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Abstract: In order to characterize quantitatively the local topological structure of cellular
systems a new method has been developed. First, we analyzed the topological properties of
infinite periodic cellular structures, and then the general theoretical results obtained have
been adapted to the local topological characterization of 2-dimensional finite cellular
surface systems. The concept of this new approach is based on the use of the so-called
double toroidal embedding (DT embedding) by which a finite cellular system defined on a
torus can be generated from an infinite periodic cellular system. The DT embedding is a
special mapping, which enables to preserve all the local topological properties of the
original infinite periodic cellular system. As a result of performing a DT embedding, so-
called neighborhood coefficients can be generated. The neighborhood coefficients are
scalar topological invariants, by which the local topological structure of cellular systems
can be quantitatively evaluated and compared. Moreover, by investigating the relationship
between the neighborhood coefficients and other local topological quantities, we verify that
the validity of the Weaire-Fortes identity can be extended to a broad class of infinite
periodic cellular systems and 2-d finite cellular surface systems (i.e. generalized fullerene-
like surface structures). Finally, it has been shown that the traditional definition of
fullerenes can be generalized by introducing the notion of the cellular fullerene, which is
considered as a finite cellular system defined on a 2-d unbounded, closed and orientable
surface.
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1. Introduction

In various fields of material sciences, many interesting 2- and 3-dimensional
structures (fullerenes, nanotubes, froths, metal foams, polycrystals) can be
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modeled by a special arrangement of space filling polygons and polyhedra (i.e. 2-
or 3- dimensional polytopes) and thus can be considered as finite or infinite
cellular systems. Over the past two decades, most studies have concentrated on 2-
d cellular structures which may be represented by infinite, planar networks,
usually with trivalent vertices (i.e. three edges at each vertex) [1-6]. This paper
presents a general method, which is designated primarily to the topological
evaluation of infinite periodic and finite cellular systems composed of d-
dimensional polyhedra (polytopes) where d > 2.

The proposed method is based on the application of a double toroidal embedding
(DT embedding) by which a finite space-filling cellular system defined on a torus
can be generated. The DT embedding is considered as a one-to-one mapping of
the topological types, which enables to preserve all the local topological properties
of the original infinite periodic cellular system. It will be shown that, after
performing a DT embedding, so-called neighborhood coefficients can be
computed, by which the local topological structure of periodic cellular systems
can be simply analyzed and compared. Additionally it will be verified that the
validity of the Weaire-Fortes identity [2-4] playing a key role in the topological
description of 2-dimensional random cellular patterns, could be extended to finite
dimensional periodic cellular systems. The fundamental results concerning the
extension of the Weaire-Fortes identity are represented by Egs. (33 and 34).
Finally, it is shown that the traditional definition of fullerenes can be generalized
by introducing the notion of the cellular fullerene, which is considered as a finite
cellular system defined on a 2-d unbounded, closed and orientable surface.

2. Locally finite periodic cellular systems

The most important type of infinite d-dimensional cellular systems is the so-called
countable cellular system [7]. A countable cellular system is considered as a face-
to-face tiling (tessellation) of d-dimensional Euclidean space denoted by E® by a
countable set of d-dimensional compact combinatorial polyhedra (polytopes).
Each d-dimensional polyhedron called a cell is topologically equivalent
(homeomorfic) to a d-dimensional sphere. A countable cellular system denoted by
£y is defined by taking into consideration the fulfillment of the following
requirements:

i. £ can be represented as
Q,=1A|jelp..and..| JA;=E? )
i

where I is the index set of positive integers, A, is the jth cell (polyhedron) in £2;.
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ii. The k-dimensional faces of polyhedra included in £ (k=0,1,2,...,d-1) are also
compact combinatorial polyhedra, and the maximum number of k-dimensional
faces is less then yy, where vy are finite positive integers for k=0,1,2,...d-1. (The
0-dimensional and 1-dimensional faces of polyhedra are called vertices and edges,
respectively.)

iii. Polyhedra can be included in a d-dimensional sphere with a finite radius,
which guaranties that the “size” of cells is finite [7].

iv. All of the k-dimensional faces of a d-dimensional polyhedron have a positive
k-dimensional volume (measure) for k=1,2,...d.

v. Each (d-1) -dimensional face between cells is the common face of two different
cells (polyhedra) exactly.

vi. Additionally it is assumed that £, is locally finite [7]. By definition, a
countable cellular system is called locally finite if there exists a positive number p
for any arbitrary point P, in E, such that every d-dimensional sphere G(Py,p)
with radius p and center point Py, contains finite number cells from £2; only. This
definition implies that there are no singularity points of cells in the cellular
system. For each vertex X (0-dimensional face) in £2; the number of edges (1-
dimensional faces) incident to X is called the valency of X, denoted by r (or r(X)).
If all of the vertices of have the same valency R, then (2, is said to be a regular, or
R-valent cellular system.

For purposes of our investigations the most important groups of locally finite
cellular systems are the periodic cellular systems. A locally finite cellular system
£ is called periodic, if there exists a d-dimensional parallelepiped I'l; represented
by a linearly independent vector system (v, Vi,... Vi, ...vq) for which
relationships

I, c {UAJ-‘A]- € Qd} (2a)
and
d
E(d)={UBVBV=Hd+Zskvk,...8kels} (2b)
k=1

are fulfilled, where ¢ are integers for k =1,2,....d, and 1. is the set of integers
[71.

In the following, it is supposed that (2 is a locally finite periodic cellular system
(LFPC system). From the previous considerations it follows, that parallelepiped
ITy can be covered by the union of a finite set of cells belonging to €. This
implies that a LFPC system is generated from a finite set of polyhedra of
combinatorially different types.
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It will be shown that the topological description of a locally finite periodic cellular
system (LFPC system) can be traced back to the topological characterization of an
appropriately constructed finite cellular system. Parallelepiped IT4 has been chosen
in such a way, that it has a minimum volume. It should be emphasized that this
parallelepiped ITy is not uniquely defined. They can be constructed in different
manners; however, their common property is that their d-dimensional volumes are
identical.

There is no loss in generality in assuming the following: By using an appropriately
selected homogenous linear transformation, parallelepiped ITy can be mapped into
a d-dimensional unit cube. This unit cube Iy which is called “a unit domain” in
the classical crystallography is given by

IMau = {x = (X, X2,-- - Xy Xag) | 0 <X <Lland k=1,2,...d} 3)

This simple transformation makes it possible to replace the original LFPC system
by a “standardized” periodic cellular system generated by translations of Iy y. The
only difference is that the standardized LFPC system is composed of unit cubes
instead of parallelepipeds. Since a linear transformation represents a “topology
preserving” onto-to-one mapping, this implies that the original and the
transformed periodic cellular systems are topologically equivalent. In the further
investigations, it will be supposed that the LFPC system 2, is a standardized
cellular system.

3. Finite cellular systems constructed by using a double
toroidal embedding

From a LFPC system, finite cellular systems of a toroidal type can be constructed
in several ways. In the following, it will be demonstrated that starting with a d-
dimensional LFPC system and by using the so-called double toroidal embedding,
it is always possible to construct a uniquely defined finite cellular system
represented by a torus in the (d+1) dimensional Euclidean space, which is
advantageously applicable to the local topological evaluation of infinite periodic
cellular systems.

In order to generate a finite cellular system from a standardized LFPC system,
consider a unit domain I,y defined by Eq. (3). As a first step, let us construct a
so-called identification region Sq, Which is composed of 2 unit domains, as
follows

Sa = {x=(Xg, X2, Xy .. Xg) | 0< X <2and k=1,2,...d} 4)

As can be stated, Sq is also a d-dimensional cube with edge length of 2. As a
second step, let us construct a finite toroidal cellular system Ry (FTC system) by
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gluing (identifying) the opposing k-dimensional face pairs (edges, vertices, etc.) of
Sq (k=0,1,2,....d-1).

Translation Unit

Fig.1 The 3-dimensional, periodic Weaire-Phelan cellular system

This mapping is called the double toroidal embedding (DT embedding) of the d-
dimensional LFPC system, because Ry represents a torus in the (d+1)-
dimensional Euclidean space. As an example, Fig. 1 shows a two-component,
space-filling periodic polyhedral system. In this 3-dimensional LFPC system that
was discovered by Weaire and Phelan, the space-filling unit domain consists of six
tetrakaidecahedra (14-sided Goldberg polyhedra) and two irregular pentagonal
dodecahedra (12-sided polyhedra) [8].
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Fig.2 Identification region S; generated by 8 unit domains to the DT embedding of
a 3-d LFPC system

In Fig. 2, the construction of the identification region of a 3-dimensional LFPC
system is illustrated. As can be seen, this is the union of 8 unit domains. The
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arrows a, b and c are used to specify a direction for the edges, and this direction
must be respected when gluing is done. The eight vertex points of the
identification region S; are joined to form a single point o of the resulting toroidal
system.

Fig. 3 demonstrates the general concept of the DT embedding of a 2-dimensional
LFPC system. As an example, in Fig. 4., the DT embedding is shown for a 2-d
periodic cellular system, which includes 4- and 8-sided polygons. The resulting
FTC system is also composed of four 4-sided and four 8-sided cells (See Fig 4.c).
The number of cells is 8, the number of edges is 24, and the number of vertices is
16. As it is expected, the Euler-characteristic of this finite system defined on the
torus surface is zero.

Fig.3 Principle of the DT embedding of a 2-d LFPC system (a) The 2-d
identification region S, composed of 4 unit domains, (b) The corresponding FTC
system defined on a torus
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Fig.4 Example of the toroidal embedding of a 2-d LFPC system (a) The unit
domain IL y, (b) The corresponding identification region S,, (c) The DT
embedding performed on the torus, (d) The traditional toroidal embedding of the

2-d LFPC system by using a single unit domain only

The basic properties of the DT embedding and of FTC systems are as follows:

a.

The total number of cells in S4 is equal to Ngy X 2% where Ng,u denotes
the number of cells in the unit domain.

The resulting FTC system preserves all the topological properties of the
original LFPC system. This is due to the following fact: In cellular
systems generated by a DT embedding, each (d-1)-dimensional face is
shared by two different neighbor cells exactly. Since a DT embedding is
a topology preserving one-to-one mapping between the LFPC and FTC
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system this implies that an LFPC system can be unambiguously
reconstructed from the corresponding FTC system generated by a DT
embedding. It should be noted, that using a single unit domain could also
perform a toroidal embedding. Unfortunately, in certain cases, if we use
only one unit domain to generate a finite toroidal cellular system, as a
result of this procedure the local topological properties characterizing the
neighborhood structure of cells can change radically. Consequently, the
classical toroidal embedding cannot be applicable to every case. As an
example, this is illustrated in Fig 4.d. Due to the toroidal embedding
with a single unit domain, the original topological structure of the 2-
dimensional LFPC system depicted in Fig. 4.a, has been degenerated. In
this case, the number of cells is 2, the number of edges is 6, and the
number of vertices is 4, the Euler-characteristic is zero. As it can be
stated Fig 4.d shows the conventional 2-cell embedding of the complete
graph K, in the torus, where one of the two cells is 4-sided, while the
other is 6-sided. This is explained by the fact that in this toroidal cellular
system there exist two edges, which belong to the same 6-sided cell. This
implies that the original LFPC system shown in Fig. 4.a, cannot be
reconstructed from the finite graph depicted in Fig 4.d.

c. Every FTC system generated by the DT embedding of a 2-dimensional
LFPC system can be represented by a finite toroidal graph. (i.e. 2-
dimensional FTC systems are considered as a subset of toroidal graphs).
This implies that the topological analysis of 2-dimensional LFPC systems
can be reduced to the characterization of traditional toroidal graphs
embedded on a genus 1 surface.

4. Topological properties of FTC systems

In order to simplify the treatment of problems to be outlined, we introduce some
definitions. Let us denote by Nyx the number of k-dimensional faces of FTC
system Ry where k=0,1,2,...d. By definition, Ngq is the number of cells
(polyhedra), Ny is the total number of vertices, Ny, is the total number of edges,
Ng. is the total number of traditional faces of cells.

The finite toroidal cellular system R4 generated by space filling polyhedra
(polytopes) can be represented as

Rd = {An,i ’ i=l|2,--Nny Nmin< N < Npay, NE IR}- (5)

In Eq.(5), A, denotes the ith cell (d-dimensional polyhedron) with n-faces, where
i=1,2,...N, and N, is the total number of d-dimensional, n-faceted cells in Rq. By
definition, an n-faceted cell stands for a d-dimensional cell having (d-1)
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dimensional faces of number n. It is supposed that nmin>2 and Nyax >Nmin are
positive integers, Iy is a finite index set for n.

The total number Ngg4 of cells is Nd,dzz Nn where n=2,3,... Nmax. The fraction
(or frequency) pn of n-faceted cells is p, = Ny/Ngq, Where p,>0. Consequently,

an =1. For a FTC system, the mean number of (d-1) dimensional faces per

cell denoted by (n) can be calculated as{n) :ann . Generally, in the cell
statistics, expression (U(n)) is the average value of the quantity U(n) with

frequency p,, i.e. (U(n)) = anU(n) by definition.

Since any (d-1) dimensional face is a common face of two different neighbor cells,
this implies that

22 nN, N,

<n>: np, = n
2; Pddd Pddd

(6)
and
z Zed—l(n’ k) = Z zed—l(nv K) =Ng 41 (7
n k<n n k>n

where Ngg.; is the total number of (d-1) dimensional faces, and eq.1(n,K) is the
number of the common (d-1) dimensional faces of n-faceted and k-faceted
neighbor cells.

In a FTC system, vertices do not all have the same valency, consequently, we may
define an average valency [r] as follows:

M= 2V )
do r

where V(@ is the number of r-valent vertices in Ry and Ngo = ZVr(d) . For
r
every FTC system we have

2Ny, =[rINgo = zrvr(d) C)]
r
which is due to the fact, that each edge has two different ends (endvertices).

The component number of a FTC system is defined by @ = ZSgn(pn). It

follows from the definition that ®>1. On the other hand, ®=1, if and only if the
FTC system is a so-called face-homogenous system which is composed only of
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polyhedra with identical face numbers. It should be noted that there exist face-
homogenous LFPC systems including combinatorially different cells (i.e.
topologically non-equivalent polyhedra) with identical face numbers. (The
simplest 3-dimensional LFPC system of such type is composed of two
combinatorially different 5-sided polyhedra.)

4.1 Euler-equation for FTC systems

It is has been shown, that the traditional Euler-formula can be extended to the
topological description of FTC systems [7, 9-11]. This modified Euler-equation,
which valid even for a d-dimensional FTC system can be formulated as follows:

For an arbitrary FTC system Ry where all the k-dimensional faces are
topologically equivalent to a k-dimensional sphere, the equality

d
X(Rd): Z(_l)k Ngx =0 (10)
k=0

is valid. In Eq.(10), x(Ry) is the Euler-characteristic of the finite toroidal cellular
system Rq. Particularly, for the case of d=2, we have

Npo =Ny +Ny =0 (11)
while for the case of d=3,
—N33+N;3, =Nz +N; =0 (12)

yields.

Because the unit domain I,y representing the corresponding LFPC system has a
minimum volume, it follows that the total numbers of k-dimensional faces in R4
(k=0,1,2,...d), i.e. quantities Ngx in Egs. (10-12) are uniquely defined positive
integers.

For the 2-dimensional case, identity (11) coincides with Euler’s theorem for the
torus [7,9]. For the 3-dimensional case, Eq.(12) has been proven by Kinsey [10],
who verified that if Ry is a compact connected 3-manifold without a boundary
then x(Rs) = 0. The proof of the general case is based on the following concept:
Considering the Euler-characteristic of a d-dimensional torus, we argue as
follows: The d-dimensional torus can be represented as the direct product of d
circles (meaning d circular arcs). Since the Euler-characteristic is multiplicative
with respect to direct products and the Euler-characteristic of a circle is zero, this
implies that the Euler-characteristic of a d-dimensional torus is zero, as well. (See
Exercise B4 on page 205 in Ref. [11]).
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4.2 Cell coronas

The analysis of local topological properties can be traced back to the evaluation of
the correspondences between the individual cells and their first neighbor cells.
Cells A and B are called adjacent (neighbors) if they have common (d-1)
dimensional faces. The cell corona C(A) of a cell A in Ry is the union of neighbor
cells of A. According to this definition, cell A is not included in C(A).

FTC systems can also be characterized on the basis of the topological properties of
their cell coronas. For this purpose, we define the corona frequency vector f, (CF-
vector) of cell A included in Ry as follows:

£, = ((P 10 F8 5P ) (13)

Nmax

where component féA) is the number of (d-1) dimensional, k-faceted cells in
C(A), and index ny. denotes the maximum (d-1) dimensional face number of

cells included in Ry. It is obvious that for any k and féA) relationships 0< flgA) <

Nmax aNd Npin=2< Kk <np. are valid, and flfA): 0 if and only if, there is no k-

faceted neighbor cell in C(A). It is clear that, if A is an n-faceted cell, then the sum
of components of f, is equal to n.

Consider two n-faceted cells A, and B, characterized by their corresponding CF-
vectors denoted by f, , and fg,. Cells A and B, are called topologically similar, if
o n=fg,n is fulfilled. As can be stated, this topological similarity is an equivalence
relation by which all the cells of a FTC system can be classified into disjoint
subsets.

This implies that all the topologically similar n-faceted cells denoted by
R .

AS)J,AEZ}, Afm-n’J) are the elements of the same configuration set R,;

defined as

W A@  ARnj
llj %n ])An ]l n] (14)
where R,; is the number of topologically similar n-faceted cells in Ry;

(1=1,2,...3(n)). It follows that R4 can be described as a union of disjoint subsets
J(n)

Ry ={JUR., (15)

n j=1

where J(n) stands for the number of configuration sets including topologically
similar, n-faceted cells. It is obvious that cells belonging to Ry is characterized by
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the same FC-vector fan . Let us denote by p,; the fraction of topologically
similar n-faceted cells included in R, ;. Because pnj= Ryj/Ngq it follows that
J(n)

D3 Pnj =P =1 (16)

n j=1

It is easy to see that p,; and fRn j are unambiguously defined quantities which are

independent of the particular choice of the unit domain of the LFPC system. It
follows that the total number J of possible configuration sets R, ; can be calculated
as

J=2.3(m)=2"> sgn(p, ;) (17)
n noj

It is obvious that for any FTC system inequality J>® is fulfilled. This means that
the total number of possible configuration sets is not less than the component
number @ of the FTC system. The quotient ¢=®/J <1 which is called the
complexity index of the cellular system, gives information on the fraction of
topologically distinct cell coronas in the LFPC and the corresponding FTC system.

4.3 Face-coordination number

The face-coordination number my of an arbitrary n-faceted cell A belonging to the
configuration set R,,; is defined as

1 .
mu :HZkféR”’J) (18)
k

R -
where fli i)

is kth component of the CF-vector fg P

The face-coordination number my, is the mean number of (d-1) dimensional faces
of the neighbors of A. It should be emphasized that my is a local topological
parameter, which gives some information on the arrangement of the cells included
in the cell-corona. For the FTC system Ry which is composed of cells An;
(i=1,2,..N,), the mean face-coordination number m(n) of n-faceted cells is defined
as

1
m(n) =,\szAn,i (19)
n i=1

where mAn i is the face coordination number of cell A,;.
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Knowing the set of FC-vectors fan and the corresponding fractions p,; of

topologically similar cells, the mean face-coordination number m(n) of n-faceted
cells can be calculated as

J(n)

m(n) = p, J{Zkfm” ’)} (20)

npnjl

Starting with Egs.(19 and 20) we define the total face-coordination number (m(n))
of Ry as follows

J(n
m(@) =X pam) =3 an,{Zkf‘R“”} @)

It is conjectured that for all FTC systems inequality {m(n)) > (n) holds, and
{m(n)) = (n) if and only if, the cellular system is a face-homogenous system
including cells with identical face numbers only (i.e. ® =1 is fulfilled).

4.4 Neighborhood coefficients

Now, let us define quantities denoted by H(n,k) as

J(n) Rn )
H(n,k) = anjf nJ (22)

where npin < N,k < npay. Quantities H(n,k) are called the neighborhood coefficients
of the FTC system. The neighborhood coefficients are non-negative numbers,
which have a special property of symmetry

J(n)

(Rk,j)
H(n,k) = anj Zpkjf = H(k,n) (23)
The neighborhood coefficients can be interpreted geometrically as follows:

Nledl(n,k) it nxk
d,d
H(n, k) = (1)

Led_l(n,n) if n=k
d.d

where Ngg4 is the number of d-dimensional cells, and eq.1(n,K) is the number of the
common (d-1) dimensional faces of n-faceted and k-faceted neighbor cells.
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Especially, for the case of d=2, we have

1 )
——e,(n,k) if n=zk
N2,2 1(n,K) *
H(n,k) = (25)
2 )
——e,(n,n) if n=Kk
N, 1(n,n)

where N,, is the number of 2-dimensional cells (polygons), and e;(n,k) is the

number of the common edges (i.e. 1-dimensional faces) of n-sided and k-sided
neighbor cells.

For the case of d=3,

1 :
——e,(n,k) if n=k
Ns s 2(n,k) #
H(n,k) = (26)
iez(n,n) if n=k
3,3

where Nj3 is the number of 3-dimensional cells (polyhedra) and ey(n,k) is the
number of the common 2-dimensional faces of n-faceted and k-faceted neighbor
polyhedra.

It is easy to verify, that for quantities H(n,k) the following relationships are valid:

1 1
Pn == H(n,k)==>"H(k,n) 27)
no ns

Z{ZH(n,k)} =>.pan’ (28)
n k n
ZZKZH(n,k)=ZnZZH(n,k)=ann“1=<nz+l> 29)
n k n k n

where z is an arbitrary integer. Additionally, from Eq.(6), identity

Ngg DD H(N,K) =Ng4(n)=2Ny 4 (30)
n k

yields. For the case of d=2 we have
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N, Y Y H(nK) =N, ,(n)=2N,, =2> > 'e/(n,k)  (31)
n k

n k<n

where Ny, is the total number of edges (i.e. 1-dimensional faces) and (n) is the
mean number of edges per cell in R,. For the case of d=3

N3sD D H(n,K) =Ng3(n)=2N3, =2 D e,(n,k)  (32)
n k

n k<n

yields, where N3 is the total number of 2-d faces and (n) is the mean number of
faces per cell in R;. As an example of application of these ideas, we consider the
3-dimensional, periodic Weaire-Phelan cellular system shown in Fig.1. This 2-
component and 4-valent polyhedral system (i.e. ®=2, R=4) consisting of 12- and
14-sided polyhedra is characterized by the following topological quantities:
p=1/4, pu=3/4, (N)=27/2=13.5, (n»=183, ¢=P/J=2/3=0.667, H(12,12)=1,
H(12,14) = H(14,12)=2 and H(14,14)=17/2=8.5.

5. A fundamental property of LFPC and FTC systems

Neighborhood coefficients H(n,k) play a key role in the topological
characterization of LFPC systems. In the following a fundamental property of
LFPC and FTC systems will be presented which can be formulated in the
following statements:

On the one hand

(n**y = 2|\<|n>z 3 (7 + k% g 4(n,K) 33)
d,d-1 n k<n

on the other hand

(n*"y =(nm(z,n)) (34)
where z is an arbitrary integer, and
1@ 2¢(Rn.j)
m(z,n) =" > p, 4 D KF, (35)
np, =2 k

by definition. As it can be stated, Eq. (35) is the generalization of Eq.(20). As a
special case, when z=1, from Eq.(35) we obtain the mean face coordination
number m(n) of n-faceted cells which is defined by Eq.(20). Consequently,
identity m(n)=m(1,n) is fulfilled.
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Proof of Eq. (33) is based on the following concept. Starting with Egs.(24 and 29),

we have
(¥ =>">"k*H(n,k) =
n k

D n*H(n,n)+ Z{z kZH(n, k)} =
n k

n=k

Zn eq_1(n, n)+NZ{Zkzed_1(n,k)}:

dd n d,d nzk { k

Nd ; Zed 4(n, n){ }

n

D n%eyy(n, k)JerZed L(nK) b=
d | nk

n>k n>k

Nd

(36)
(0 +kP)eyy (0, k)
Ndd n,k
n>k
Additionally, from Eq. (30) it follows
2N
ad= d,d-1 37)
(n

Substituting Eq.(37) into Eq.(36) we have

7y = (3 3 el k)(n ;k J )

n k<n Ndd -1

It is important to note that Eq.(38) can be interpreted geometrically as follows: Let
us denote by q(n,k)=e4.1(n,k)/Ng 4.1 the relative frequency of the common faces of

n-faceted and k-faceted neighbor cells, for which Zq(n, k) =1. Additionally,
let us define quantities denoted by w(z,n,k)= (n* + k*)/2, which are considered as
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positive weights belonging to the (d-1) dimensional common face of n- and k-
faceted neighbor cells. Now, Eq.(38) can be rewritten in the form

(N =(mY. > a(n k)w(z,n,k) (39)

n k<n

It is worth noting, when z = -1, from Eqs.(37 and 38) the identity

Ngg = Zzed 4(n, k)( j (40)

n k<n
yields.

The second statement represented by Eq.(34) can be proved as follow: By using
Eq.(35) and Eq.(23) incorporating the definitions of quantities m(z,n) and H(n,k),
we have

J(n)

(hm(z,n)=>>p, J{Zk f(Rn ‘)}

n j=1
(41)

J(n

2 zkz{zpn Jf(R”‘)} —Z{Zk H(n, k)} (n* )

In particular cases, when z =1, from Eq.(41) we obtain the well-known identity
formulated as (nm(n)) = (n? which were considered by Weaire and Fortes [2,3]
for random 2-d cellular systems, and by Fortes for random 3-d cellular systems

[4].

In the following it will be demonstrated that the general concept used for the
topological description of locally finite periodical cellular systems can be
efficiently applicable to the structural characterization of fullerene solids
represented by finite cellular surface systems.

6. Cellular fullerenes

The discovery of fullerene molecules and related forms of carbon such as
nanotubes has generated an explosion of activity in physics, chemistry and
material science. As it is known, the topological properties of fullerenes play a key
role in a classification of possible fullerene structures and in predicting their
various physical and chemical behaviors.
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In chemistry, the traditional definition is that a fullerene is an all-carbon molecule
in which the atoms are arranged on a pseudospherical framework made up entirely
of hexagons and pentagons. Based on the concept outlined in Refs. [12-14], define
a fullerene in the wider sense as follows: A fullerene is considered as a simple
finite cellular system (SFC system) defined on an unbounded, closed and oriented
surface, and composed of a finite set of combinatorial polygons (called cells),
where cells are simply connected regions and all common edges are shared only
by two different neighbor cells. Fullerenes of such types will be referred to as
cellular fullerenes. According to this general definition, the closed nonotubes with
negative curvature and the so-called onion-like structures are also considered as
fullerenes [13,14]. Taking into consideration the decisive role of the Euler
characteristic () in the topological analysis of unbounded, closed and oriented
surfaces, cellular fullerenes with =2 are called spherical, while cellular fullerenes
with =0 are called toroidal fullerenes.

6.1 Non-polyhedral spherical fullerenes

Cellular spherical fullerenes generated by the tessellation of the surface of the unit
sphere can be classified into two classes. Spherical fullerenes represented by
convex polyhedra are called polyhedral fullerenes, while the others, which cannot
be represented by convex polyhedra, are called non-polyhedral fullerenes. It
should be noted that, the Schlegel diagram of a polyhedral fullerene is considered
as a polyhedral graph. According to the Steinitz’s theorem, a finite graph is
polyhedral if and only if it is planar and 3-connected [16]. This implies that the
Schlegel diagram of a non-polyhedral spherical fullerene is represented by a 2-
connected graph. It is important to note, that among the spherical fullerenes there
exist several topologically distinct isomers, which can be of polyhedral and non-
polyhedral types.
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a b

Fig.5 Schlegel diagrams of non-polyhedral, trivalent fullerenes: (a) a generalized
triangular Ts;, fullerene with 8 vertices, (b) a generalized triangular Ty,
fullerene with 12 vertices

Deza et al. investigated some special types of polyhedral fullerenes, namely, the
so-called triangular fullerenes composed of triangles and hexagons only [15]. A
triangular fullerene is defined as a simple polyhedron with trivalent vertices, for
which the k vertices are arranged in 4 triangles and (k/2-2) hexagons (and 3k/2
edges). Triangular fullerenes denoted by Ty can be constructed for all k=0 (mod 4)
except k=8. Examples of such polyhedra are the tetrahedron T, the truncated
tetrahedron Ty, and the chamfered tetrahedron T,s [15]. By extending the
definition of triangular fullerenes we can construct spherical and trivalent isomers,
which are of non-polyhedral types. In Fig.5 the corresponding Schlegel diagrams
of two non-polyhedral triangular fullerenes denoted by Ts; and Ty, are shown.
It is worth noting that Tg; is the smallest non-polyhedral trivalent fullerene
because Ts;s has no isomers of polyhedral types.

6.2 Global topological properties of cellular fullerenes
In a SFC system, the total number E of edges is related to the total number N, of

cells, the number V of vertices, the average valency [r] and the mean number of
sides per cell (n)

2E=Y"nN, =(n)N, =>"rV, =[r]V (42)

where N, is the number of n-sided polygons. The number V of vertices is
V= ZVr where V, is the number of r-valent vertices, the total number N; of cells
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(polygons) is Ni= z N, where n=2,3,... Nma, and the fraction pp of n-sided cells
is pn=N./N, for p,>0.

Assuming that all the cells are simply connected regions, Euler’s equation can be
formulated as

1=N,—E+V=2-2g (43)

where y is the Euler-characteristic, g is the genus of the surface [16]. The genus
of the surface, which can be an arbitrary non-negative integer, is identical to the
number of handles that are attached to the sphere to obtain a surface. For the
sphere y=2 and g=0, for the torus (donut) y= 0 and g=1, for the double torus, x =
- 2 and g=2, for the triple torus, y = -4 and g=3, respectively. It is worth noting
that identity (43) is a possible generalization of Eq.(11), because for the torus
(where equalities x=0 and g=1 are fulfilled), from Eq.(43) we obtain Eq.(11) as a
special case. Taking into consideration, that for a SFC system equalities (n) =
2E/N; and [r]= 2E/V are fulfilled, from Eqgs.(42 and 43), we have

1 1 119 1 ¢

m+® St E Totoe (44)
Additionally, from Egs. (42 - 44) it follows
_ X
<n>=[r2][5|2{1—|\’|(t}:21_|\\|/‘ (45)
E
N, =x+V(r]-2)/2 (46)

and

\1/2(r—2)vr =3 (r-2)u, =2Ntv_x=2E\_/V (a7)

r r
where u, =V,/V is the fraction of r-valent vertices, for which Zur =1 and

Z:rur =[r] are fulfilled. An immediate consequence of Eq.(45) is that for

trivalent SFC systems, equality (n)=6(1-x/N,) = 6-12y/(2y+V) is valid. Depending
on the particular choice of the Euler—characteristic y, as particular cases, we get
(n)<6 for a sphere (case x=2), (n)=6 for a torus (case x=0) and (n)>6 for a double
torus (case y=-2), respectively.
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6.3 Local topological properties of cellular fullerenes

First of all, it is important to emphasize that general formulae derived for d-
dimensional LFPC systems (see formulae given by Egs.(6 - 41)) can be applied to
arbitrary fullerenes represented by simple finite cellular systems. It is easy to see
that the fundamental identities given by Eqgs.(33 and 34) remain valid for any SFC
system (i.e. for cellular fullerenes).

In the following, by introducing the notion of the so-called vertex corona, we will
demonstrate that the vertex corona distribution can be efficiently used to the local
topological characterization of regular (R-valent) cellular fullerenes represented
by SFC systems.

In a SFC system, cells A and B are called diagonally adjacent (diagonal
neighbors) if they have a common vertex X. Vertex corona Cy(X) of an arbitrary
vertex X is defined as a union of diagonal neighbor cells having a common vertex
X. For a finite cellular system characterized by the sequence of vertices Xy (k
=12, ...V)

CV(Xk):UAj(Xk) (48)
j

where X, is a common vertex of cells Aj(Xy).

Vertex corona distribution of a cellular fullerene represented by a regular SFC
system has an interesting property. Consider a finite cellular system, where X
denotes the kth and r-valent vertex, and define the topological quantity

1 Vv
M, == M(r,k) (49)
Vk=1

where M(r,k) stands for the mean number of sides of cells in C\(X;x) for k =
1,2,...V. The local topological parameter M(r,k) is called the vertex coordination
number of X, while M, is said to be the total vertex coordination humber of the
FTC system.

Now, we will verify that for regular, R-valent FTC systems (i.e. cellular
fullerenes), identity

(n*y=(mM, (50)

is valid. Proof of Eq. (50) is based on the following considerations: Let us denote
by n(Bﬁk)) the side number of cell ng) belonging to the vertex corona

Cv(Xrk), where k =1,2,...V and j=1,2,...R. It follows that

1
M(R, k) = R{n(BS‘)) #n(BY)+..n(BY),..+n(BX)| (1)
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Starting with Eq.(51), we have

M :iiM(R k):iiin(g(_k)):iznm =
Y Vk=1 , VR k=1 j=1 . VR n "

—

_Nispzg o Negpzy (0%
VR P = ) ©?

It is easy to see that formula (50) can be generalized as follows: If z is an arbitrary
integer, then identity

(n**hy =(MM, (2) (53)

is valid for regular SFC systems, where
1 V
M, (2) ==Y M(R,k,2) (54)
Via
and
M(R,k,z)zé{nZ(B§k>)+nZ(ng>)+,...+nZ(ng>)} (55)

by definition. As it can be stated, when z = 1, this implies that Eq. (53) is
simplified to Eq. (50). This is due to the fact, in the case of z=1, it follows that
M(R,k,1)= M(R,k) and My(1) = My, respectively.

For trivalent and 2-component cellular fullerenes, (i.e. for the case of ®=2 and
R=8), which include a-sided and B-sided cells with frequencies p, and pg = 1- p,
(where a<p), there exist only four possible types of vertex coronas denoted by
Cooar Caopr Copp @and Cpp g respectively. This implies that in this particular case,
Eq.(50) can be reduced to the form

(%)

(n) (56)
where Mi=(a+a+a)/3, My=(at+a+p)/3, Ms=(a+B+p)/3 and M, =(B+p+p)/3 are

the vertex coordination numbers of the four possible types of vertex coronas, and
s; (i=1,2,3,4) are the corresponding relative fractions of the vertex coronas, for

which ZSi =1 holds. Using identity (56) facilitates the computation of vertex

fractions s; (i=1,2,3,4), which are topological invariants. (For example, if
guantities s; and s, are known, then s; and s, can be directly calculated.)
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Cct,cx.ct Cu,a.[i

Copp Copp

Fig.6 The four possible vertex coronas in a 2-component, trivalent fullerene (case
o=5 and p=6).

6.4 Application: Topological characterization of Cg fullerenes

As we have mentioned previously, the analysis of the distribution of vertex
coronas of different types plays a significant role in algorithms for the perception
and classification of topological properties of fullerenes. Balaban et al. have used
this concept in order to classify the Cg isomers on the basis of topological
properties of their vertex coronas [17]. Since Cg, fullerene isomers are composed
of 12 pentagons and 20 hexagons, in this particular case, we have: a=5, =6, and
ps=12/32, pe=20/32, (n)=45/8=5.625, (n?=255/8 and M,=17/3=5.667. The
corresponding vertex coordination numbers are: M;=15/3, M,=16/3, M;=17/3 and
M, =18/3. As Balaban et al. [17] pointed out, the 1812 structural isomers of Cg
fullerenes could be partitioned into 42 equivalence classes (subclasses) on the
basis of the four types of vertex coronas Csss, Cssg Csge and Csg Which are
illustrated in Fig. 6.

To characterize the local topological structure of cellular fullerenes, we defined
the topological descriptor IS calculated on the basis of the neighborhood
coefficients:

IS=> H(n,n) (57)

The topological descriptor IS which is called the isolation index can be simply
computed for Cg isomers
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IS:<n>—2H(5,6):<n>—IZ\I\/(l—sl—s4):45—15(52 +53)2185 (58)

t

where s; (i=1,2,3,4) are the relative fractions of the corresponding vertex coronas.
(See Fig.6.) Based on the calculated results the following conclusions can be
drawn:

By using the isolation index the 1812 Cq, isomers can be partitioned into 18
subclasses. Calculated values of isolation index IS are in the interval 1.875 to
4.375.

The buckminster-fullerene denoted by C60B (containing 12 isolated pentagons) is
the sole isomer which is characterized by the minimum value of IS (namely
1S=15/8 =1.875). The computed neighborhood coefficients are: H(5,5) = 0, H(5,6)
= H(6,5) = H(6,6) =15/8). It should be noted that it is supposed that fullerene
structures with isolated pentagons are likely to be more stable than structures
containing fused five-membered rings [18].

On the other hand, we found that the maximum value of IS belongs to C60W
isomer (1S= 4.375). (See the corresponding Schlegel diagram of C60W shown in
Fig.1 in Ref.[17]). It is important to emphasize that C60W is judged to be the least
stable Cqo isomer [17], for which the corresponding neighborhood coefficients are:
H(5,5) = 10/8, H(5,6) = H(6,5) = 5/8 and H(6,6) =25/8.

We have also observed that the discriminating performance of the topological
index IS is determined (and limited) primarily by the local neighborhood structure
of the cellular system. For cellular systems characterized by a topologically
similar first neighbor structure, the neighborhood dependent isolation index has
only a limited ability for discrimination. The main advantage of using the isolation
index lies in the fact that IS can be generally applied to the topological
characterization of any cellular system, not only fullerene-like but also arbitrary
infinite periodical cellular structures.

7. Summary and conclusions

A general method has been developed to characterize and compare infinite and
finite cellular systems on the basis of quantitative topological criteria. First, we
analyzed the global and local topological properties of infinite periodic cellular
structures, and then the theoretical results obtained have been adapted to the local
topological characterization of 2-dimensional finite cellular surface systems. The
general concept of this new approach is based on the use of the so-called double
toroidal embedding (DT embedding) by which a finite cellular system defined on
a torus can be generated from an infinite periodic cellular system.

As a result of performing a DT embedding, so-called neighborhood coefficients
can be generated. The neighborhood coefficients H(n,k) are simple scalar
topological invariants, by which the local topological structure of cellular systems
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can be quantitatively evaluated and compared. Moreover, by investigating the
relationship between the neighborhood coefficients and other local topological
quantities, we have verified that the validity of the Weaire-Fortes identity (playing
a key role in the topological description of 2-dimensional random cellular
patterns), could be extended to infinite periodic cellular systems and 2-d finite
cellular surface systems (i.e. generalized fullerene-like structures). It has been also
shown that the traditional definition of fullerenes can be generalized by
introducing the notion of the cellular fullerene, which is considered as a finite
cellular system defined on a 2-d unbounded, closed and orientable surface.

From the previous considerations it follows that the fundamental Egs. (33 and 34)
remain valid not only for cellular systems consisting of combinatorial polyhedra
(which are topologically equivalent to a d-dimensional ball), but

- for finite cellular systems defined on an unbounded, closed and
orientable surface (sphere, torus, double torus , etc.),

- for infinite triply periodic 3-d surface systems, in which the internal
surface represented by “infinite tunnels” is composed of polygons
[19]. (Typical examples are the so-called zeolitic structures [20]),

- for all “pseudo-random” cellular systems which are artificially
generated by the tessellation of the d-dimensional unit cube using
periodic boundary conditions. Due to the periodic boundary
extension, these pseudo-random structures are also considered as
infinite periodic cellular systems. A well-known example is the
computer simulation of the Poisson Voronoi cells where the periodic
boundary condition is used to avoid edge effects [1, 21].

Finally, it should be emphasized that Egs. (33 and 34) remain valid for such cases
when the space-filling polyhedra are not equivalent topologically to d-dimensional
balls, provided that the cellular system is generated from a finite set of d-
dimensional cells with (d-1)-dimensional faces in such a way that all common
faces are shared by two different neighboring cells.
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