar Choquet integral 𝐵𝐶ℎ:∪𝑛∈ℕ 𝒮𝑛 × ℳ𝑛 → [−1,1] has the next 

properties: 

(Ch1)  𝐵𝐶ℎ(𝑐 ⋅ (𝜒(𝐴,𝐵)), 𝐦) = 𝑐 ⋅ 𝐦(𝐴, 𝐵), for all 𝑐 ∈ [0,1] and for all 𝐦 ∈ ℳ𝑛, 

 (𝐴, 𝐵) ∈ 𝑄(𝑋𝑛), 𝑛 ∈ ℕ; 

(Ch2) 𝐵𝐶ℎ(𝑓, 𝐦1) ≥ 𝐵𝐶ℎ(𝑔, 𝐦2), for all pairs (𝑓, 𝐦1) ∈ 𝒮𝑛1
× ℳ𝑛1

, and 

 (𝑔, 𝐦2) ∈ 𝑆𝑛2
× 𝑀𝑛2

, 𝑛1, 𝑛2 ∈ ℕ such that (1) is fulfilled for all 𝑡 ∈]0,1]. 

By Theorem 2 from [11], the properties (Sh1), (Sh2), (Su1), (Su2), (Ch1) and 

(Ch2), ensure that each of bipolar integrals 

𝐵𝑆𝑢, 𝐵𝑆ℎ, 𝐵𝐶ℎ:∪𝑛∈ℕ 𝒮𝑛 × ℳ𝑛 → [−1,1] 

is the [−1,1]-valued bipolar universal integral introduced and studied in [11] (for 

more details we refer to [7, 8, 10-12]). 
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3 Jensen Inequality for the Bipolar Shilkret and 

Sugeno Integrals 

In this section, we present the results based on [29]. The Jensen type inequality for 

the bipolar Shilkret and Sugeno integrals is considered. Further, we will observe 

conditions under which the reversed Jensen type inequality for these integrals is 

valid. 

We have the following lemma. We refer to [30] for details of its proof. 

Lemma 1 

    (i) For any strictly increasing and odd function 𝜑, 𝜑: [−1,1] → [−1,1], it holds 

                                                       𝜑(|𝑥|) = |𝜑(𝑥)|. 

    (ii) For any strictly increasing and odd function 𝜑, 𝜑: [−1,1] → [−1,1], and for 

any 𝑓 ∈ 𝒮, it holds: 

{ 𝑓 ≥ |𝑓𝑖|} = { 𝜑(𝑓) ≥ |𝜑(𝑓𝑖)|}    𝑎𝑛𝑑    { 𝑓 ≤ −|𝑓𝑖|} = { 𝜑(𝑓) ≤ −|𝜑(𝑓𝑖)|}, 

for 𝑖 = 1,2, … , 𝑛.  

    (iii) For any strictly increasing function 𝜑, 𝜑: [−1,1] → [−1,1], it holds 

𝜑 (⋀ 𝑥𝑖

𝑛

𝑖=1

) = ⋀ 𝜑( 𝑥𝑖)

𝑛

𝑖=1

    𝑎𝑛𝑑    𝜑 (⋁ 𝑥𝑖

𝑛

𝑖=1

) = ⋁ 𝜑(𝑥𝑖)

𝑛

𝑖=1

, 

for all 𝑥𝑖 ∈ [0,1], 𝑖 = 1, … , 𝑛. 

    (iv) For any function 𝜑, 𝜑: [−1,1] → [−1,1], such that 𝜑 is a convex function 

on [0,1] and concave on [−1,0], and 𝜑(0) = 0, it holds 

𝜑(𝜆 ⋅ 𝑥) ≤ 𝜆 ⋅ 𝜑(𝑥), 

 for all 𝑥 ∈ [0,1] and 𝜆 ∈ [0,1], and 

𝜑(𝜆 ⋅ 𝑥) ≥ 𝜆 ⋅ 𝜑(𝑥), 

 for all 𝑥 ∈ [−1,0] and 𝜆 ∈ [0,1]. 

In the following theorem, we consider the Jensen type inequality related to the 

bipolar Shilkret integral. 

Theorem 1  Let 𝜑: [−1,1] → [−1,1] be an odd and strictly increasing function, 

which is convex on [0,1]. For all 𝑓 ∈ 𝒮 and 𝐦 ∈ ℳ, if   𝐵𝑆ℎ(𝜑(𝑓), 𝐦) ≠ 0, it 

holds 

                                         𝜑(|𝐵𝑆ℎ(𝑓, 𝐦)|) ≤ |𝐵𝑆ℎ(𝜑(𝑓), 𝐦)|.  (2) 

Proof. The bipolar Shilkret integral can be rewritten as 

 𝐵𝑆ℎ(𝑓, 𝐦) = (𝒮𝐵𝑆ℎ𝐦(𝑓)) ∨
𝑖=1

𝑛
|𝑓𝑖| ⋅ |𝐦({ 𝑓 ≥ |𝑓𝑖|}, { 𝑓 ≤ −|𝑓𝑖|})|,   (3) 



B. Mihailovic et al. Jensen Type Inequality for the Bipolar Shilkret, Sugeno and Choquet Integrals 

 – 14 – 

where, the notation 𝒮𝐵𝑆ℎ𝐦(𝑓) is used to denote the signum of the bipolar Shilkret 

integral of 𝑓 w.r.t. 𝐦. 

Let us assume that it holds  𝒮𝐵𝑆ℎ𝐦(𝜑(𝑓)) ≠ 0.  Due to (3) and Lemma 1 (iii), we 

obtain 

  𝜑(|𝐵𝑆ℎ(𝑓, 𝐦)|) = 𝜑(⋁ |𝑓𝑖| ⋅ |𝐦({ 𝑓 ≥ |𝑓𝑖|}, { 𝑓 ≤ −|𝑓𝑖|})|𝑛
𝑖=1 ) 

  = ⋁ 𝜑(|𝑓𝑖| ⋅ |𝐦({ 𝑓 ≥ |𝑓𝑖|}, { 𝑓 ≤ −|𝑓𝑖|})|)𝑛
𝑖=1 . 

Further, according to Lemma 1 (iv), (ii) and (i) we have 

   𝜑(|𝐵𝑆ℎ(𝑓, 𝐦)|)  ≤ ⋁ 𝜑(|𝑓𝑖|) ⋅ |𝐦({ 𝜑(𝑓) ≥ |𝜑(𝑓𝑖)|}, { 𝜑(𝑓) ≤ −|𝜑(𝑓𝑖)|})|𝑛
𝑖=1  

 = ⋁ |𝜑(𝑓𝑖)| ⋅ |𝐦({ 𝜑(𝑓) ≥ |𝜑(𝑓𝑖)|}, { 𝜑(𝑓) ≤ −|𝜑(𝑓𝑖)|})|𝑛
𝑖=1   

 =  |𝐵𝑆ℎ(𝜑(𝑓), 𝐦)|. 

Corollary 1   Let 𝜑: [−1,1] → [−1,1], 𝜑(1) = 1, be an odd and strictly 

increasing function, which is concave on [0,1]. For all 𝑓 ∈ 𝒮 and 𝐦 ∈ ℳ, if 

𝐵𝑆ℎ(𝑓, 𝐦) ≠ 0, it holds 

𝜑(|𝐵𝑆ℎ(𝑓, 𝐦)|) ≥ |𝐵𝑆ℎ(𝜑(𝑓), 𝐦)|. 

Proof. Using the fact that 𝜑−1 is odd and strictly increasing on [−1,1] and convex 

on [0,1], we obtain 

𝜑−1(|𝐵𝑆ℎ(𝜑(𝑓), 𝐦)|) ≤ |𝐵𝑆ℎ(𝜑−1(𝜑(𝑓)), 𝐦)| = |𝐵𝑆ℎ(𝑓, 𝐦)|, 

thus the claim is valid. 

Notice that the stated inequality holds even if the condition 𝜑(1) = 1 is omitted. 

Example 1   Let 𝑋 = {𝑥1, 𝑥2, 𝑥3} ,  𝐦 ∈ ℳ  such that  𝐦(∅, {𝑥3}) = −0.5, 

 𝐦({𝑥2}, {𝑥3}) = 0.4  and   𝐦({𝑥1, 𝑥2}, {𝑥3}) = 0.6. Let 𝑓(𝑥1) = 0, 𝑓(𝑥2) = 0.6, 

 𝑓(𝑥3) = −0.8.  By Definition 3, we get: 

𝐵𝑆ℎ(𝑓, 𝐦) = (0 ⋅ 𝐦({𝑥1, 𝑥2}, {𝑥3})) ⩔ (0.6 ⋅ 𝐦({𝑥2}, {𝑥3})) ⩔ (0.8 ⋅ 𝐦(∅, {𝑥3})) 

  = (0 ⋅ 0.6) ⩔ (0.6 ⋅ 0.4) ⩔ (0.8 ⋅ (−0.5)) 

  = 0 ⩔ 0.24 ⩔ (−0.4) = −0.4. 

     (i) Let 𝜑(𝑥) =
𝑥

2−|𝑥|
,  𝑥 ∈ [−1,1]. Obviously, 𝜑 is convex on [0,1]. 

𝜑(𝐵𝑆ℎ(𝑓, 𝐦)) =
−0.4

2 − 0.4
= −0.25. 

Now, compute the related bipolar Shilkret integral of 𝜑(𝑓): 

𝐵𝑆ℎ(𝜑(𝑓), 𝐦) = (𝜑(0) ⋅ 𝐦({𝑥1, 𝑥2}, {𝑥3})) ⩔ (𝜑(0.6) ⋅ 𝐦({𝑥2}, {𝑥3})) 

     ⩔ (𝜑(0.8) ⋅ 𝐦(∅, {𝑥3})) 

    = (𝜑(0.6) ⋅ 0.4) ⩔ (𝜑(0.8) ⋅ (−0.5)) 

    ≈ 0.17143 ⩔ (−0.33333) = −0.33333. 
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We have 𝜑(|𝐵𝑆ℎ(𝑓, 𝐦)|) =
1

4
<

1

3
= |𝐵𝑆ℎ(𝜑(𝑓), 𝐦)|, i.e. in this case the 

inequality (2) is strict. 

    (ii) Let 𝜑(𝑥) = 𝑘𝑥,  𝑥 ∈ [−1,1], where 0 < 𝑘 ≤ 1. We obtain 

 𝜑(𝐵𝑆ℎ(𝑓, 𝐦)) = −0.4𝑘. 

On the other hand, the bipolar Shilkret integral of a function 𝜑(𝑓) is: 

𝐵𝑆ℎ(𝜑(𝑓), 𝐦)  =  (0 ⋅ 0.6) ⩔ (0.6𝑘 ⋅ 0.4) ⩔ (0.8𝑘 ⋅ (−0.5)) 

 = 0.24𝑘 ⩔ (−0.4𝑘) 

 = −0.4𝑘. 

In this case, we have the equality 𝜑(|𝐵𝑆ℎ(𝑓, 𝐦)|) = |𝐵𝑆ℎ(𝜑(𝑓), 𝐦)| = 0.4𝑘. 

    (iii) Let 𝜑(𝑥) =
2𝑥

1+|𝑥|
,  𝑥 ∈ [−1,1]. Obviously, 𝜑 is concave on [0,1]. We obtain 

𝜑(𝐵𝑆ℎ(𝑓, 𝐦)) =
2 ⋅ (−0.4)

1 + | − 0.4|
= −

4

7
≈ −0.57143. 

Now, compute the related bipolar Shilkret integral of 𝜑(𝑓): 

𝐵𝑆ℎ(𝜑(𝑓), 𝐦) = (𝜑(0) ⋅ 𝐦({𝑥1, 𝑥2}, {𝑥3})) ⩔ (𝜑(0.6) ⋅ 𝐦({𝑥2}, {𝑥3})) 

 ⩔ (𝜑(0.8) ⋅ 𝐦(∅, {𝑥3})) 

 = (𝜑(0.6) ⋅ 0.4) ⩔ (𝜑(0.8) ⋅ (−0.5)) 

 ≈ 0.3 ⩔ (−0.44444) = −0.44444. 

Hence, 𝜑(|𝐵𝑆ℎ(𝑓, 𝐦)|) =
4

7
>

4

9
= |𝐵𝑆ℎ(𝜑(𝑓), 𝐦)|, i.e. the inequality given in 

Corollary 2 is strict. 

Notice that under the conditions given in Theorem 1, if   𝒮𝐵𝑆ℎ𝐦(𝜑(𝑓)) = 0,   then 

the inequality (2) need not be satisfied, that is illustrated in the following example. 

Example 2   Consider 𝑋 = {𝑥1, 𝑥2, 𝑥3} and the function 𝑓 given by 𝑓(𝑥1) = √0.3
5

, 

𝑓(𝑥2) = −√0.6
5

, 𝑓(𝑥3) = √0.1
5

, and 𝜑(𝑥) = 𝑥5, 𝑥 ∈ [−1,1]. 

    (i) Let 𝐦 ∈ ℳ, such that 𝐦({𝑥1, 𝑥3}, {𝑥2}) = 1, 𝐦({𝑥1}, {𝑥2}) = 0.8 and 

𝐦(∅, {𝑥2}) = −0.4. We have 

𝐵𝑆ℎ(𝑓, 𝐦) = (√0.3
5

⋅ 𝐦({𝑥1}, {𝑥2})) ⩔ ( √0.6
5

⋅ 𝐦(∅, {𝑥2})) 

 ⩔ (√0.1
5

⋅ 𝐦({𝑥1, 𝑥3}, {𝑥2})) 

 = (√0.3
5

⋅ 0.8) ⩔ ( √0.6
5

⋅ (−0.4))  ( √0.1
5

⋅ 1) 

 ≈ 0.62880 ⩔ (−0.36115) ⩔ 0.63096 

 = 0.63096, 
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thus, 𝜑(𝐵𝑆ℎ(𝑓, 𝐦)) = 0.1 and 

𝐵𝑆ℎ(𝜑(𝑓), 𝐦) = (0.3 ⋅ 𝐦({𝑥1}, {𝑥2})) ⩔ (0.6 ⋅ 𝐦(∅, {𝑥2}})) 

 ⩔ (0.1 ⋅ 𝐦({𝑥1, 𝑥3}, {𝑥2})) 

 = (0.3 ⋅ 0.8) ⩔ (0.6 ⋅ (−0.4)) ⩔ (0.1 ⋅ 1) 

 = 0.24 ⩔ (−0.24) ⩔ 0.1 

 = 0. 

Hence, we have  𝜑(|𝐵𝑆ℎ(𝑓, 𝐦)|) > |𝐵𝑆ℎ(𝜑(𝑓), 𝐦)| = 0. 

    (ii) Let 𝐦 ∈ ℳ, such that 𝐦({𝑥2}, {𝑥1, 𝑥3}) = −1, 𝐦({𝑥2}, {𝑥1}) = −0.8, 

𝐦({𝑥2}, ∅) = 0.4, and 𝑔 = −𝑓. We obtain: 

𝐵𝑆ℎ(𝑔, 𝐦) = (√0.3
5

⋅ 𝐦({𝑥2}, {𝑥1})) ⩔ ( √0.6
5

⋅ 𝐦({𝑥2}, ∅)) 

 ⩔ (√0.1
5

⋅ 𝐦({𝑥2}, {𝑥1, 𝑥3})) 

 = ( √0.3
5

⋅ (−0.8)) ⩔ ( √0.6
5

⋅ 0.4) ⩔ (√0.1
5

⋅ (−1)) 

 ≈ (−0.62880) ⩔ 0.36115 ⩔ (−0.63096) = −0.63096, 

therefore, 𝜑(𝐵𝑆ℎ(𝑔, 𝐦)) = −0.1 and 

 𝐵𝑆ℎ(𝜑(𝑔), 𝐦) = (0.3 ⋅ 𝐦({𝑥2}, {𝑥1})) ⩔ (0.6 ⋅ 𝐦({𝑥2}, ∅)) 

 ⩔ (0.1 ⋅ 𝐦({𝑥2}, {𝑥1, 𝑥3})) 

 = (0.3 ⋅ (−0.8)) ⩔ (0.6 ⋅ 0.4)) ⩔ (0.1 ⋅ (−1)) 

 = (−0.24) ⩔ 0.24 ⩔ (−0.1) = 0. 

Hence, we have  𝜑(|𝐵𝑆ℎ(𝑔, 𝐦)|) > |𝐵𝑆ℎ(𝜑(𝑔), 𝐦)| = 0. 

    (iii) If we take 𝜑(𝑥) = 𝑥,   𝑥 ∈ [−1,1], same 𝐦 ∈ ℳ as that given in (i), and 

ℎ ∈ ℳ, given by ℎ(𝑥1) = 0.3, ℎ(𝑥2) = −0.6, ℎ(𝑥3) = 0.1, then we get 

𝜑(|𝐵𝑆ℎ(ℎ, 𝐦)|)  =   |𝐵𝑆ℎ(𝜑(ℎ), 𝐦)|  =  0. 

Now, we will observe conditions under which the Jensen type inequality for the 

bipolar Sugeno integral is valid. 

Theorem 2  Let 𝜑: [−1,1] → [−1,1] be an odd and strictly increasing function, 

such that 𝜑(𝑥) ≤ 𝑥 on [0,1]. For all 𝑓 ∈ 𝒮 and 𝐦 ∈ ℳ, if   𝐵𝑆𝑢(𝜑(𝑓), 𝐦) ≠ 0, 

then 

   𝜑(|𝐵𝑆𝑢(𝑓, 𝐦)|) ≤ |𝐵𝑆𝑢(𝜑(𝑓), 𝐦)|. 

Proof. The bipolar Sugeno integral can be expressed by: 

𝐵𝑆𝑢(𝑓, 𝐦) = (𝒮𝐵𝑆ℎ𝐦(𝑓)) ∨
𝑖=1

𝑛
|𝑓𝑖| ∧ |𝐦({ 𝑓 ≥ |𝑓𝑖|}, { 𝑓 ≤ −|𝑓𝑖|})|,         (4) 
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where, the notation 𝒮𝐵𝑆𝑢𝐦(𝑓) is used to denote the signum of the bipolar Sugeno 

integral of 𝑓 w.r.t. 𝐦. 

Let   𝒮𝐵𝑆𝑢𝐦(𝜑(𝑓)) ≠ 0.   By (4) and Lemma 1 (iii) we get 

 𝜑(|𝐵𝑆𝑢(𝑓, 𝐦)|)    = 𝜑( ∨
𝑖=1

𝑛
|𝑓𝑖| ∧ |𝐦({ 𝑓 ≥ |𝑓𝑖|}, { 𝑓 ≤ −|𝑓𝑖|})|) 

  = ∨
𝑖=1

𝑛
𝜑(|𝑓𝑖| ∧ |𝐦({ 𝑓 ≥ |𝑓𝑖|}, { 𝑓 ≤ −|𝑓𝑖|})|) 

   = ∨
𝑖=1

𝑛
𝜑(|𝑓𝑖|) ∧ 𝜑(|𝐦({ 𝑓 ≥ |𝑓𝑖|}, { 𝑓 ≤ −|𝑓𝑖|})|). 

Further, due to the condition that 𝜑(𝑥) ≤ 𝑥 on [0,1] and Lemma 1 (ii), we have 

  𝜑(|𝐵𝑆𝑢(𝑓, 𝐦)|) ≤ ∨
𝑖=1

𝑛
𝜑(|𝑓𝑖|) ∧ |𝐦({ 𝑓 ≥ |𝑓𝑖|}, { 𝑓 ≤ −|𝑓𝑖|})| 

    = ∨
𝑖=1

𝑛
|𝜑(𝑓𝑖)| ∧ |𝐦({ 𝜑(𝑓) ≥ |𝜑(𝑓𝑖)|}, { 𝜑(𝑓) ≤ −|𝜑(𝑓𝑖)|})| 

                              =  |𝐵𝑆𝑢(𝜑(𝑓), 𝐦)|.                                                               

With a similar consideration as in the proof of Corollary 1, we have the next 

consequence of Theorem 2. 

Corollary 2   Let 𝜑: [−1,1] → [−1,1], 𝜑(1) = 1, be an odd and strictly 

increasing function, such that 𝜑(𝑥) ≥ 𝑥 on [0,1], which is concave on [0,1].      
For all 𝑓 ∈ 𝒮 and 𝐦 ∈ ℳ, if   𝐵𝑆𝑢(𝑓, 𝐦) ≠ 0, it holds 

𝜑(|𝐵𝑆𝑢(𝑓, 𝐦)|) ≥ |𝐵𝑆𝑢(𝜑(𝑓), 𝐦)|. 

Similarly as in the case of the bipolar Shilkret integral, the inequality holds even if 

the condition 𝜑(1) = 1 is omitted. 

Example 3   Let us consider 𝑓 and 𝐦 from Example 1. 

    (i) Let 𝜑(𝑥) = sign(𝑥)ln(1 + |𝑥|), 𝑥 ∈ [−1,1]. Obviously, 𝜑(𝑥) ≤ 𝑥, for each 

𝑥 ∈ [0,1]. We have 

𝐵𝑆𝑢(𝑓, 𝐦) = (0 ⩓ 𝐦({𝑥1, 𝑥2}, {𝑥3})) ⩔ (0.6 ⩓ 𝐦({𝑥2}, {𝑥3})) 

 ⩔ (0.8 ⩓ 𝐦(∅, {𝑥3})) 

 = (0 ⩓ 0.6) ⩔ (0.6 ⩓ 0.4) ⩔ (0.8 ⩓ (−0.5)) 

 = 0  0.4 ⩔ (−0.5) = −0.5, 

and therefore 𝜑(𝐵𝑆𝑢(𝑓, 𝐦)) = −ln(1 + 0.5) ≈ −0.40547. On the other hand, 

we have 

 𝐵𝑆𝑢(𝜑(𝑓), 𝐦) = (𝜑(0) ⩓ 0.6) ⩔ (𝜑(0.6) ⩓ 0.4) ⩔ (𝜑(0.8) ⩓ (−0.5)) 

 = (0.47 ⩓ 0.4) ⩔ (0.58779 ⩓ (−0.5)) 

 = 0.4 ⩔ (−0.5) = −0.5. 
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Hence, 

𝜑(|𝐵𝑆𝑢(𝑓, 𝐦)|) = 0.40547 ≤ 0.5 = |𝐵𝑆𝑢(𝜑(𝑓), 𝐦)|, 

i.e. the inequality stated in Theorem 2 is fulfilled. 

    (ii) Let 𝜑(𝑥) =
2𝑥

1+|𝑥|
, 𝑥 ∈ [−1,1]. Obviously, 𝜑(𝑥) ≥ 𝑥,  for each 𝑥 ∈ [0,1]. 

We have 𝜑(𝐵𝑆𝑢(𝑓, 𝐦)) =
2⋅(−0.5)

1+|−0.5|
= −

2

3
  and 

 𝐵𝑆𝑢(𝜑(𝑓), 𝐦) = (𝜑(0) ⩓ 0.6) ⩔ (𝜑(0.6)  ⩓ 0.4) ⩔ (𝜑(0.8) ⩓ (−0.5)) 

 ≈ (0.75 ⩓ 0.4) ⩔ (0.88889 ⩓ (−0.5)) 

 = 0.4 ⩔ (−0.5) = −0.5. 

Hence, 

     𝜑(|𝐵𝑆𝑢(𝑓, 𝐦)|) =
2

3
≥

1

2
= |𝐵𝑆𝑢(𝜑(𝑓), 𝐦)|, 

i.e. the inequality stated in Corollary 2 is fulfilled. 

Similarly as in Example 2 with the bipolar Shilkret integral, under the conditions 

of Theorem 2, if  𝒮𝐵𝑆𝑢𝐦(𝜑(𝑓)) = 0,  the reversed inequality holds (see Example 

10 in [29]): 

 𝜑(|𝐵𝑆𝑢(𝑓, 𝐦)|) ≥ |𝐵𝑆𝑢(𝜑(𝑓), 𝐦)| = 0. 

4 Jensen Inequality for the Bipolar Choquet Integral 

The bipolar Choquet integral is the most prominent member of the class of bipolar 

Choquet g-integrals introduced in [17]. Therefore, based on [17], in this section, 

the Jensen type inequality for the bipolar Choquet integral is considered. Here, we 

will give the complete proof of the main theorem, and present the conditions under 

which the reversed Jensen type inequality for this integral is valid. 

For 𝑓 ∈ 𝒮, denote 

𝑋+ = {𝑥𝑖 ∈ 𝑋 | 𝑓(𝑥𝑖) > 0}, 𝑋− = {𝑥𝑖 ∈ 𝑋 | 𝑓(𝑥𝑖) < 0}, 

𝑋0 = {𝑥𝑖 ∈ 𝑋 | 𝑓(𝑥𝑖) = 0},   𝑠𝑢𝑝𝑝(𝑓) = 𝑋+ ∪ 𝑋− = 𝑋\𝑋0, 

𝑋+0 = 𝑋+ ∪ 𝑋0  and  𝑋−0 = 𝑋− ∪ 𝑋0. 

Let 𝐦 ∈ ℳ and 𝑓 ∈ 𝒮. Define set functions 𝜇𝑓+, 𝜇̃𝑓+ ∶ 𝒫(𝑋) → [−1,1] by 

 𝜇𝑓+(𝐴) = 𝐦(𝐴 ∩ 𝑋+0, 𝐴 ∩ 𝑋−)                                            (5) 

 𝜇̃𝑓+(𝐴) = 𝐦(𝐴 ∩ 𝑋+, 𝐴 ∩ 𝑋−0).                                            (6) 
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Let 𝐦̂(𝐴, 𝐵) = −𝐦(𝐵, 𝐴), for all (𝐴, 𝐵) ∈ 𝑄(𝑋). First, by Definition 2 it can be 

easily verified that 𝐦̂ ∈ ℳ. Further, for all 𝐴 ∈ 𝒫(𝑋) we have: 

 𝜇𝑓+(𝐴) = −𝜇̂(−𝑓)+(𝐴), if  𝐴 ⊂ 𝑠𝑢𝑝𝑝(𝑓);                               (7) 

 𝜇𝑓+(𝐴) = −𝜇̃̂(−𝑓)+(𝐴).                                                            (8) 

Obviously, any function 𝑓 ∈ 𝒮 can be expressed by: 

 𝑓 = ∑  𝑛
𝑖=1 (|𝑓𝛼(𝑖)| − |𝑓𝛼(𝑖−1)|) ⋅ 𝜒(𝐴𝑖∩𝑋+0,𝐴𝑖∩𝑋−) 

    = ∑  𝑛
𝑖=1 (|𝑓𝛼(𝑖)| − |𝑓𝛼(𝑖−1)|) ⋅ 𝜒(𝐴𝑖∩𝑋+,𝐴𝑖∩𝑋−0), 

where |𝑓𝛼(𝑖)| ≤ |𝑓𝛼(𝑗)|, for all 𝑖 ≤ 𝑗, 𝑓𝛼(0) = 0, and 𝐴𝑖 = {𝑥𝛼(𝑖), … , 𝑥𝛼(𝑛)}, 

𝑖 = 1, … , 𝑛. 

Now, for computing the bipolar Choquet integral we can use the formula from the 

next proposition. 

Proposition 1   Let 𝜑: [−1,1] → [−1,1] be odd and strictly increasing function,  

𝑓 ∈ 𝒮, 𝜑(𝑓) = 𝜑 ∘ 𝑓 ∈ 𝒮 and 𝐦 ∈ ℳ. Then: 

𝐵𝐶ℎ(𝜑(𝑓), 𝐦) = ∑  𝑛
𝑖=1 (𝜑(|𝑓𝛼(𝑖)|) − 𝜑(|𝑓𝛼(𝑖−1)|)) ⋅ 𝜇𝑓+(𝐴𝑖)               (9) 

            = ∑  𝑛
𝑖=1 (𝜑(|𝑓𝛼(𝑖)|) − 𝜑(|𝑓𝛼(𝑖−1)|)) ⋅ 𝜇̃𝑓+(𝐴𝑖)              (10) 

           = ∑  𝑛
𝑖=1 𝜑(|𝑓𝛼(𝑖)|) ⋅ (𝜇𝑓+(𝐴𝑖) − 𝜇𝑓+(𝐴𝑖+1)),               (11) 

for any permutation 𝛼 of indexes such that   |𝑓𝛼(𝑖)| ≤ |𝑓𝛼(𝑗)|, for all 𝑖 ≤ 𝑗, 

𝑓𝛼(0) = 0, 𝐴𝑖 = {𝑥𝛼(𝑖), … , 𝑥𝛼(𝑛)}, 𝑖 = 1, … , 𝑛, and 𝐴𝑛+1 = ∅. 

Proof.   Let 𝑓 ∈ 𝒮 and 𝐦 ∈ ℳ. Let 𝜑 be odd and strictly increasing and 𝜑(𝑓) =
𝜑 ∘ 𝑓 ∈ 𝒮. For an arbitrary permutation of indexes 𝛼, such that |𝑓𝛼(𝑖)| ≤ |𝑓𝛼(𝑗)|, 

for all 𝑖 ≤ 𝑗, 𝑓𝛼(0) = 0, let 𝐾 = {𝑗 | |𝑓𝛼(𝑗)| ≠ |𝑓𝛼(𝑗−1)|}. For all 𝑖 ∈ 𝐾, we get: 

𝐦({𝑓 ≥ |𝑓𝛼(𝑖)|}, {𝑓 ≤ −|𝑓𝛼(𝑖)|}) = 𝜇𝑓+(𝐴𝑖) = 𝜇̃𝑓+(𝐴𝑖). 

By Lema 1, we have 𝜑(0) = 0, 𝜑(|𝑥|) = |𝜑(𝑥)|, for all 𝑥 ∈ [−1,1], and 𝜇𝑓+ =

𝜇(𝜑∘𝑓)+. Therefore 

                    𝐵𝐶ℎ(𝜑(𝑓), 𝐦) = ∑ ‍𝑖∈𝐾 (|𝜑(𝑓𝛼(𝑖))| − |𝜑(𝑓𝛼(𝑖−1))|) ⋅ 𝜇(𝜑∘𝑓)+(𝐴𝑖) 

                = ∑  𝑖∈𝐾 (𝜑(|𝑓𝛼(𝑖)|) − 𝜑(|𝑓𝛼(𝑖−1)|)) ⋅ 𝜇𝑓+(𝐴𝑖) 

                = ∑  𝑛
𝑖=1 (𝜑(|𝑓𝛼(𝑖)|) − 𝜑(|𝑓𝛼(𝑖−1)|)) ⋅ 𝜇𝑓+(𝐴𝑖) 

                = ∑  𝑛
𝑖=1 𝜑(|𝑓𝛼(𝑖)|) ⋅ (𝜇𝑓+(𝐴𝑖) − 𝜇𝑓+(𝐴𝑖+1)), 

where 𝐴𝑖 = {𝑥𝛼(𝑖), … , 𝑥𝛼(𝑛)}, for 𝑖 ≥ 2, 𝐴1 = 𝑋, 𝐴𝑛+1 = ∅. Hence, (9) and (11) 

are valid. Due to 𝜇𝑓+(𝐴) = 𝜇̃𝑓+(𝐴), for all 𝐴 ⊂ 𝑠𝑢𝑝𝑝(𝑓), we obtain (10). 
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Example 4  ([17]) Consider 𝑋 = {𝑥1, 𝑥2, 𝑥3, 𝑥4} and 𝑓: 𝑋 → [−1,1] such that 

𝑓(𝑥1) = 0.2, 𝑓(𝑥2) = −0.2, 𝑓(𝑥3) = 0, 𝑓(𝑥4) = −0.4. Obviously, we get 

𝑋+0 = {𝑥1, 𝑥3}, 𝑋− = {𝑥2, 𝑥4}.  Let 𝐦 ∈ ℳ, 𝑐𝑎𝑟𝑑(𝒬(𝑋)) = 34 = 81. 

Consider 𝜑(𝑥) = 𝑥𝑘, 𝑥 ∈ ℝ, for odd 𝑘 ∈ ℕ. For 𝛼1 = (3,1,2,4), we have 

|𝜑(𝑓3)| ≤ |𝜑(𝑓1)| ≤ |𝜑(𝑓2)| ≤ |𝜑(𝑓4)|. Using Proposition 1, we get: 

   𝐵𝐶ℎ(𝜑(𝑓), 𝐦) = 

           = (|0| − |0|) ⋅ 𝜇𝑓+({𝑥3, 𝑥1, 𝑥2, 𝑥4}) + (|0.2|𝑘 − |0|) ⋅ 𝜇𝑓+({𝑥1, 𝑥2, 𝑥4}) + 

+(| − 0.2|𝑘 − |0.2|𝑘) ⋅ 𝜇𝑓+({𝑥2, 𝑥4}) + (| − 0.4|𝑘 − | − 0.2|𝑘) ⋅ 𝜇𝑓+({𝑥4}) 

= |0.2|𝑘 ⋅ 𝜇𝑓+({𝑥1, 𝑥2, 𝑥4}) + (| − 0.4|𝑘 − | − 0.2|𝑘) ⋅ 𝜇𝑓+({𝑥4}). 

For 𝛼2 = (3,2,1,4), 𝛼1 ≠ 𝛼2, it holds |𝜑(𝑓3)| ≤ |𝜑(𝑓2)| ≤ |𝜑(𝑓1)| ≤ |𝜑(𝑓4)|, and 

by Proposition 1, we obtain the same result: 

   𝐵𝐶ℎ(𝜑(𝑓), 𝐦) = 

           = (| − 0.2|𝑘 − |0|) ⋅ 𝜇𝑓+({𝑥2, 𝑥1, 𝑥4}) + (| − 0.4|𝑘 − |0.2|𝑘) ⋅ 𝜇𝑓+({𝑥4}) 

= | − 0.2|𝑘 ⋅ 𝜇𝑓+({𝑥2, 𝑥1, 𝑥4}) + (| − 0.4|𝑘 − |0.2|𝑘) ⋅ 𝜇𝑓+({𝑥4}). 

Notice that 𝜇𝑓+({𝑥2, 𝑥1, 𝑥4}) = 𝜇𝑓+({𝑥1, 𝑥2, 𝑥4}) = 𝐦({𝑥1}, {𝑥2, 𝑥4}) and 

𝜇𝑓+({𝑥4}) = 𝐦(∅, {𝑥4}). 

It should be noticed that by Proposition 1, for 𝜑(𝑥) = 𝑥, 𝑥 ∈ [−1,1], for 𝑓 ∈ 𝒮, 

𝐦 ∈ ℳ, with 𝛼 and 𝐴𝑖 previously described, we have: 

 𝐵𝐶ℎ(𝑓, 𝐦) = ∑  𝑛
𝑖=1 |𝑓𝛼(𝑖)| ⋅ (𝜇𝑓+(𝐴𝑖) − 𝜇𝑓+(𝐴𝑖+1)).            (12) 

Now, the proof of the next claim easily follows from (12) and (7). 

Proposition 2  ([17]) Let 𝑓 ∈ 𝒮 and 𝐦 ∈ ℳ. Then 

𝐵𝐶ℎ(−𝑓, 𝐦) = −𝐵𝐶ℎ(𝑓, 𝐦̂), 

where 𝐦̂ ∈ ℳ is given by 𝐦̂(𝐴, 𝐵) = −𝐦(𝐵, 𝐴), for all (𝐴, 𝐵) ∈ 𝑄(𝑋). 

Jensen type inequality for the bipolar Choquet integral is presented in the next 

theorem. Here, we give its complete proof. Very recently, the similar proving 

technic has been presented in [16], however, the following result is more general 

in the sense that the underlining set functions 𝜇𝑓+ and 𝜇̃𝑓+ given by (5) and (6) 

associated to a bi-capacity need not to be the difference of two fuzzy measures. 

Theorem 3  Let 𝜑: [−1,1] → [−1,1] be an odd and strictly increasing function, 

such that it is convex on [0,1], and 𝑐 > 0. Let 𝑓 ∈ 𝒮 and 𝐦 ∈ ℳ. If there exists a 

permutation 𝛼 of indexes such that |𝑓𝛼(𝑖)| ≤ |𝑓𝛼(𝑗)|, for all 𝑖 ≤ 𝑗, and for all 

  𝑖, 𝑗 = 1, … , 𝑛 it holds   𝜇𝑓+(𝐴𝑖)𝜇𝑓+(𝐴𝑗) ≥ 0, |𝜇𝑓+(𝐴𝑖)| ≤ 𝑐 and |𝜇𝑓+(𝐴1)| = 𝑐 or 

𝜇̃𝑓+(𝐴𝑖)𝜇̃𝑓+(𝐴𝑗) ≥ 0, |𝜇̃𝑓+(𝐴𝑖)| ≤ 𝑐 and   |𝜇̃𝑓+(𝐴1)| = 𝑐, where                       

𝐴𝑖 = {𝑥𝛼(𝑖), … , 𝑥𝛼(𝑛)}, then 
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𝜑 (
1

𝑐
⋅ |𝐵𝐶ℎ(𝑓, 𝐦)|) ≤

1

𝑐
⋅ |𝐵𝐶ℎ(𝜑(𝑓), 𝐦)|. 

Proof. Let 𝑓 ∈ 𝒮 and 𝐦 ∈ ℳ. Let 𝛼 be desired permutation. We have two 

possible cases: 

Case I For all   𝑖 = 1, … , 𝑛 it holds  0 ≤ 𝜇𝑓+(𝐴𝑖) ≤ 𝑐  and  𝜇𝑓+(𝐴1) = 𝑐 > 0    or 

0 ≤ 𝜇̃𝑓+(𝐴𝑖) ≤ 𝑐 and 𝜇̃𝑓+(𝐴1) = 𝑐 > 0. By Proposition 1, in both subcases we get 

𝐵𝐶ℎ(𝜑(𝑓), 𝐦) ≥ 0 and 𝐵𝐶ℎ(𝑓, 𝐦) ≥ 0 and if we suppose 𝐵𝐶ℎ(𝜑(𝑓), 𝐦) = 0, 

then it follows 𝐵𝐶ℎ(𝑓, 𝐦) = 0. 

Now, suppose that 𝐵𝐶ℎ(𝜑(𝑓), 𝐦) > 0 and for all   𝑖 = 1, … , 𝑛 it holds               

0 ≤ 𝜇𝑓+(𝐴𝑖) ≤ 𝑐 and 𝜇𝑓+(𝐴1) = 𝑐 > 0. By Proposition 1 we have 

𝜑( 
1

𝑐
|𝐵𝐶ℎ(𝑓, 𝐦)| ) = 𝜑( 

1

 𝑐
𝐵𝐶ℎ(𝑓, 𝐦) ) 

   = 𝜑 ( 
1

𝑐
∑  𝑛

𝑖=1 |𝑓𝛼(𝑖)| ⋅ (𝜇𝑓+(𝐴𝑖) − 𝜇𝑓+(𝐴𝑖+1)) ) 

   = 𝜑 ( ∑  𝑛
𝑖=1 |𝑓𝛼(𝑖)| ⋅ (  

𝜇
𝑓+(𝐴𝑖)

𝑐
−

𝜇
𝑓+(𝐴𝑖+1)

𝑐
 ) ) 

    ≤ ∑  𝑛
𝑖=1 𝜑(|𝑓𝛼(𝑖)|) ⋅ (  

𝜇
𝑓+(𝐴𝑖)

𝑐
−

𝜇
𝑓+(𝐴𝑖+1)

𝑐
 )  

    =
1

𝑐
∑  𝑛

𝑖=1 |𝜑(𝑓𝛼(𝑖))| ⋅ (𝜇𝑓+(𝐴𝑖) − 𝜇𝑓+(𝐴𝑖+1))  

    =
1

𝑐
⋅ 𝐵𝐶ℎ(𝜑(𝑓), 𝐦) 

    =
1

𝑐
⋅ |𝐵𝐶ℎ(𝜑(𝑓), 𝐦)|, 

where the inequality holds based on the well-known Jensen’s type inequality for 

ordered weighted means with real weights 𝑝𝑖 , such that 0 ≤ ∑  𝑘
𝑖=1 𝑝𝑖 ≤ 1, for all 

𝑘 = 1, … , 𝑛 − 1 and ∑  𝑛
𝑖=1 𝑝𝑖 = 1 (see, e.g. [3, 17, 23, 30]). 

Analogously we obtain the claim in the second subcase, i.e. if for all 𝑖 = 1, … , 𝑛 it 

holds 0 ≤ 𝜇̃𝑓+(𝐴𝑖) ≤ 𝑐 and 𝜇̃𝑓+(𝐴1) = 𝑐 > 0. 

Case II   For all 𝑖 = 1, … , 𝑛 it holds −𝑐 ≤ 𝜇𝑓+(𝐴𝑖) ≤ 0 and 𝜇𝑓+(𝐴1) = −𝑐 < 0 or 

−𝑐 ≤ 𝜇̃𝑓+(𝐴𝑖) ≤ 0 and 𝜇̃𝑓+(𝐴1) = −𝑐 < 0. In both subcases, by Proposition 1, 

we obtain 𝐵𝐶ℎ(𝜑(𝑓), 𝐦) ≤ 0 and 𝐵𝐶ℎ(𝑓, 𝐦) ≤ 0. Therefore 

|𝐵𝐶ℎ(𝜑(𝑓), 𝐦)| = −𝐵𝐶ℎ(𝜑(𝑓), 𝐦),    and  |𝐵𝐶ℎ(𝑓, 𝐦)| = −𝐵𝐶ℎ(𝑓, 𝐦). 

Moreover, if  𝐵𝐶ℎ(𝜑(𝑓), 𝐦) = 0, then 𝐵𝐶ℎ(𝑓, 𝐦) = 0. 

Further, suppose  𝐵𝐶ℎ(𝜑(𝑓), 𝐦) < 0 and for all 𝑖 = 1, … , 𝑛 it holds  −𝑐 ≤
𝜇𝑓+(𝐴𝑖) ≤ 0 and 𝜇𝑓+(𝐴1) = −𝑐 < 0. By (8) it follows that for all 𝑖 = 1, … , 𝑛 it 

holds 0 ≤ 𝜇̃̂(−𝑓)+(𝐴𝑖) ≤ 𝑐 and 𝜇̃̂(−𝑓)+(𝐴1) = 𝑐 > 0. Now, from Case I we obtain 

𝜑(
1

𝑐
⋅ |𝐵𝐶ℎ(−𝑓, 𝐦̂)|) ≤

1

𝑐
⋅ |𝐵𝐶ℎ(𝜑(−𝑓), 𝐦̂)|. 
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Finally, by Proposition 2 and the previous inequality, we get 

𝜑(
1

𝑐
|𝐵𝐶ℎ(𝑓, 𝐦)|) = 𝜑(

1

𝑐
⋅ 𝐵𝐶ℎ(−𝑓, 𝐦̂)) 

                                       = 𝜑(
1

𝑐
⋅ |𝐵𝐶ℎ(−𝑓, 𝐦̂)|) 

                                       ≤
1

𝑐
⋅ |𝐵𝐶ℎ(𝜑(−𝑓), 𝐦̂)| 

                                        =
1

𝑐
⋅ |𝐵𝐶ℎ(𝜑(𝑓), 𝐦)|. 

Analogously we obtain the claim in the second subcase, i.e. if for all 𝑖 = 1, … , 𝑛 it 

holds −𝑐 ≤ 𝜇̃𝑓+(𝐴𝑖) ≤ 0 and 𝜇̃𝑓+(𝐴1) = −𝑐 < 0. 

We have the next consequence of the previous theorem. 

Corollary 3  Let 𝜑: [−1,1] → [−1,1], 𝜑(1) = 1, be an odd and strictly increasing 

function, such that it is concave on [0,1], and 𝑐 > 0. Let 𝑓 ∈ 𝒮 and 𝐦 ∈ ℳ. If 

there exists a permutation 𝛼 of indexes such that |𝑓𝛼(𝑖)| ≤ |𝑓𝛼(𝑗)|, for all 𝑖 ≤ 𝑗, and 

for all 𝑖, 𝑗 = 1, … , 𝑛 it holds 𝜇𝑓+(𝐴𝑖)𝜇𝑓+(𝐴𝑗) ≥ 0, |𝜇𝑓+(𝐴𝑖)| ≤ 𝑐 and |𝜇𝑓+(𝐴1)| =

𝑐 or 𝜇̃𝑓+(𝐴𝑖)𝜇̃𝑓+(𝐴𝑗) ≥ 0, |𝜇̃𝑓+(𝐴𝑖)| ≤ 𝑐 and |𝜇̃𝑓+(𝐴1)| = 𝑐, where                 

𝐴𝑖 = {𝑥𝛼(𝑖), … , 𝑥𝛼(𝑛)}, then 

 𝜑 (
1

𝑐
⋅ |𝐵𝐶ℎ(𝑓, 𝐦)|) ≥

1

𝑐
⋅ |𝐵𝐶ℎ(𝜑(𝑓), 𝐦)|.                             (13) 

Proof. The claim follows from the fact that 𝜑−1 is odd and strictly increasing on 

[−1,1] and convex on [0,1]. 

The last example shows that (13) holds even if the condition 𝜑(1) = 1 is omitted. 

Notice that if 𝜑 is odd, strictly decreasing on [−1,1], 𝜑(1) = −1, and concave 

(convex) on [0,1], then 𝜑(|𝑥|) ∈ [−1,0], and −𝜑 (−𝜑−1 resp.) is odd, strictly 

increasing on [−1,1] and convex on [0,1]. Therefore, as consequences of 

Theorem 3, we have: 

                 𝜑 (
1

𝑐
⋅ |𝐵𝐶ℎ(𝑓, 𝐦)|)

≥
(≤)

−
1

𝑐
⋅ |𝐵𝐶ℎ(𝜑(−𝑓), 𝐦)|. 

Example 5  ([17]) Let 𝑋 = {𝑥1, 𝑥2, 𝑥3, 𝑥4} and 𝜑(𝑥) = 𝑠𝑖𝑔𝑛(𝑥)(1 − 𝑒−|𝑥|), 

𝑥 ∈ [−1,1], concave on [0,1]. Let 𝑓 ∈ be 𝒮 defined by 𝑓(𝑥1) = −0.2,         
𝑓(𝑥2) = 0.4, 𝑓(𝑥3) = −0.6, and 𝑓(𝑥4) = 0.8. We have |𝑓(𝑥1)| ≤ |𝑓(𝑥2)| ≤
|𝑓(𝑥3)| ≤ |𝑓(𝑥4)|, and corresponding  𝐴𝑖 and 𝜇𝑓+(𝐴𝑖) are given in Table 1. 

Table 1 

Corresponding Ai and μ
f+(Ai) for =(1,2,3,4) 

(i) 1 2 3 4 

| f(i)| 0.2 0.4 0.6 0.8 

 Ai X {x2, x3, x4} {x3, x4} {x4} 

µf + (Ai) 0.6 0.6 0.2 0.4 
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We compute: 

𝜑(
1

0.6
⋅ 𝐵𝐶ℎ(𝑓, 𝐦)) = 𝜑(

1

0.6
⋅ ((0.2 − 0) ⋅ 0.6 + (0.4 − 0.2) ⋅ 0.6 + 

 +(0.6 − 0.4) ⋅ 0.2 + (0.8 − 0.6) ⋅ 0.4)) 

                 = 1 − 𝑒−
0.36

0.6 ≈ 0.45119; 

 
1

0.6
⋅ 𝐵𝐶ℎ(𝜑(𝑓), 𝐦) =

1

0.6
⋅ ((𝜑(0.2) − 𝜑(0)) ⋅ 0.6 + (𝜑(0.4) − 𝜑(0.2)) ⋅ 0.6 + 

 +(𝜑(0.6) − 𝜑(0.4)) ⋅ 0.2 + (𝜑(0.8) − 𝜑(0.6)) ⋅ 0.4) 

   =
1

0.6
⋅ ((1 − 𝑒−0.2) ⋅ 0.6 + (𝑒−0.2 − 𝑒−0.4) ⋅ 0.6 + 

 +(𝑒−0.4 − 𝑒−0.6) ⋅ 0.2 + (𝑒−0.6 − 𝑒−0.8) ⋅ 0.4) ≈ 0.43650. 

Therefore,  𝜑(
1

0.6
⋅ |𝐵𝐶ℎ(𝑓, 𝐦|)) ≥

1

0.6
⋅ |𝐵𝐶ℎ(𝜑(𝑓, 𝐦))|, i.e. the inequality (13) is 

satisfied. 

Conclusions 

The Jensen type inequality for the discrete bipolar Choquet, Sugeno and Shilkret 

integrals with respect to normalized bi-capacities have been proven. The main 

results are in accordance with the Jensen type inequality for the bipolar pseudo-

integrals presented in [30] and with the corresponding inequality for CPT-like 

integrals studied in the framework of principles for premium calculation in [16]. 

In the case of non-negative functions, the obtained results are in accordance with 

the corresponding inequality for the Sugeno integral obtained in [21] and the 

inequality for Choquet integral studied in [15, 16]. For the first time in the 

literature dealing with bipolar integrals, the Jensen type of inequality was 

considered in the recent paper [30]. Therefore, in the future work the application 

of the obtained results in decision-making problems will be studied. 
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