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Abstract: In this paper we present the mathematical analysis of engagement of technicians 
in the teaching (educational) process on the faculty. The technicians receive the requests 
from professors and assistants. In the case that all technicians are busy in the moment of 
generating a new request, some of the assistants take over processing of the request. We 
analyse the probability of unwanted states, i.e. the states when it was necessary to engage 
the assistants on processing the request, which could have been processed by the 
technicians, if they had been free. The number of engaged technicians is determined in such 
a way that the probability of these unwanted states is satisfactorily small, i.e. that these 
states take available assistants’ time in reasonable limits. 
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1 Introduction 

Modern technology progress affects all aspects of human life. Among others, this 
progress is also visible in the faculty teaching (educational) process, where the 
efforts are made to implement modern methods of students’ learning and testing 
[1]. Besides this, the great attention is devoted to the quality of faculty staff [2] 
and, indirectly, to the teaching quality. The quality of teaching process is not 
based only on the quality of teaching staff (professors and assistants), but also on 
the quality of the technicians support. 
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Practical preparation and realization of the teaching process on many faculties is 
connected with engagement of technicians, who achieve contacts with students 
and prepare the necessary material for the teaching process. Technicians receive 
requests from professors, but also from assistants. Their engagement represents 
random process from the aspect of the requests, which they receive from 
professors and assistants, and from the aspect of necessary engagement time for 
each request. There are situations when all available technicians are engaged and 
the new request, which is generated in that moment, could not be processed 
(serviced). In such a situation it is possible that some assistant assumes execution 
of the request, which would have been done by the technician, if some technician 
had been free. This situation is not desirable, because it occupies the available 
time of the assistant, instead of using this time for assistant’s main activity. But, if 
it doesn’t happen too often, it can be reasonable and may be allowed to complete 
the necessary requests in time, instead of engaging new technicians. The analysis 
of the need for employing new technicians depends on the acceptable probability 
level that the assistants are engaged on processing (servicing) the requests. 

In this paper we present mathematical model of teaching realization on the faculty. 
In the practice professors and assistants generate requests, which technicians 
process, and in the case that all technicians are busy, assistants take over the 
execution of these requests. 

2 Theoretical Base 

Queueing systems are often analyzed in literature [3], [4]. There are many 
contributions considering these systems. One interesting survey of different 
queueing systems is presented in [5]. The procedure of system defining in one 
specific case is presented in [6]. 

Queueing systems are described and analyzed using system states, which can be 
defined by the number of requests in the system, number of users, who generate 
requests in system, or the number of processing channels. The system, defined in 
one of these three ways, can be, for example, in some state i, which is designated 
as {i}. 

Let us consider the part of one system, presented in Figure 1, which consists of 
three states. In some moment t the system is in state {i-1}, or in state {i}, or in 
state {i+1}. Let us consider only the events connected with the state {i}. During 
the time Δt (i.e. during the time interval t – (t+Δt)) the following events are 
possible: 

- system is in moment t in state {i-1}; during the time interval Δt system passes 
into state {i}; the probability of this event can be expressed as λi-1·Δt, where 
λi-1 is the arrival rate of new requests (intensity of new requests generation) in 
state {i-1}; 
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- system is in moment t in state {i}; during the time interval Δt system passes 
into state {i+1}; the probability of this event can be expressed as λi·Δt;  

- in the moment t system is in state {i} and during the time interval Δt passes 
into the state {i-1}; the probability of this event is μi·Δt, where μi is the service 
rate (intensity of processing the requests) in state {i};  

- in the moment t system was in state {i}, and after time interval Δt remains in 
the same state; the probability of this event is 1-λ·Δt-μi·Δt; 

- in the moment t system is in state {i+1} and during the time interval Δt passes 
into the state {i}; the probability of this event is μi+1·Δt. 

 

Figure 1 

Diagram of possible states and possible transitions in the system 

Let Pi-1(t), Pi(t) and Pi+1(t) present the probability that the system is in state {i-1}, 
{i} and {i+1}, respectively. The probability that the system is in moment t+Δt in 
the state {i} can be expressed as: 

1 1 1 1( ) ( ) (1 ) ( ) ( )                   i i i i i i i iP t t P t t t P t t P t t  (1) 

In the limiting case, when Δt→0, we obtain the differential equation: 

1 1 1 1
( )

( ) ( ) ( ) ( )             i
i i i i i i i

dP t
P t P t P t

dt
     (2) 

The equations of this kind can be written for all possible states {i} of the system, 
or in a matrix form: 

( )
( ) P

P A
d t

t
dt

         (3) 

where P(t) is the vector of state probabilities, and A is the matrix of transition 
intensities between the system states. In matrix A the elements on the diagonal 
represent the intensities of „outgoing“ from the corresponding state, and are taken 
with the sign „-“. The other elements in the matrix represent the intensities of 
„incoming“ to the corresponding state, and are taken with the sign „+“. 

After the sufficiently long period of time (i.e. when t→∞), the probabilities of 
system states tend to stationary values, i.e.: 

( )
0Pd t

dt
         (4) 
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According to (3) and (4), the system of differential equations becomes the system 
of linear equations: 

 0 P A          (5) 

The additional equation, which is necessary to solve this system of linear 
equations, is: 

1 iP          (6) 

where iP  includes probabilities of all possible states of the analyzed system. 

3 Analytical Model 

Let us analyse, in general case, one system, presented in Figure 2. The main 
parameters of this system are: 

- k – number of professors, who generate requests in the system; 

- m – number of assistants, who generate requests and, if necessary, process 
generated request; 

- n – number of technicians, who process generated requests; 

-  λ – mean arrival rate expressed as number of arrivals in one second (s-1), 
i.e. mean intensity of requests generation by each professor and each 
assistant; 

- μa – mean assistants’ service rate in s-1, i.e. mean intensity of requests 
processing by each assistant; 

- μt – mean technicians’ service rate in s-1, i.e. mean intensity of requests 
processing by each technician. 

In this system {i,j} presents the state where requests are processed by i assistants 
and j technicians (for example, the state {1,2} is the state where requests are 
processed by 1 assistant and 2 technicians). 

Let us now analyse only one state {i,j} (again {1,2}), Figure 2. In this state the 
new request may be generated by k professors and m-1 assistants. When this new 
request is generated (with total intensity (k+m-1)·λ), the system passes to the state 
{1,3}. 

We can come to state {1,2} from the state {1,1} in such a way that, also, k 
professors and m-1 assistants generate new request with the intensity (k+m-1)·λ. 

The state {1,2} is left when the processing of some request is finished. If an 
assistant finishes the processing, the system passes to the state {0,2} (the intensity 
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of this event is μa). If one of two active technicians finishes the processing, the 
system passes to the state {1,1} (the intensity of this event is 2·μt). 

. .
 .

. .
 .

. .
 .

. .
 .

 
Figure 2 

The model of teaching process on the faculty with k professors, m assistants and n technicians 

We can come to the state {1,2} from the state {1,3} in such a way that one of 
three active technicians finishes processing of the request (this happens with the 
intensity 3·μt), or from the state {2,2} in such a way that one of two assistants, 
who processes the request, finishes the processing of his request (this happens 
with the intensity 2·μa). 

The desirable states in the system are the ones, when assistants are not engaged on 
the processing of the requests, but the technicians succeed to process all requests, 
and the assistants have time for more important jobs. The result of these jobs is, 
among others, the generation of new requests. The undesirable states are the ones, 
when the assistants are engaged on the processing of the requests. The especially 
undesirable states are the ones, when the assistants are engaged on processing the 
requests, although one or more technicians are not engaged. The system can come 
to these states when we do not use the principle that free technicians take over the 
processing of the requests, which assistants started to process. 

Let pij presents the probability of state {i,j}, i.e. the probability of the state in 
which i assistants and j technicians are processing the requests. The probability of 
undesirable states (i.e. states when assistants are engaged on the processing of 
requests) can be calculated according to the formula: 
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The probability of especially undesirable states (i.e. states when assistants are 
engaged on the processing of requests, although there are free technicians) can be 
calculated using the formula: 

0
0 1

1
n m

uft j in
j i

p p p
 

           (8) 

Table 1 presents the matrix of the transition intensities between the states of the 
system from Figure 2. When considering one transition, the initial state is read in 
the first column of the Table 1, and the final state is read in the first row of the 
Table 1. 

4 Results of the Analysis 

On the basis of the theoretical presentation from previous section, we shall analyse 
the system with the following characteristics: 

- there are two professors in the system and they generate the requests; 

- there is one technician in the system, who is engaged on processing the 
requests; 

- there are 4 assistants in the system, and they can generate requests, and, if 
necessary, they can also process the requests; 

- technician processes the requests with the mean intensity μt; 

- assistants process the requests with the mean intensity μa;  

- professors and assistants generate requests with the mean intensity λ; 

- if some assistant is engaged on processing the request, he can not generate 
the requests; 

- {i,j} is the state of the system when there are i technicians and j assistants, 
who are processing the requests; 

- technician is the first to process the requests; 

- if the technician is already occupied processing the request, assistants take 
over processing the new request. 
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Table 1 

Matrix of the transition intensities between the states of the system with n technicians 

 

Figure 3 presents the model, which illustrates the example where one technician 
processes the requests, and the matrix of the transition probabilities in that case is 
presented in Table 2. 
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Figure 3 

The model of the analyzed system with two professors, four assistants and one technician 

Table 2 
Matrix of the transition intensities between the states of the system with one technician 

 00 01 10 11 20 21 30 31 40 41 

00 -6·λ μt μa 0 0 0 0 0 0 0 

01 6·λ -6·λ-μt 0 μa 0 0 0 0 0 0 

10 0 0 -5·λ-μa μt 2·μa 0 0 0 0 0 

11 0 6·λ 5·λ 
-5·λ-μt-
μa 

0 2·μa 0 0 0 0 

20 0 0 0 0 -4·λ-2·μa μt 3·μa 0 0 0 

21 0 0 0 5·λ 4·λ -4·λ-μt-2·μa 0 3·μa 0 0 

30 0 0 0 0 0 0 -3·λ-3·μa μt 4·μa 0 

31 0 0 0 0 0 4·λ 3·λ -3·λ-3·μa-μt 0 4·μa 

40 0 0 0 0 0 0 0 0 -2·λ-4·μa μt 

41 0 0 0 0 0 0 0 3·λ 2·λ -4·μa-μt 

According to Figure 3, the desirable states in this system are {0,0} and {0,1}. All 
other states are undesirable, and the probability of this situation (pu) can be 
calculated using the formula (7). 

Figure 4 presents the probabilities pu for the analyzed system with one technician. 
The probabilities of these states are read on y axis, and the intensity μt is read on 
the x axis. The parameter for the presented curves is intensity μa (μa ranges from 1 
to 5). The curves are presented for two values of intensities of requests generation: 
λ=0.1 and λ=0.5. 
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Figure 4 

Probabilities of undesirable states in the system with one technician, in which assistants must be 

engaged on processing the requests 

In the system, which is here analyzed, the states {1,0}, {2,0}, {3,0} and {4,0} are 
especially undesirable. The probability of such a state (puft), in which the assistants 
are engaged on the processing of the requests, and the technician is free, can be 
calculated using the formula (8). 

Figure 5 presents the probability of especially undesirable state puft in the system 
with one technician. 
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Figure 5 

Probabilities of especially undesirable states in the system with one technician 

We shall compare the presented results for the system with one technician to the 
results for the system of the same type, with the only difference that two 
technicians are engaged on the processing of the requests. 
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Figure 6 

The model of the analyzed system with two professors, four assistants and two technicians 

Figure 6 presents the model, which illustrates the analyzed example, where two 
technicians process the requests, and the matrix of transition probabilities in that 
case is presented in Table 3. 

According to Figure 6, in the system, which is analyzed, the desirable states are 
{0,0}, {0,1} and {0,2}. All other states are undesirable, and the probability of 
such a situation (pu) is calculated, again, using the formula (7). 

Figure 7 presents the probabilities pu for the analyzed system with two 
technicians. 

The probability of especially undesirable state (puft), in which the assistants are 
engaged on the processing of requests although one or both technicians are free, is 
calculated using formula (8). 

Figure 8 presents the probability puft in the system with two technicians. 
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Table 3 

Matrix of the transition intensities between the states of the system with two technicians 
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Figure 7 

The probability of undesirable states in the system with two technicians, in which assistants must be 

engaged on processing the requests 
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Figure 8 

The probabilities of especially undesirable states in the system with two technicians 
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5 Analysis of the Calculated Results 

Comparing the probabilities of assistants’ engagement in the cases when there is 
one and when there are two technicians in the system, we can say that it is 
possible to reduce the probability of assistants’ engagement more than twice when 
there are two technicians in the system instead of one technician, although the 
intensity of processing the requests is the same in both cases. For example, if 
λ=0.1, μt=1, μa=1, the probability of assistants’ engagement is 0.18 when there is 
one technician in the system (Figure 4), and 0.052 when there are two technicians 
in the system (Figure 7). This is much better than in the case when the technician 
processes the requests two times faster (μt=2), and the assistants continue to 
process the requests with the same intensity (μa=1), because in that case the 
probability of assistants’ engagement on processing requests is 0.12 (Figure 4). 

Similar results are obtained comparing the probabilities of especially undesirable 
states, in which assistants are engaged on the processing of requests, although 
there are free technicians. For example, if λ=0.1, μt=1, μa=1 the probability of 
these, especially undesirable states is 0.077 when there is one technician in the 
system (Figure 5), and 0.033 when there are two technicians in the system (Figure 
8). This is much better than in the case when the technician processes the requests 
two times faster (μt=2), and the assistants continue to process the requests with the 
same intensity (μa=1), because in that case the probability of especially 
undesirable states is 0.07 (Figure 5). 

If it is λ=0.5 and μt<3 in the case of one technician, or μt<1.5 in the case of two 
technicians, system functions in the state where the traffic of generated requests is 
greater than the traffic, which can be processed by the technicians, i.e.: 

( )
1

t

k m

n




 



        (9) 

The state, when the condition expressed by formula (9) is satisfied, is known in 
the theory as the state when the system is unstable. 

The graphs of especially undesirable states in the case that λ=0.5 have, seemingly, 
illogical shape, because the graphs are growing functions (i.e., when the 
technicians process the request faster, the probability of especially undesirable 
states increases). If the system functions in these conditions, it is not dimensioned 
well, i.e. it is necessary to avoid system operation in the state where total intensity 
of requests generation is greater than total intensity of technicians’ processing of 
the requests. 

Conclusion 

In this paper we present the method for determination of required number of 
technicians for the teaching process implementation on the faculty. The 
technicians are engaged on the processing of the professors’ and assistants’ 
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requests. If in the moment of generating the new request there are no free 
technicians, processing of the request takes over one of the assistants. It is 
important that such an event is as rare as possible, because in that case assistant 
can’t do his regular job. On the other hand, if there are too many technicians, they 
are not adequately engaged on their job, i.e. they will have free time. The required 
number of technicians is situated between these two extreme cases. This required 
number of technicians can be determined depending on the allowed level of 
assistants’ engagement for processing the requests (which also could have been 
done by the technicians, if they had been free). 
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