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Abstract: This paper analyzes the technical and economic optimum thickness of a thermal
insulation layer of an external wall. The observed wall was made of brick and the used
thermal insulation material was polystyrene. The heat transfer through the wall takes place
in the stationary regime. The mathematical model consists of algebraic equations for
investment, exploitation and saving. The graph-analytical method was applied to solve the
mathematical model. The applied optimization criterion is the minimum payback period of
the investment. The numerical results obtained by the simulation are presented
graphically. The optimum thickness of the thermal insulation layer can be seen from the
diagram. Based on current prices in Serbia 2013 the techno-economical optimum thickness
of thermal insulation layer (polystyrene) is 9 cm. The minimum payback period is 1.96
years.
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Nomenclature

q heat flux per unit area[l /m?]

Q heat per unit area per year[Wh/m? /year]

AQ heat difference per unit area per year[Wh/m? /year]
a convective heat transfer coefficient[W /m?/°C]
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conductive heat transfer coefficient[W /m/°C]
overall heat transfer coefficient[W /m?/°C]
temperature[°C]

temperature difference[°C]

time period per year [h/year]

thickness of thermal isolator layer

S N
o~

Subscripts and superscripts

i input
0 output
m middle

1 Introduction

Serbia now has the lowest level of energy efficiency in Europe. It is located on the
bottom of the list among the countries that use energy rationally. Buildings in
Serbia are huge energy consumers. The average consumption of final energy in
buildings of the European Union in thermal purposes is 138 kWh/mZIn most
developed countries the tendency is to reach a value below 70 KWh/m?. In Serbia,
it is about 200 kWh/m?. Therefore, the reduction of energy consumption and
improvement of energy efficiency is necessary.

The effectiveness of this study is an energy-economic category. Achieving
maximum results with minimal investment is a general principle of economic
efficiency. It is necessary to increase efficiency and reduce costs, reduce the
harmful impact on the environment. The solution reduces the use of natural
resources, less waste, the air is less polluted. In this way, the demanding task of
formula 3 E - energy, economy, ecology can be realized.

Respecting the principles of energy efficiency has become a liability, not the
individual's choice. The introduction of the directive on the energy performance of
buildings (EPBD - Energy Performance of Buildings Directive ), the European
Union is trying to reduce the amount of energy used in buildings.

Directive EPBD includes the adoption of appropriate regulations, incorporated in
the legislation of Serbia. The study of energy efficiency dating September 2012
has become a legal obligation. This means that all houses built according to this
law, when used, will consume less energy. But new buildings make up a small
percentage of the total amount of constructed buildings.

From the aspect of energy saving, it is important to carry out the reconstruction of
the existing buildings. 50% of these buildings was built before the existence of
any regulations on thermal protection.
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There are numerous studies which were performed on the definition of the
optimum thermal insulation thickness[3]. Some of them are based on the degree-
days method.This is calculated as the difference between the base temperature and
the mean outdoor air temperature. Betul Bektas, Ayca Aytac Gulten and Teoman
Aksoy are investigating the effects of the wall type and degree day values on the
optimum insulation thicknesses for different insulation materials. The calculation
was carried out for four different cities in different climate zones in Turkey. The
cost of fuel decreases with the increase in insulation thickness. The total cost is the
sum of the cost of fuel and insulation material. The optimum insulation thickness
is determined as the minimum of the total cost curve.[4] A number of other
authors also used the same "economic energy" method, including Bolatturk A,.K.
Comakl, B. Yiiksel,. J. Yu, C. Yang, L. Tian, D. Liao [5], [6], [7]. Several studies
used the degree time method with financial components-market discount rate (for
the value of money), the inflation rate (for the energy cost), to calculate the net
energy savings [4], [8]. [9]. Dynamic transient models based on numerical
methods were also applied in the literature [10], [11].

From the point of view the economic-energy efficiency of buildings, it is primary
to use the thermal insulation layer to cover all external surfaces. The thermal
insulation layer greatly reduces building heat loss. The reduction of losses
depends on the thickness of the thermal insulation layer.

Increasing the thermal insulation layer increases the investment costs, but also
reduces costs in the exploitation. Costs for investment and exploitation have
opposite tendencies. Thus it follows, there is the techno-economic optimum of
thermal insulation layer.

The optimum can be found by applying appropriate mathematical models and an
efficient mathematical method. From the standpoint of analysis, the important
issue is the way results are presented. One of the convenient forms of
representation is the graphic display of results. The graphics show the solution
visually and trends of change solutions.

This paper analyzes the economic optimum thickness of the thermal insulation
layer of the external wall of the brick. The analysis provides a mathematical
model attached. The model is composed of functions to describe the cost of
investment, exploitation and saving function. In the functions, the values are
expressed in Euros. The independent variables are the thickness of thermal
insulation layers and the payback period of the investment.

In order to solve the model's equations the graph-analytical method is applied.The
pure analytical method is applicable but very complicated. Solutions are shown in
the accompanying graphs for the cost of investment, exploitation and savings over
the exploration and the payback period of the investment. The graphs show the
optimum thickness of the thermal insulation layer. The optimum is obtained by
equating functions for investment and saving functions during operation. The
optimal solution thickness of thermal insulation layer is obtained only after the
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determination and replacement of the optimum for the minimum payback period
in the equation.

Based on the application of the mathematical model and graph-analytical
mathematical procedure it can be concluded that in Serbia, in 2013, the optimum
thickness of the thermal insulation layer is 9 cm if the minimum payback period of
the investment is 1.98 years and if the heat source used is electric energy with the
price of 0,08 eu / kWh.

2 The Physical Model

The observed physical system for techno-economic optimization consists of an
outer wall with and without thermal insulation. The static part of the observed
wall was made of 25-cm-thick bricks and thermal insulation of the polystyrene
(styrofoam).

From the standpoint of thermal calculation transmission heat losses observed over
the outer wall, there are two layers that produce heat-resistance, thermal insulation
and brick. The transmission heat loss depends on the thickness and physical
characteristics of the layers.

The ventilation heat loss is not taken into account because it does not affect the
techno-economic optimum of the thermal insulation layer's thickness. These losses
depend on the size of the gap sealing windows and external doors.

25 ) £S5 10 o5 15

Figure 1
The cross section of the external walls of 25-cm-thick bricks with thermal insulation
layer thickness of =5 cm, 10 cm, 15 cm
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3 The Energy Part of the Mathematical Model

3.1 Transmission Heat Losses of External Walls

3.1.1 The Mean Heat Flux through the External Walls per Unit Area for
the Heating Season

Gm = k - Ato[W/m?] 1)
where are:

e overall heat transfer coefficient[W/m?/°C]

1
k=i+ 3,
ai “2

—[W/m?/°C] (2)

ao

e medium temperature difference between the temperature of the internal t; and
the mean outside air temperature t,,, for the heating season

Aty= 1 - tyo [’C] 3)
3.1.2 The Amount of Heat of the Heating Season per Unit Area

Q=0Qn-7 (4)
Q =k- 4t -z [Wh/m’/year] (5)
where the following are denoted:

e duration of the heating season in hour 7 [h/year]

3.1.3  Amount of Heating Energy for the Heating Season per Area of
External Wall and for Various Thermal Insulation Layer Thickness

o
ford =0cm Q(O) = k(o) At T (6)
ford =5cm Q(5)= k(s) Ay T 7
for5=10cm Q (19)= Kg) - Aty -7 (8)
for =15cm Q (;5)=Kys) - Aty -7 9)

In general, the amount of heating energy for heating season per area as a function
of thickness of insulating layer §

Q)= ko) Mm-r & =0,5,10, 15cm .(9)
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3.1.4  Amount of Saved Heat between the Thermal Insulated and Thermal
Un-insulated External Wall of the Heating Season per Unit Area

Qs = Q=) (20)
AQs) = Koy M7= Kig) - Ay 7= (Kgy — Kig) ) My -7 (11)
Qe = (Koy—Ki) ) Aty 7 (12)
In general, the amount of heat

Q) = (ko) = k(z))- Aty -z [Whim?/year] 5 =05, 10, 15cm .. (13).

3.1.5 Amount of Saved Heat for the Heating Season per Unit Area in
Continuous Form

AQs) = K Aty T [Whimlyear] (14)

where:

e The difference of heat transfer coefficient

AK 5 = 1 - - 6>0 n
"1 5 620 1 1 6 650..n 1 970
—+X—+ +— @ —+r 4+
o A A a; A A a,
[W/m?/°C] (15)

4 Economic Part of the Mathematical Model

4.1 The Cost of Heating in Euros as a Function of Thermal
Insulation per Unit Area for the Heating Season

fi, = ZQ( 5) e [eu/m?lyear] (16)
0

4.2 Economic Savings in Euros as a Function of Thermal
Insulation per Unit Area for the Heating Season

f, = ZAQ( 5) e [eu/m? year] 17)
0

where: e [eu/kW] - unit price of energy for heating
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5 Investment in Thermal Insulation

5.1 The Function of Investment Depending on the Thickness of
the Thermal Insulation Layer(d)

fi = Cisol (5) + Ctiple (5) + Cnet + Cglue + Cpay[e'J/mZ] (18)

The price of thermal insulation and the price of thermal insulation dowels depend
on the thickness of the thermal insulating layer. Other terms are independent of
the layer thickness.

5.1.1  The Constant Part of the Function of Investment
C=Cht + Cglue + Cpay [eU/mz] (19)
where:

e Price of fiber glass net per m?

Cret [eU/M?] (20)
e Price of glue for polystyrene per m?

Cyiue= Coluexg [€U/KG] X N [kg/m?] (21)
e price of glue per kilogram

Catues- [eU/kg] (22)
e consumption of glue per m?

n [kg/m?] (23)
e Price of labor per m?

Cpay [eU/M?] (24)

5.2 Investment Function in the Final Form
fi = Cisol (8) + Ciiple (9) + C [eu/m’] (25)
where:

e Price of thermal insulation per m? depending on the thickness of insulating
layer

Cisol (3) = Cisotm [€U/M?] X Coy [M*/MPmi]x 6 [m] (26)
o Cioim [eU/m®] Price of thermal insulation

e C,[m¥m?m] Number of m?in m? cubic meter depending on ¢ of thickness

e ¢ [m] Thickness of thermal insulation

o  Ciipie Price of dowels per m? depending on the thickness of the insulating layer
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6 The Simulation

6.1 About the Simulation

The simulation to determine the optimal thickness of thermal insulating layer is
made based on the techno-economic situation in Serbia in 2013. The static part of
the outer wall is made of 25-cm-thick bricks and the material of thermal insulation
is polystyrene. The energy source of heat is electrical energy. The optimization
criterion is the minimum payback period of investment.

6.2 Data for the Simulation

thickness of the brick wall 6 = 0.25 m,

thickness of the polystyrene to the thermal isolation & = 1; 2; 3;.....20 cm,
coefficient of heat conduction for the brick wall = 0.5 W/m/°C,
coefficient of heat conduction of polystyrene A = 0.05 W/m/°C,

convection heat transfer coefficient for the indoor air o; = 8 W/m?/°C,
convection heat transfer coefficient for the outside air o, = 20 W/m?/°C,
internal temperature t; = 20 °C,

medium outdoor temperature for heating season t,, =4 °C,

the duration of the heating season 200 days/year x 24 h/day = 4 800 h/year,

price of polystyrene 40 eu/m® or 4 eu/m? for the thickness of 0.1 m, 2 eu/m?
for, the thickness of 0.05 m, 6 eu/m? for the thickness 0.15 m,

price of glue 5 eu/25 kg or 0.2 eu/kg,
consumption of glue 7 kg/m?,
price dowels for polystyrene of 5 cm, 10 cm, 15 cm,

price of labor for the installation of thermal insulating layer 6 eu/m’.

6.3 Functions of Simulation

6.3.1  The Function of Economic Savings with Data

f = Ak(d) -7 - [Wh/m?/god] (27)

The difference of the overall coefficient of heat transfer through the wall
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1 1
1 025 1 1 025 o6 1
+ + + +

20 05 8 20 05 005 8

e The mean temperature difference between the indoor air temperature and the
mean temperature of the outside air during the heating season can be seen
below

A, =1t,—t,=20-4=16"C

(29)
e Period of the heating season
t=200day / year-24 h/ year =4800 [h/ year]
(30)
e mean unit price of electric energy in Serbia in 2013
e =0.8[ eu/kWh] (31)

6.3.2  The Function of Investments in the Thermal Insulation, with Data

fi = Cisol (5) + Ctiple (5) + Cnet + Cglue + Cpay[GUImz]

fi=40eu/m®xdm + 0 + 2 [ew/m?] + 1.4 eu/m? + 6 [eu/m*][eu/m?] (32)
where is the following are included:

e Price of fiberglass net per m*>  Cpe = 2 [eu/m?]

e Price of glue per m? Cyiue = 5 €U/25 kg * 7 kg/m® = 1.4 [eu/m’]
e Price of labor per m? Cpay = 6 [eU/M’]
e Price of thermal insulation per m® Cisol () = 40 [eu/m’]

e Price of dowels can be neglected due to the very low values. Cype (6) =0

7 Mathematical Optimization Procedure

The mathematical model consists of two equations which are related through the
thickness of thermal insulating layer. The equation for investment is linear while
for the savings it is exponential. The economic optimum thickness of the
insulating layer can be obtained using the analytical or graphical procedure.

7.1 Analytical Optimization Procedure

The analytical solution of the optimal thermal insulating layer in terms of the
economy is obtained by equating the functions of investment and savings
function.
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fi = Cisot (0) + Ciiple (0) + Crer + Cyiue + Cpay (33)
f=Ak(8) 1-e (34)
fi =fs (35)
After the replacement, the equation of investment is obtained

f =Cisol (6) + Ciiple (0) + Cret + Cyiue + Cpay=0 (36)

The resulting equation (36) contains the three independent variables: The
thickness of the insulating layer, the certain time period, the unit price of energy.
The equation can be solved by one or the other of the third variable.

The economic optimum thickness of the thermal insulating layer is obtained by
the minimum payback period. The analytical determination of the minimum
payback period is possible by means of the first partial differencing of the implicit
function (37), by the thickness of the thermal insulating layer. The first differential
is equal to zero.

of(p,7)/0p =0 (38)

From the equation (38) the minimum payback period is expressed. The result of
the minimum payback period is replaced in the equation (36) and after an
adjustment, the optimum thickness of thermal insulating layer may be determined.

From the above it can be seen that the analytical process is quite complicated and
the obtained solution is analytic. For the analysis of the solutions in a wide range
of changes in thickness of thermal insulating layers must work in graphics.

It follows from the foregoing that the complete process optimization works better
in numerical-graphical form.

7.2 Numerical - Graphical Optimization Procedure

The numerical - graphical optimization procedure is much more appropriate than
the analytical procedure. The solution is obtained in numerical form and after that,
the solution is displayed in graphical form in the coordinate system. The analysis
is visual, the graphics show the tendency of change in the investment, the savings,
the cost of heating as a function of the wide range of changes of the thermal
insulating layer's thickness.

The chart shows the optimum thickness of the thermal insulating layer and the
minimum payback period of the investment.

The realization of the simulation is as follows: an algorithm was created for the
numerical solution of the mathematical model and the algorithm is implemented in
one of the numerical and mathematical package. The packages are supplied with
graphics support for displaying numerical results.

In this case the algorithm for the numerical solution of function (36) is
implemented in the mathematical package Matlab.
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8 Results

Using simulation the obtained numerical results are presented graphically in
Figures 2 and 3.

20 X T T T T T T T T T T T T T T T
18k Cost of electric energy 0.08 [eu/kWh] < ; i
Cost of thermal isolator 40 [eu/m3] Cost of investment
Mean temperature difference 16 [°C]
15f
g sl Optimal savingsv
3
&2
g o 1
o
& " :
6 Cost saving for a year -
3+ 4
0 | I

1 1 1 1 1 1 1 | 1 1 1 1 1 1 1 1
01 23 45 6 7 8 910111213141516 17 18 19 20
Thickness of thermal isolator [cm]
Figure 2
The function of investment, green straight line. Savings function is exponential blue-line and the
investment return period of 1 year, from 1.98 years and 2.2 years.
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18t Cost of electric energy 0.08 [ew/kWh] " . i
Cost of thermal isolator 40 [eu/m3] Cost of investment
Mean temperature difference 16 [°C]
15r
b~y 1 Optimal savings
g 147 :
3
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3+ - Cost of heating .
e ————
O 1 1 1

1 | 1 1 1 1 1 1 1 1 1 1 | 1 1
01 23 456 78 910111213141516 17 1819 20
Thickness of thermal isolator [cm]
Figure 3
The optimum thickness of the thermal insulating layer in a joint investment function point, straight line
and savings function exponential-line for a minimum payback period. The hyperbolic red line
represents the cost of exploitation
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Discussion
1 Discussion of the Mathematical Model
The mathematical model consists of the energy and economic part.

The energy of the model includes the equation of the heat loss through the wall
and the equation of saving heat by using the thermal insulating layer. These
algebraic equations are two dependent and two independent variables. The
dependent variables are the amount of heat and the amount of heat saving, while
the independent variables are the thickness of the thermal insulating layer, and the
time of heating.

The economic part of the model includes a function of the cost of heating, the
function of financial savings and the function of the balance between the costs and
savings for a certain time period. These algebraic equations are two dependent and
three independent variables. The dependent variables are the cost heating and
financial savings and independent variables are the thickness of the thermal
insulating layer, the observed time and energy prices.

In this paper, for a given techno-economic structure, the conditions of optimality
are: 1. the investment equal to savings. 2. the payback period is minimal.

2 Discussion of Numerical Procedure

During the mathematical description of the defined problems, the authors tended
to have a mathematical model that accurately describe the behavior of analyzed
physical system.

The value-price of the model's elements is taken from the practice based on the
data obtained from the market.

In order to solve the mathematical model the graphical-numerical procedure was
chosen. The advantage of the procedure is the representation of the numerical
results from the simulation in graphical form. Graphs are highly suitable for the
analysis of the problem, because they provide a very wide range of changes of the
independent variables and analyze the behavior of the observed dependent
variables. The algorithms of mathematical models are realized in the
mathematical-graphical package Matlab.

3 Discussion of Results Obtained by Simulation

The simulation was performed in order to obtain the optimum of thickness of the
thermal insulation layer for the defined technical and economic conditions in
Serbia in 2013. From a technical aspect, the examined outside wall is covered with
thermal insulation of polystyrene, while from an economic point of view the fixed
and variable costs are considered. All economic data are valid for the year 2013.

Figure 2. above shows the function of investment and savings functions for the
reference period of 1 year; 1.96 years and 2.2 years. It can be noted that there is
only one common point or value of function of investment and savings for the
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payback period of 1.96 years. The common point defines the optimal value of the
thickness of polystyrene which is 9 cm if the payback period is 1.96 years for the
defined technical and economic conditions in Serbia.

The time of 1.96 years is the minimum payback period for the defined technical
and economic conditions in Serbia in 2013. Only the minimal payback period
provides the common solution of investment function and savings function. For
the observed period of 1 year there is no solution, the functions pass each other,
thus the requirement of a minimum period of payback period is not fulfilled.

For the period of 2.2 years the saving function intersects the line of investments
in two points. The two solutions are obtained for the thickness of polystyrene.
What is common in these two solutions is that their pay back period is the same
for 2.2 years not least for 1.96 years.

The minimum payback period is obtained analytically, or graph-analytically.
Analytically it is the first derivative of the function (36) which is equal to zero.
Graph-analytically the minimum is obtained by moving closer the graphics
savings while not touching the line of investment.

Figure 3 shows the functions of investment, savings and the cost of heating per
square meter of external wall insulation with polystyrene. Graphs apply to the
technical and economic conditions for Serbia in 2013. The common point of the
lines of investment and savings defined the optimum thickness of polystyrene for
a minimum payback period.

In the graph of the cost functions it can be seen that the optimum thickness of 9
cm polystyrene cost of heating per m? of external thermal insulated brick wall is
2.5 eu/m?, the noninsulated wall is 9 eu/m? The saving is 6.5 eu/m? while the
payback period is 1.96 years in Serbia in 2013, if the heat source used is electric
energy with a price of 0.08 eu / kWh.
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