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Most floating point computations, in particular the additive operations, can have an annoying
side-effect: The results can be inaccurate (the relative error can be any large) which may
lead to qualitatively wrong answers to a computational problem. For the most prevalent
applications there are advanced methods that avoid unreliable computational results in most
of the cases. However, these methods usually decrease the performance of computations. In
this paper, the most frequently occurring vector-vector addition and dot-product operations
are investigated. We propose a faster stable add method which has been made possible by
the appropriate utilization of the advanced SIMD architecture. In this work we focus only
on the widely used Intel systems that are available for most of users. Based on it, stable
vector addition and dot-product implementations are also introduced. Finally, we show the
performance of these techniques.
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1 Introduction

Several pieces of software use vector operations like vector addition and dot product.
Scientific applications require double precision floating point number representa-
tion because of the required accuracy of the computations. However, there are cases
when even this representation is not sufficient. One example is the simplex method,
where wrongly generated non-zeros can slow down the solution algorithm and can
lead to false results. One possible way to reduce the chances of the occurrence of
such events is implementations using absolute and relative tolerances in order to
mitigate numerical errors. There are several open-source linear algebraic libraries
like BLAZE, but they do not handle numerical errors. There are techniques that can
greatly improve the accuracy of floating point additive arithmetic operations [1, 2, 3]
but they are very slow. For example, sorting of the addends can increase the result’s
accuracy [4], but the drastic slow-down is unacceptable in many applications. Our
aim is to develop an efficient linear algebraic library that supports increased accu-
racy by heuristics while the incurred slowdown factor is minimal. We can achieve
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this by utilizing some future proof advanced features of Intel’s SIMD processors.
Of course, the real benefit in speed of these methods appears in computationally
demanding applications like in Gaussian elimination, matrix multiplications. Par-
ticularly, since matrix by matrix multiplication needs dot-products, this operation
can generate a significant amount of numerical error.

The paper is organized as follows. The behavior of numerical errors is shown in
Section 2. Intel’s SIMD architecture and the cache system are introduced in Section
3. We propose our simplified stable addition operation in Section 4, its SIMD imple-
mentation is also presented. The next section introduces our conditional branching
free stable dot-product technique for the C programming language, and the SIMD
based dot-product operation. In Section 6 the computational performance of the
introduced implementations is compared and explained. Finally, in Section 7 we
present our conclusions.

The introduced methods in this paper often use bit manipulation operations. One bit
can be 1 or 0. The value of a bit can be changed by hardware and/or software. If
a bit is changed to 1, we say that we set the bit. On the other hand, if we want to
ensure that the bit is 0, we say the bit is cleared.

2 Numerical errors in scientific computations

The numbers used in scientific and engineering computations can be represented in
several ways. A very reliable and accurate method is the symbolic number manip-
ulation provided by Maple [5], MATLAB’s Symbolic Math Toolbox [6], or Mathe-
matica [7, 8]. However, there are applications, where these tools are not available.
We are focusing on the floating point numbers [9, 10], which are easier to use, but
they can have accuracy problems [11]. Floating point numbers (whether single or
double precision) have three fields: Sign bit, significand and the exponent. The
number of significand bits is fixed. The painful consequence of this principle is that
the numbers with large magnitude have lower precision than smaller numbers. This
can lead to the so called rounding error. Let a and b be nonnegative numbers with
a > b. If we compute the value of a + b, it can happen that the result will be just a.

The other source of errors is cancelation, also known as loss of significant digits.
If in theory @ = —b, and a,b # 0, we expect that a + b = 0. However, if a and b
may carry numerical inaccuracies the computed sum can be a small number € which
is usually computational garbage. If the execution of the program depends on the
zero test of the result it can go in the wrong direction. Our primary interest is the
numerical behavior of optimization software. In this area considerable efforts have
been made to properly handle the emerging cancelation errors. Our stable vector
operations also have been designed to handle this type of error in an efficient way.

3 Intel’s SIMD architecture

The SIMD (Single Instruction, Multiple Data) architecture provides a tool to per-
form the same low level operations on multiple data in parallel [12]. It was success-
fully used in the simplex method [13], and in other numerical algorithms [14]. The

- 36 -



Acta Polytechnica Hungarica Vol. 15, No. 1, 2018

old Intel CPUs used a stack for storing 32, 64 or 80 bit floating point numbers. This
architecture can perform the current operation only on a single data. In 1999 Intel
introduced the SSE (Streaming SIMD Extensions) instruction set in the Pentium III
processor. It contains 70 new instructions, which can operate on single precision
numbers. The processor has 8 brand new, 128 bit wide registers, named XMMO,
XMMLI, ..., XMM7. One XMM register can store 4 single precision numbers. The
arguments of the operations are the registers, and the result will be stored in such a
register. For example, if we add the content of register XMM1 to XMMO, the CPU
adds the first number in XMMO to the first number of XMMI1, and so on, as it is
shown in Figure 1.

XMMO | 53.0 -4.2

+

XMM1 1.0 20

Ie

XMMO | 54.0 2.2

Figure 1
Addition using XMM registers

However, SSE does not support 64 bit floating point operations. Pentium 4 intro-
duced SSE2, which supports 64 bit numbers as well. The XMM registers are still
128 bit wide, so one register can contain 2 double precision floating point numbers.
SSE3 and SSE4 processors have added some expansion to the instruction set, like
dot product and integer number support.

In 2011, Intel added the AVX (Advanced Vector Extensions) instruction set to the
CPUs. This extension doubles the size of the XMM registers to 256 bit wide. It is
called YMM. Now one register can store four 64 bit floating point numbers. More-
over, AVX’s have 16 YMM registers. The AVX2 instruction set provides some
integer operations with the new registers.

The modern Intel CPUs have one more useful feature. Namely, they have two mem-
ory ports. It means that, while the CPU calculates, they can load some other data
from the memory in parallel.

Cache

In this section a brief summary of the CPU caching is given because it has some non-
intuitive properties: The wrong utilization of the cache cannot achieve the highest
performance. The communication between the CPU and the main memory is much
slower than the speed of the CPU, i.e., while the CPU is waiting for the memory, it
can execute a lot of instructions. To keep the CPU working engineers have designed
cache memory between the CPU and the main memory. The cache uses faster circuit
elements, but it is more expensive, so the cache size is limited relative to the main
memory. Typical cache sizes are 3-10 Mbytes today, while the main memory can be
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32 Gbytes. Moreover, modern CPUs have more cache levels, where the lower levels
are smaller, but they are faster.

The memory is divided into so called cache lines, which are certain lengths of mem-
ory partitions. Typical lengths are 32 or 64 bytes. If an instruction reads some bytes
from a given memory address, the total cache line that contains the required data
moves to the cache. If later instructions load an adjacent memory address its con-
tent will already be in the faster cache, thus the reading time is reduced. However,
as the cache size is limited, the CPU has to make room for a new cache line if
the required data item is not in the cache. In this case a formerly used cache line
is dropped out and its content is written back to the main memory if it is neces-
sary. When an instruction writes to a given address, the corresponding cache line is
loaded into the cache, and the instruction writes there. In this case, the content of
that memory address has a copy in the cache, which is different. This cache line is
called dirty, but if we write this content back to memory, this flag is cleared.

There is a little intelligence in the cache controller. If the CPU senses that the
software accesses adjacent memory addresses it loads some next cache lines. So, if
we read or write a memory region from its beginning to its end, the currently needed
data will already be in the cache.

The SSE2 and AVX support bypassing the cache for memory writing. In this case
the cache line of the current memory address is not loaded and the CPU writes into
the main memory directly. We call this non-temporal writing. Obviously, this mode
is much slower in itself. However, we can keep the more important data in the cache.
What happens if we add two large vectors (larger than the cache), and the result is
stored in a third vector? Without bypassing, the CPU reads the next two terms of
the sum and it has to write the result to the memory. At first, the result is placed
into the cache. However, since the vectors are too large, and their contents fill the
cache, the CPU has to drop out an older cache line to the memory. If the cache line
of the result is not prepared for the cache the CPU has to load that cache line and,
obviously, drops out an older line too. The non-temporal writing prevents the CPU
from loading the cache-line of the destination, so it drops out older cache lines if
and only if there is no more room for the input data. Finally, the performance of this
algorithm is improved.

4 Vector addition

In computational linear algebra (on which many optimization algorithms rely) vec-
tor addition is one of the most frequently used operations.

Let a and b be two n dimensional vectors, a,b € R”. We propose our implementa-
tions of the following vector addition operation:

a:=a+Ab,

where A € R. In detailed form:
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Input: a,b,A

Output: a

1. fori:=1ton

2: a; = (1[+/'Lbi
3: end

Figure 2
Naive vector addition

If cancelation errors occur, the implementation shown in Figure 2 can generate fake
non zeros. This error can be handled with an absolute tolerance g,. If the absolute
value of the sum is smaller than the g,, we set the result to zero as in Figure 3.

Input: a,b,A

Output: a

1: fori:=1ton

2 a;:=a;+Ab;

3 if |a;| < &, then
4: a; .= 0
5 end

6: end

Figure 3
Vector addition using absolute tolerance

The absolute tolerance cannot adapt to the magnitudes of the input values. The
solution can be the use of a relative tolerance &.. In 1968 William Orchard-Hays
[15] suggested the following method using this tolerance: If the sum is much smaller
relative to the largest absolute value of the input numbers the result is set to zero,
see Figure 4.

Input: a,b,A

Output: a

1: fori:=1ton

2 c:=a;+ Ab;

3 if max{|a;|,|Ab;|}€ > |c| then
4: c:=0

5 end

6 a; . ==c¢

7. end

Figure 4
Vector addition using relative tolerance, Orchard-Hays’s method

Determining the maximum of two numbers uses conditional branching. We propose
a simplified method which uses fewer operations. It is sufficient to multiply the
absolute value of one of the input numbers by the relative tolerance. In this way
we can save an absolute value and a conditional branching step. The result can be
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close to zero if the input values have the same order of magnitude and their signs
are different. The useful value of the relative tolerance can be different from that of
the Orchard-Hays method.

Input: a,b,A

Output: a

1: fori:=1ton

2: c:=a;+ Ab;

3: if |aj|e, > |c| then
4: c:=0

5: end

6: a; . ==c¢

7: end

Figure 5
Vector addition using simplified relative tolerance

The implementation shown in Figure 3 requires one compare and a conditional jump
instruction. Our simplified implementation with relative tolerance uses one addition,
two multiplications, two assignments, two absolute values, one compare and one
conditional jump. Orchard-Hays’s implementation needs one more absolute value
and a conditional branching. The additional operations cause overhead in time, so
these implementations are slower than the naive one.

4.1 SIMD vector addition

Conditional jumping slows down the execution of the program because it breaks
the pipeline mechanism of the CPU. So it is worthy to try to implement the algo-
rithms in a way that avoids conditional jumps. Intel’s SIMD architecture contains
several instructions which help us design such an implementation. We will use the
following instructions:

e Move: Moves the content of a register to another register.

Multiply: Multiplies the number pairs of two registers.

e Add: Adds the number pairs of two registers.

And: Performs a bitwise AND between two registers.

Compare: Compares the number pairs of two registers. If they are identical
the destination register will contain a bit pattern filled by 1’s, otherwise 0.

Max: Chooses the larger of two numbers stored in two registers. It is used for
the implementation of Orchard-Hays’s addition method.

The detailed description of these instructions can be found in [16]. The key point of
the conditional jump aware implementations (called accelerated stable addition in
this paper) is the compare instruction. It compares the number pairs and stores the
results in a register. If the register contains two double pairs then the comparator
puts two bit patterns in the destination area. One pattern can be filled by 1 if the
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result of the comparison for the related number pair is true, otherwise O as it is
shown in Figure 6. These bit patterns can be used for bit masking.

XMMO | 53.0 -4.2

XMMO > XMM1
XMM1 1.0 20

<&
XMMO |111...1(000...0

Figure 6
The compare instruction of the SSE2 instruction set

Figures 7 and 8 show the flowchart of the SSE2 implementations of our stable add
operations with relative and absolute tolerances. The algorithms add two number
pairs loaded to registers XMMO and XMM 1. The final result is placed in XMM?2.

The implementations have two main phases: initialization, and process. We prepare
some registers to store the value of A (XMM7), &, (XMM4), &, (XMM6) and the
absolute value mask (XMMS). In the process phase we perform the stable add
operations for the successive number pairs, without modifying registers XMM4-
XMMY7. Figures 7 and 8 show only one iteration in the processing phase. One
iteration of the absolute tolerance version stable adder performs 6 steps:

1.

Multiply XMM1 and XMM7, store the result in XMM1, XMM1 will store
Ab;.

. Add XMM1 to XMMO, so XMMO stores ¢ = a; + Ab;.

. Move XMMO to XMM?2. We have to store the original value of c, in order to

use its absolute value in later steps.

. Bitwise AND between XMM2 and XMMS5, store the result in XMM2. There-

fore XMM2 stores |c|.

. Now we have to compare |c| and &,. If |c| < &, then the CPU sets the bits of

the corresponding floating point number in XMM?2, otherwise clears them.

. Bitwise AND between XMM2 and XMMO. After this step, if |c| < &, then

XMM2 stores zero, because of the cleared bit mask in XMMO, otherwise
XMM2 stores c.

The stable add operation that uses relative tolerance performs 9 steps in one itera-

tion:

1.

Multiply XMM1 and XMM7, store the result in XMM1, XMM1 will store
Ab;.

. Move XMMO to XMM?2. We have to store the original value of a; and Ab;, in

order to use their absolute value in the later steps.

. Add XMM1 to XMM2, so XMM1 stores ¢ = a; + Ab;.
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4. Move XMM2 to XMM3, because we will use the absolute value of ¢ in the
next steps, but we will need the original value of ¢ as well.

5. Bitwise AND between XMM3 and XMMS5, store the result in XMM3. There-
fore XMM3 stores |c|.

6. Bitwise AND between XMMO and XMM5, XMMO stores |a;].

7. Multiply XMMO and XMM4, and store the result in XMMO0, so XMMO stores
|Cl,'|8r.

8. Now we have to compare |a;|€, and |c|. If |a;|€, < |c|, then the CPU sets the
bits of the corresponding floating point number in XMMO, otherwise clears
them.

9. Bitwise AND between XMM2 and XMMO. After this step, if |a;|€, > |c| then
XMM2 stores zero, because of the cleared bit mask in XMMO.

Each operation above belongs to exactly one SSE2 or AVX instruction, so the reader
can easily reproduce our results. These implementations use several additional op-
erations on top of the one addition and multiplication, so they have an overhead
compared to the naive implementation. They use some additional bit masking steps,
because the Intel’s SIMD instruction sets have no absolute value operations. How-
ever, we can obtain the absolute value of a floating point number by clearing the sign
bit. Therefore, we have to apply a bit masking technique to get the absolute values,
as in the steps 5-7, in relative tolerance adder, and step 4 in absolute tolerance adder.

However, SSE2 performs every instruction between two number pairs in parallel,
so this overhead is not significant. Moreover, AVX can execute the instructions be-
tween 4 number pairs, consequently, the overhead will be even lower. In order to
improve the speed of the algorithms, our implementations utilize the two memory
ports mentioned in Section 3: While one number pair is being processed, the next
pair is loaded to other unused registers, so the delay of memory operations is de-
creased. This technique is used in our dot-product implementations. In the future,
AVX-512 processors will further increase the performance.

We modified the above relative tolerance adder procedure to implement Orchard-
Hays’s method. After step 6, two additional steps are inserted:

1. Bitwise AND between XMM1 and XMMS35, XMM 1 stores |1 b;]|.

2. Use MAX operation between XMMO and XMM 1, XMMO stores max{|a;|, |Ab;|}.
S5 Vector dot-product

The dot-product between two n dimensional vectors a and b is defined as:

n
aTb = Z a,'b,'.
i=1
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XMM1 XMM7
b,

| »>< Multiply >«
1
XMM1

: [
> Add N XMMO

XMMO
ai
XMM5
ABS MASK
XMM2
MASK
5
XM£A4 XMM2 < XMM4,
a y
And
XMM2 6
c=a+Abor0
RESULT

Figure 7
Flow chart of the stable add implementation, using absolute tolerance. Arrow numbers show the order
of the operations.

Figure 9 shows the pseudo code of its naive implementation. The problem is that
the add operation in line 3 can cause a cancelation error.

This error can be greatly reduced by using a pos and a neg auxiliary variables as
introduced by Maros and Mészéros in 1995 [17]. Positive (negative) products accu-
mulate in variable pos (neg). Finally, the result is the sum of pos and neg as shown
in Figure 10. This final add is a stable add operation introduced in Section 4.

The conditional jump in line 5 breaks the pipeline mechanism and the execution
slows down accordingly. We have developed a solution for C/C++ programs, where
the conditional jump can be avoided and substituted by pointer arithmetic. This
method can be used if the later introduced SIMD based methods are not available,
for example the AVX is disabled by the operating system. The elements of an array
are stored in adjacent memory addresses. If a pointer is increased by 1 in C/C++, it
will refer to the next object. The most significant bit in the bit pattern of a double
type variable stores the sign bit. If this bit is 1, the number is negative, otherwise
it is positive. The conditional jump free implementation uses a double type array,
where the first element stores the positive, the second one stores the negative sums.
The current product is added to one of these elements. The address of the current
sum variable is obtained by a C/C++ expression: The address of the array is shifted
by the product’s sign bit, as Figure 11 shows.
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XMMO
ai
e XMM5 R
ABS MASK
5
XMM3
|c| = |a+Ab |
6 XMM4
Y
y
7 And
XMMO »< Multiply >
XMM2
c=a+Abor0
RESULT

Figure 8
Flow chart of the stable add implementation, using relative tolerance. Arrow numbers show the order of
the operations.

Input: a,b
Output: dp

1. dp:=0

2. fori:=1ton

3: dp :=dp+a;b;

4. end

Figure 9
Naive dot-product

SIMD dot-product

The SIMD version of the dot product uses similar techniques introduced in Section
4.1. This implementation also has two phases, initialization and processing. We
use XMM1 to store the negative products, XMM?2 stores the positive products, and
XMM4 contains zero for the comparison.

In the first step the product is loaded into XMMO. Of course, the multiplication
can be supported by SSE2. The separation of positive and negative products can be
implemented in 7 steps:
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Input: a,b
Output: dp

1. dp:=0

2. pos:=0

3: neg:=0

4 fori:=1ton

5:

if a;b; < 0 then

6: neg := neg + a;b;
7: else
8: pos := pos + a;b;
9: end
10: end
11: dp := StableAdd(pos,neg)

Figure 10

Stable dot-product, where StableAdd is an implementation of the addition, which can use tolerances

7.

. In order to keep the value of the product a;b;, we save the content of XMMO

to XMMS.

. Move the content of XMMO to XMM3, in order to perform the comparison

between zero and the product.

. Compare XMM3 with XMM4, if a;b; < 0, then the CPU sets the bits of the

corresponding floating point number in XMM3, otherwise clears them.

. Bitwise AND between XMMS5 and XMM3. If a;b; < 0, then XMMS stores

a;b;, otherwise zero.

. Add XMMS to XMM, i.e if a;b; < 0, then we add this negative value to

XMM1, otherwise we add zero.

. Bitwise AND between the inverse of XMM3 and XMMO. If a;b; > 0, then

XMM3 stores a;b;, otherwise zero.

Add the content of XMM3 to XMM?2, that is we update the positive sum.

Similarly to the SIMD accelerated vector addition, this dot product algorithm can be
improved using AVX. The stable dot product uses fewer instructions than the stable
add, so the performance of this implementation is better, as we will see in Section 6.

6 Computational experiments

In this section some benchmarking results are presented. The tests were performed
on a computer with the following parameters:

e CPU: Intel(R) Core(TM) i5-3210M CPU @ 2.50GHz
e Level 1 cache: 32 Kbyte
e Level 2 cache: 256 Kbyte
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| Base address | prod

®

’_i_‘

| Positive sum | Negative sum

union Number {

double num;

unsigned long long int bits;

} number;
double negpos[2] = {0.0, 0.0%};
[...]
const double prod = a * b;
number .num = prod;
*(negpos + (number.bits >> 63)) += prod;

Figure 11
Handling positive and negative sums with pointer arithmetic without branching, where S is the sign bit,
M is the significand and E is the exponent

e Level 3 cache: 3072 Kbyte

e Memory: 8 Gbyte

Operating system: Debian 8, 64 bit
o Window manager: IceWM

The 15-3210M CPU has three cache levels. Intel processors have an inclusive cache
architecture. It means that the higher level caches include the lower levels, so the
test CPU has 3 Mbyte cache in total. Moreover, this CPU has two cores, where the
L1 and L2 caches are unique in each core. However, the cores share the L3 cache,
so it can happen that more than one process uses the L3 cache [18].

Our SSE2 and AVX implementations are written in assembly and compiled by
NASM, version 2.11.08. In our C language implementations we used C++11 for
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XMMO
ab,
I
1 2
XMM5 XMM3 XMM4
ab, ai,b. 0

_ XMM3 ]
And < MASK
4 XMM3
Ab.or 0
XMM5 XMM1 [
> Add < -
Ab,or 0 Negative sum
5
XMM1 XMM2
Negative sum Positive sum ;
XMM2
Positive sum

Figure 12
Flow chart of the stable dot product implementation. Arrow numbers show the order of the operations.

the benchmarking software, and the non-SIMD algorithm versions. The C++ com-
piler was gcc 4.9.2.

We have performed 80 measurements with different sizes of test vectors. In the se-
quel, s; (0 <i < 80) denotes the size of one vector in the ith test. In the first test, the
size of a vector is 1000 elements (so = 1000). The vector sizes grew exponentially:
si = [1000 % 1.17], thus the largest vector size is 1862182 elements. Since one ele-
ment is 8 bytes long, the smallest vector needs 8000 bytes, while the largest is 14.2
Mbytes long.

6.1 Vector addition

Each test was repeated 5000 times, and the execution time was measured. Based on
the vector lengths and the execution time, the performance was calculated in num-
ber of FLOPS (Floating-point Operations Per Second). We have counted only the
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effective floating point operations, i.e. the multiplication by A and the addition. The
number of effective floating point operations expresses how long input vectors can
be processed by the current implementation. If an implementation uses additional
auxiliary floating point operations (like multiplying by a ratio), that operations do
not count.

The input vectors were randomly generated. If we add two numbers, then we have
two cases: (1) The result is stable, so we keep it, (2) or the result violates a tolerance,
so it is set to zero. Hence we have generated the input vectors in such a way that the
likelihood for setting the result to zero is 1/2. This method moderately supports the
efficiency of the CPU’s branching prediction mechanism. Moreover, if it is required
to set zero half of the results, it ensures that the non-vectorized implementations
have to execute all of their branches.

We have to distinguish two cases of the vector addition operation:
1. ¢ =a+ Ab, three vectors case
2. a:=a+ Ab, two vectors case

where the memory areas of the vectors a, b and c¢ are different. Since these cases
use the memory in different ways we have tested them for every implementation.

6.1.1 Results for three vectors

If three different memory areas are used with cache, the cache is divided into 3 par-
titions, so the performance is decreased. However, if non-temporal memory writing
is used, then larger vectors can be placed in the cache. Moreover, if the larger cache
is still tight the non-temporal writing saves unnecessary memory operations. There-
fore, this writing mode is recommended for large vectors. Figure 13 shows the
results for the unstable implementations. It can be seen that the AVX is the best al-
ternative, because it can perform four floating point operations per CPU cycle. The
performance decreases if the vectors grow out of the available cache sizes. Since
the L3 cache is shared among the cores, our process cannot use the whole cache,
so the efficiency decreases sooner as the total vector sizes exceed the size of larger
caches.

If the vectors are too large, the non-temporal SSE2 and AVX implementations have
the same performance because they execute quick calculating operations, but the
speed of memory operations is much slower than a floating-point operation. This
holds for the cache writing implementations too, but their performance is the half of
that of the non-temporal versions, because they use slower memory operations.

Figure 14 shows the results for the stable add implementations, where relative tol-
erance is used. Since more operations are used for one stable add step, the perfor-
mance is lower than in the unstable case. If the vectors are larger then the non-
temporal writing version with AVX is a little faster than the non-temporal SSE2
because the AVX instructions have to wait fewer times to read data from memory.
While the 9 steps of the stable add are executed the CPU can read the next data into
the cache.
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Figure 13
Performances of the unstable add vector implementations for three vectors
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Figure 14
Performances of the stable add vector implementations, using relative tolerance, for three vectors

As Figure 15 shows, the performance of the absolute tolerance versions has a similar
behavior to the unstable implementations but, of course, in this case the performance
is lower.

6.1.2 Results for two vectors

If two vectors are used and one of them is the result the cache line of the cur-
rent result memory area is in the cache. This involves that there is no additional
communication between the cache and the memory, so the performance increases.
Obviously, bypassing the cache is not unprofitable in this case, as Figures 16, 17,
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Performances of the stable add vector implementations, using absolute tolerance, for three vectors

and 18 show. If the cache is not bypassed, the overall performance is better than in
the three vectors case.
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Figure 16
Performances of the unstable add vector implementations for two vectors

6.1.3 Orchard-Hays’s relative tolerance method

Since SSE2 and AVX have a MAX operation which selects the maximum of two
numbers, Orchard-Hays’s relative tolerance test can be implemented on Intel’s SIMD
architecture. As mentioned in subsection 4.1 two additional operations are inserted
into the assembly code; the max selector and an absolute value operation. The
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Performances of the stable add vector implementations, using relative tolerances for two vectors
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Performances of the stable add vector implementations, using absolute tolerance, for two vectors

modified implementation uses 11 instructions, where the max operation requires
significant amount of execution time, as Figures 19-22 show. There were 800 mea-
surement points that compare Orchard-Hays’s and our method. In 607 cases, our
algorithm is the fastest, the highest speedup ratio was 1.245 in the 3 vector SSE2
test, using cache. Our method behaved worse in the remaining 193 test points, the
worst ratio was 0.905 in the 3 vector, AVX, and cache-free case. We mention that
this is a very extreme case, in most of the cases, if our approach is worse, the ratio
moves around 0.98. However, as we saw, a simple policy can be constructed: De-
pending on the vector’s size, and numbers (2 or 3 vectors), we can choose between
the cache and cache-free implementations. We can avoid most of the situations,
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when our method’s performance is lower than the original.
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Performance comparison of our stable add implementations and the method of Orchard-Hays, with SSE2,
using relative tolerance, for three vectors
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Figure 20
Performance comparison of our stable add implementations and the method of Orchard-Hays, with AVX,
using relative tolerance, for three vectors

6.2 Dot-product

The dot product requires only two vectors and the result is a scalar value. Since,
in general, the input vectors have much more than one element, writing time of
the result to the memory is irrelevant. The stable AVX implementation uses only
7 instructions in addition to the loading, multiplying, and add operations, so its
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Performance comparison of our stable add implementations and the method of Orchard-Hays, with SSE2,
using relative tolerance, for two vectors
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Performance comparison of our stable add implementations and the method of Orchard-Hays, with AVX,
using relative tolerance, for two vectors

performance is better than the stable add. As Figure 23 shows, the performance
of stable AVX dot product is close to the unstable AVX version. The stable SSE2
requires more cycles, so the performance is considerably lower than the unstable
SSE2 version. The figure shows that if there is no SIMD support, the branching-
free techniques can be very useful if the input vectors are sufficiently large.
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Figure 23
Performances of the dot product implementations

7 Conclusions

As the performance tests prove, our simplified stable add method is faster than
Orchard-Hays’s method. The applicability of our method is also tested by our
simplex method implementation; the test problems of NETLIB were successfully
solved. It is clear that our pointer arithmetic based stable dot-product implemen-
tation is much more efficient than the conditional branching version if the input
vectors are sufficiently large. Moreover, the tests show that using Intel’s SIMD in-
struction sets provides strong tools in order to implement the stable algorithms in an
efficient way.

Modern Intel CPUs have at least two memory ports. So, while the next data set
is loading from the memory, the CPU can execute complex computations on the
previous set. This is why the AVX is so efficient in high performance stable com-
putations.
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