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Abstract: This paper addresses the case when acoustic energy is applied to plastically 

deformed metals when the “Ultrasonic recovery phenomenon” is observed, which 

manifests itself in a decrease of dislocation density, hardness and yield strength. Based on 

the analysis of the processes occurring in the sonicated material's microstructure, a model 

has been developed within the terms of the synthetic theory of irrecoverable deformation. 

We introduce into the equation governing recovery processes a term for expressing the 

oscillating stress amplitude. The model results show good agreement with the experimental 

data. 
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1 Introduction 

Ultrasound energy is an effective tool in metallurgy, metal forming, and many 

other industry branches and technological processes. With the effects of 

ultrasound upon metals' deformational properties, the following phenomena can 

be listed: 

(i) Ultrasonic hardening. Acoustic energy propagating through an annealed 

specimen increases the number of crystalline grid defects – mainly dislocations 

and vacancies. As a result, the material's yield strength grows as a function of the 

sonication duration (Fig. 1a). One can see that the yield strength ~ sonication time 

dependency first increases and then reaches a plateau. The yield strength 

increment saturation is explained by the gradual restrain of Frank-Read sources 

caused by dislocations nucleated in preceding cycles. The annihilation of 

oppositely oriented dislocations emitted by sources on parallel atomic planes also 

contributes to the gradual decay in the yield strength's increase. Numerous 

experiments show that the ultrasonic hardening effect is a function of the 

ultrasonic field's intensity [1]-[4]. 
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(ii) Effect of acoustic energy upon the creep characteristics. Creep experiments 

for materials subjected to the preliminary sonication treatment – sonication + 

annealing – show that the ultrasonic treatment exerts a positive impact upon the 

steady-state creep rate. Fig. 1b schematically demonstrates the decrease in the 

creep rate for copper (one minimum) and aluminum (two minimums) caused by 

the dislocation substructure formed during the preliminary ultrasonic treatment. 

As one can see, there are optimal ranges of the sonication duration when the creep 

rate shows low values, which is due to the thermal stability of the ultrasonic defect 

structure. Beyond the optimal ranges, the dislocation substructure loses its 

capacity to impede the creep deformation, and the creep rate tends to its initial 

value. The number of minimums in Fig. 1b depends on the recovery mechanisms 

governing the creep – polygonization for materials with high stacking fault energy 

(SFE) such as aluminum and recrystallization for low SFE (copper) [4]-[7]. 

 

 

 

 

 

 

 

Figure 1 

Schematic plots for the ultrasonic effects upon metals' properties– a) ultrasonic hardening, b) 

dependences of the creep rate upon the duration of preliminary sonication 

(iii) Ultrasonic temporary softening manifests itself when a unidirectional loading 

is coupled with an oscillating one. Fig. 2 schematically demonstrates the effect of 

acoustic energy upon the development of plastic deformation in uniaxial tension. 

When the ultrasound is applied, the value of tensile stress decreases in a step-wise 

manner, and the further development of plastic deformation takes place at lesser 

value of the unidirectional stress. The stress-drop amount is measured to be 

proportional to the energy of acoustic energy or oscillating stress amplitude. 

Although the mechanism of the ultrasonic temporary softening is far from clear, 

researchers use the following suggestions or their combination: 

a) A stress superimposition mechanism implies that ultrasonic waves activate 

anchored dislocations, hardened under ordinary deformation, and decrease 

stresses for further inelastic deformation, 

b) An analogy between the effects of hot deformation and ultrasound action – 

numerous researches suggest that ultrasonic vibration induces sufficient heat 

input to the sample to produce some softening of microstructure. [8]-[15]. 
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(iv) Ultrasonic residual softening or hardening (Fig. 2) are observed after the 

ultrasound is Off, and the material deforms under the action of the static load 

alone. The appearance of one of the phenomenon depends on the changes in the 

material structure during acoustoplasticity. Thus, if acoustic energy induces 

dynamic recrystallization or other softening processes, the residual softening will 

be observed (Fig. 2a). In the case when, e.g., polygonized structure forms during 

the ultrasound-assisted deforming, more significant stress is needed for the further 

development of plastic deformation as ultrasound is Off (residual hardening,     

Fig. 2b) [16]-[18]. 

Figure 2 

Schematic plots for the ultrasonic effects upon the plastic deformation: a) residual hardening,  

b) residual softening 

While the modeling of the phenomena above can be found in Rusinko's early 

works [1] [5] [19], the phenomenon discussed below so far was out of the authors' 

sight. 

(v) Ultrasonic recovery effect. Acoustic energy has a recovery effect upon strain 

hardened materials. 

Kulemin [4] conducted X-ray investigations to study the interference patterns 

evolution during the sonication of plastically deformed aluminum specimens 

( 5 %  ) at 20°C (Fig. 3). Due to the plastic deformation, clear interference 

spots of 0.3-1.0 mm radius of the annealed specimen blur out to 8 mm and 2-3 

mm in the azimuthal and radial direction. After the ultrasonic action, the 

interference spot blurring decreases in both radial and polar directions, which 

testify to the relaxation of stresses of the second kind arisen due to the elastic 

distortions of crystalline grids in plastic deforming. Fig. 4 shows the decrease in 

the dislocation density, caused by the sonication at 20°C of the plastically 

hardened aluminum. As one can see, the dislocation density for the deformed 

material monotonically decreases to its initial value (annealed state) as a function 

of the sonication duration. 
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Figure 3 

X-ray micrograph of aluminum specimen – a) annealed state, b) plastic deformation of 5%,  

c) sonication of the deformed specimen; oscillating stress amplitude 16 MPa, duration 100 min [4] 

 

Figure 4 

Dislocation density vs. sonication time at stress amplitude of 16 MPa [4] 

The ultrasonic recovery is suggested to proceed through polygonization when 

dislocations are built into low-angle boundaries. As a result, the initially distorted 

lattice is rearranging into stress-free blocks separated by the boundaries consisting 

of one sign's dislocations. The formation of the polygonized substructure requires 

the dislocations to leave their slip planes and climb parallel ones. As it is well 

known, the dislocation climb needs vacancies inflow which can be thermally 

activated as it is typical, for example, in elevated-temperature creep or during 

annealing. But since the results from Figs. 3 and 4 are obtained at room 

temperatures, the energy needed for the nucleation and migration of vacancies is 

provided by ultrasound. This result is harmonized with the established fact, that 

one of the features of sonication is an abundant number of point defects 

(vacancies). Fig. 5 confirms the above-considered thoughts about the dislocation-

climb-nature of the ultrasonic recovering. Indeed, the straight slip lines from the 

plastic deformation (Fig. 5a) split into numerous intersected curved lines (Fig. 5b). 
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Figure 5 

Slip lines on the surface of aluminum specimen – a) after plastic deformation, b) after the sonication of 

the plastically deformed specimen, t = 20°C.  400 [4] 

Similar results were obtained at the sonication of cold-rolled steel strips [20], 

which indicate the yield strength decrease in the acoustic field. 

With the intensity of the ultrasonic recovery, the following can be summarizing 

[4] [19]: 

(i) There is a lower limit for the oscillating stress (
m ) beneath which the 

recovery effect is not observed (for example, while 4.3 MPam   and 

5.6 MPam   gives no changes in the hardening-decrease, 8.4 MPam   

already yields the recovery effect [4]) 

(ii) The increase in 
m  leads to a much steeper decrease of hardness/yield 

strength of the strain hardened material 

(iii) At a given value 
m , the acoustic energy causes more intensive recovery 

for more significant plastic deformations – the ultrasound-assisted recovery 

mechanisms are accelerating at the greater deformation energy cumulated 

in the material 

(iv) with the sonications time, at significant values of 
m , the ultrasonic 

recovery can be succeeded by some hardening (in a wave manner), but the 

overall trend remains unchangeable, decreasing hardness/yield strength. 

Such cases are not considered here. 

Our paper is aimed to model the ultrasonic recovery effect in terms of the 

synthetic theory of irrecoverable deformation, which has already shown 

satisfactory results in the analytical description of ultrasonic softening and 

hardening [1] [5] [19] [21]. 
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2 The Synthetic Theory and Its Extensions for the 

Case of the Ultrasonic Recovery 

2.1 Basic Equations 

In terms of this theory [20], plastic deformation at a point of the body – plastic 

strain deviator vector ( e ) – is determined via deformations at the micro-level of 

material, i.e., as a sum of plastic shifts in active slips systems where the Schmidt 

law conditions are met – the resolved shear stress exceeds the material yield 

strength: 

N

V

dV e N  (1) 

N  – plastic strain intensity – is an average measure of plastic deformation within 

one slip system. 

The synthetic theory formulates a yield criterion and strain hardening rule in terms 

of three-dimensional stress deviator space 
3S . It does not deal with a yield surface 

itself, but with its tangent planes, i.e., the yield surface is considered an inner 

envelope of the tangent planes. The location of planes is defined by their distances 

( )NH  and unit normal vectors  N . For a virgin state, the synthetic theory works 

with the Von-Mises yield criterion, which results in the set of equidistant planes in 

all directions (Fig. 6a). 

A stress vector ( S ) represents loading, whose coordinates are composed of the 

stress deviator tensor components. During the loading, the stress vector shifts at its 

endpoint a set of planes from their initial positions (Fig. 6b). The planes' 

movements at the endpoint of the stress vector are translational, i.e., the plane 

orientations keep changeless. Planes, which are not located at the endpoint of the 

vector S , remain stationary. The plane's displacement at the stress vector's 

endpoint represents a plastic flow within the corresponding slip system. 
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Figure 6 

Yield and loading surface in terms of the synthetic theory in S1-S2 coordinate plane for uniaxial tension 

(λ = 0) 

We define the plastic strain intensity – the plastic flow rule on the micro-level of 

material – through the carriers of irrecoverable deformation, defect-intensity 

(
N ): 

–N N Nd rd K dt    (2) 

where r  is the model constant determining the slope of the stress-strain diagram 

in its plastic portion, and K  is a function of temperature and acting stress, which 

governs the steady-state creep rate [20]: 

   1 2 0 ,K K T K   (3) 
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In the formulae above Q  is the thermal activation energy, T  is the temperature, 

0  is the Von-Mises stress, c  and k  are the model constants. 

The hardening rule of a material is defined through the distances to the tangent 

planes 

2 2
2 2 ( ) for planes reached by :  

0            for planes not reached by :   
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S N S S N

S S N
 (6) 

SS  is a radius of the Von-Mises sphere; 2 3S SS  , where 
S  is the yield 

strength of a material in uniaxial tension. It is clear from (6) that the greater plane 

distance is, the more significant stresses are needed to continue plastic deforming. 

In uniaxial tension, the stress vector ( 2 / 3 ,0,0)S  extends along the 
1S  axis, 

and the plane distances are 

1 1 2 / 3 sin cosNH S N      (7) 

For plastic deformation, when the time-dependent term in (2) can be neglected, we 

get from (2) and (6) the following expression 

  2 22 / 3 [(  ) ]N SN sin sr co       (8) 

The loading surface consists of two parts: a) sphere as the envelope of stationary 

planes and b) cone whose generator is constituted by the boundary planes  

(angle 
1  in Fig. 6b) shifted by S . 

Now, the integration in (1) gives the component of plastic strain vector component 

as 

1

1

2

2 2

0

0

4
[( ) ] ( )

3
Se sin cos sin cos cos d d a b

r






              (9) 

where 

2

0 ,
9

Sa
r


  (10) 
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   (12) 

2.2 Post-deformed State, Ultrasonic Recovery 

After the plastic strain is over ( 0Nd  ), Eq. (2) takes the following form 

– .N Nd K dt   (13) 

The solution of the differential equation above gives 

0 exp(– ),N N Kt   (14) 

where 
0N  reflects the number of defects cumulated in the material during plastic 

deforming, Eq. (8). 

Formula (14), together with (6), means that the tangent planes start moving 

towards the origin of coordinates (Fig. 6c): 

2

0

3
exp(– ).

2
N S NH Kt    (15) 

As it follows from (6) and (15), only the planes translated by the stress-vector 

during plastic deforming take part in the movement. 

To adopt Eq. (14) for modeling the phenomenon that the acoustic energy leads to 

the recovery of work-hardened materials' mechanical properties, we propose the 

following. 

Since the ultrasonic recovery experiments were held at the stress-free state, the 

function K  defined via formulae (3)-(5) is inapplicable because 0K   at 
0 0   

and we obtain no change in 
NH . Further, since the thermally activated processes 

at room temperature exert a feeble effect, we need to insert into the function K  a 

term that expresses the recovery processes induced by ultrasound. 

We replace the function K  from (15) by 

  2

1 max ,
A

U mK K A H   (16) 

where 
m  is the oscillating stress amplitude, 

maxH  is the maximum plane distance 

for the whole loading history, 
1A  and 

2A  are the model constant to be chosen for 

the best fit between the analytic and experimental results. 
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Therefore, now the degree of hardening – the plane distances in terms of the 

synthetic theory – obeys the following relationships: 

  22

0 1 max

3
exp(– ).

2

A

NU S N mH A H t     (17) 

Let us analyze the modification proposed in Eqs. (16) and (17). The appearance of 

a term depending on the intensity of sonication (
m ) in the function that governs 

the decrease of the plane distances reflects the experimental fact that the acoustic 

energy can induce alone the recovery processes in plastically deformed materials. 

It is clear that 
UK K  in the absence of ultrasonic energy ( 0m  ), i.e., we 

return to the case as with formula (3). Further, we defined 
UK  via the product 

maxmH  to reflect another experimental fact that the greater values of strain 

hardening (plastic deformation) lead to more intensive recovery during the 

sonication at a given intensity of ultrasound and its duration. 
maxH  is defined via 

formula (7) at 0   and 0  : 

max 1 1 2 / 3H S N    (18) 

So 
maxH , via  , bears in itself the information on the degree of plastic 

deformation. 

2.3 Results and Discussion 

To inspect the modifications we proposed above, let us compare model results 

with experimental data [4] on the temporary decrease of Vickers hardness number 

(HV) of aluminum specimen plastically deformed in uniaxial tension on two 

values: 
1 3.6 %   and 

2 6.8 %   (Fig. 7). The sonication of the strain hardened 

specimen is conducted by the longitudinal oscillation of amplitude 10 MPam  . 

Both the plastic deforming and the sonication take place at room temperature.     

To relate the value of HV to the yield strength in uniaxial tension 
S , we address 

the results on the correlation between Vickers hardness number and yield strength 

for aluminum, which states that 17.4HV   corresponds to 23.4 MPaS   [22]. 

We preserve the relation / 0.744SR HV    not only for the start of plastic 

deforming but for formula (17) as well: 

  22

0 1 max

3
exp(– ).

2

A

S N mHV R A H t      (19) 

To apply the formula above, first, we need to choose the constant r  to make sure 

that it gives correct HV  for the plastically deformed specimens. For this purpose, 

(i) We utilize formulae (9)-(12), which give  ~  relation 
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(ii) From the  ~  relationships, we take those values of the stresses 

(
1 31.0MPa   and 

2 33.6 MPa  ) that correspond to 
1 3.6 %   and 

2 6.8 %   

(iii) On the base of (8), we calculate 
0N  for 

1  and 
2  

(iv) Formula (19) at 0t   gives the values of HV  for the plastic deformation 

caused by 
1  and 

2  

As a result, we obtain two points on the HV ~ t diagram at 0t   

 

Figure 7 

HV vs. sonication time plots for the plastically deformed aluminum specimen: 
1 3.6 %   and 

2 6.8 %  .  - experiment [4], lines - model 

The next step is to model the decrease in HV  as a function of sonication time by 

formula (19). Fig. 7 demonstrates the model HV ~ t curves constructed at the 

following constants' values:  2
1

214

1 7.136 10 MPa s
A

A


   , 
2 4.0A  . As in the 

experiment, the model curve at 
2 6.8 %   shows a quicker decrease in HV  than 

that at 
1 3.6 %  . It is in full accordance with the experimental fact that the 

initial strain hardening increase boosts the acoustic field's recovery processes. 

Conclusions 

In this work we developed a model that analytically describes the phenomenon of 

ultrasonic recovery. For the mathematical apparatus, we utilized the synthetic 

theory of irrecoverable deformation, which has shown itself to be an effective tool 

for modelling the various problems that are related to ultrasound-assisted 

processes. We extend the synthetic theory, via the introduction of a new term 
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accounting, for the presence of oscillating stress. As a result, we obtained a plot 

for the micro-hardness of plastically deformed aluminum specimens, that are 

subjected to sonication. The results show a good agreement with the experimental 

data. 
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