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Abstract: The aim of this paper is to present an approach for transforming Petri nets into 

corresponding algebraic specifications. Some limitations were discovered in our previously 

published method, so it was decided to employ a new approach herein. The approach, based 

on processes with data, transforms P/T nets into specifications in the mCRL2 process 

language. To underline the motivation, a brief discussion of the limitations from the previous 

approach is provided. Further within the paper, we define the mCRL2 algebraic semantics 

for P/T nets and provide a sketch of the proof. The proposed ideas were implemented in a 

software tool, to further enhance the potential for practical applications. Illustrative 

examples are provided to demonstrate the applied utilization of the proposed approach. 
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1 Introduction 

Formal methods are mathematically-based techniques for a systematic 

specification, development, and analysis of systems. When formal methods are 

applied to the design and analysis of complex systems, utilization of multiple 

methods and corresponding verification techniques can be very useful. The reasons 

may include the suitability of particular formalism for the design of a given 

component of the system, or designer's interest in exploring specific system 

properties, or to manage the complexity of the considered system [1]. The 

importance of the formal methods integration is also underlined by the existence of 

successful conference series on integrated formal methods (iFM). The series is 

devoted to research of hybrid approaches to formal modeling and analysis based on 

combination of methods for system development [2]. 

The work presented within this paper is focused on combining Petri nets and process 

algebra. There has been many attempts to combine Petri nets and process algebra in 

the past, aiming for better exploitation of their particular advantages in modeling 

and analysis of systems [6][18]. Petri nets are widely adopted formal method for 

modeling and analysis of many types of systems. Their intuitive graphical 

representation can be very useful in the process of modeling and many available 
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techniques for examination of structural and behavioral properties are highly 

appreciated in the process of analysis [11]. Process algebra [3] is a symbolic 

formalism. Process algebraic specifications usually have no explicit representation 

of states and are more targeted on description of dynamic behavior of systems. 

Techniques of analysis available here are especially competent at comparing 

behavioral descriptions of concurrent systems. Such comparison can be done e.g. in 

the process of verification, whether the implementation of the system satisfies its 

(higher-level) specification [7]. In addition to the distinctions given above, the 

de/composition of specifications in the case of process algebra is much more natural 

as it is in the case of Petri nets. Therefore, Petri nets and process algebra can be 

considered complementary in several aspects, so there is a great potential for their 

combination. Formal methods integration approaches described in this paper are 

based on the transformations of Petri nets to corresponding algebraic specifications. 

Within this paper two such approaches are described. First, is intended as an 

extension of our previously published approach [24], transforming ordinary Petri 

nets to corresponding PSF (Process Specification Formalism) specifications. In 

order to support some useful modeling capabilities of P/T nets, we defined some 

extensions and implemented them in our software tool. But within a testing stage 

we found a possibility of inconsistency in the behavior of the transformed system 

in some specific scenarios. Since we had no simple solution to this phenomenon, 

this line of research has been postponed and we concentrated more on the new 

approach. The second of the two approaches is based on processes with data and 

transforms (P/T) Petri nets to more recent mCRL2 language. 

2 Related Work and Motivation 

An active research has been performed in the field of combining Petri nets and 

process algebra in the recent years. In [18] a CCS-like calculus named Multi-CCS 

is presented. The calculus is equipped with a labeled transition system semantics 

and a P/T Petri net semantics using a novel approach. A class of Multi-CCS 

processes (well-formed finite-net Multi-CCS processes) are able to represent all 

finite, statically reduced P/T Petri nets [18]. A framework is presented in [6], where 

a net encoding can be constructed uniformly for calculi with different 

communication patterns. The encoding preserves several behavioral semantics. In 

[29] a novel compositional algebra of Petri nets is introduced. More technically, it 

is a compositional extension of Condition/Event nets with consume/produce loops. 

A net is associated with interfaces to which its transitions may be connected. 

Composition of such nets is performed by synchronization of transitions. In [4] 

authors illustrate the development of a partial-order process algebra in the style of 

ACP. They present an extension of given algebraic theory with a causality 

mechanism inspired by Petri-net theory. An approach for transforming Petri nets to 

a corresponding provable sequents of linear logic is presented in [23]. The authors 
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focus on modeling synchronization problems of mutual exclusion and deadlock 

within the paper. In addition to the above mentioned, a selection of notable works 

on the given topic would include [10][14][20][22]. 

Several years ago we also developed another transformation [25], which transforms 

a Petri net into an original APC (Algebra of Process Components) specification. 

When compared to our PSF-based transformation [24] it often produces simpler 

algebraic specifications, since APC provides special constructs for modeling the 

synchronization of processes. However, there is currently no tool support for 

analyzing APC specifications, which limits its practical applications. Our 

approaches working in the opposite direction (transforming algebraic specifications 

to Petri nets) are summarized in [27]. Practical applications of the approach may 

include verification of the communication protocols [25]. Properties of the proposed 

transformation approaches are practically examined in [28]. 

Comparing to the state published in [24], we updated our approach transforming 

(ordinary) Petri nets to corresponding algebraic specifications in several ways. 

Firstly, we intended to extend the approach presented in [24] (transforming Petri 

nets to PSF specifications) by incorporating some additional useful modeling 

features of P/T nets, like weights of arcs or place capacities. We incorporated some 

features and implemented them in a software tool (petri2acp), but within an 

extensive testing we found a possibility of inconsistency in the transformation. 

Regardless that fact we provide the basic ideas of this extension in the section 5 of 

the paper. Based on experiences with extending original transformation, we decided 

to employ a new approach, using processes with data. The approach (suggested also 

by J. F. Groote) is simpler compared to the previous one and also provides more 

space for further extensions. So, the main sources of motivation for this work can 

be formulated as follows: 

• Certain inconsistency found in our previous transformation. Based on our 

practical experiments using the PSF Toolkit we have found, that there may 

be certain deviation in behavior described by the original Petri net and the 

corresponding PSF specification. The issue can appear, if multiple 

synchronizing transitions are present in a Petri net. And since we are 

interested in preserving the behavior of the original specification, we decided 

to address this issue. 

• New, practical, solution still needed. Stimulating discussions with J. F. 

Groote, one of co-authors of the mCRL2 Toolset [12], also contributed to 

our belief, there is still a need for new practical solutions in this field. 

• Move to new algebraic language and more powerful toolkit. The output 

format of our previous transformation [24] was PSF [15]. PSF files can be 

further analyzed using the PSF Toolkit, which is still available. We decided 

to use mCRL2 as the output format in order to use more powerful mCRL2 

Toolset [13]. Both specification languages (PSF and mCRL2) are based on 

the same process algebra – ACP (Algebra of Communicating Processes). 
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3 P/T Nets 

In this work, we consider P/T Petri nets according to following definition (with 

weights of arcs, but without place capacities), based on [21], [19]. A P/T Petri net 

is a 5-tuple PN = (P, T, F, W, m0), where: 

 P = {p1, p2, ..., pk} is a finite set of places 

T = {t1, t2, ..., tn} is a finite set of transitions (P ∩ T = ∅ and P   T ≠ ∅) 

F ⊆ {P   T}   {T   P} is a set of arcs 

W: F   {1, 2, 3, ...} is a weight function 

m0: P   {0, 1, 2, 3, ...} is the initial marking 

A Petri net without initial marking is given by N = {P, T, F, W}. A Petri net with 

the specified initial marking m0 is given by N0 = (N, m0) or N0 = {P, T, F, W, m0}. 

In this work, if not given other way, we mean P/T net also by the term Petri net. 

4 Process Algebra ACP 

Process algebra is an algebraic framework for studying the behavior of parallel or 

distributed systems [3]. ACP [8] is one of the most widely-known process algebras, 

together with CCS and CSP. ACP emphasizes the algebraic aspect more than other 

two, it is an equational theory, which can be equipped with a number of semantical 

models. Moreover, the ACP provides a more general scheme of communication 

compared to CCS and CSP [3]. In this work we will use extended version of process 

algebra ACP, the Algebra of Communicating Processes with abstraction (ACPτ) [9]. 

4.1 Syntax 

The signature of ACP contains a set of constant symbols A (atomic actions), partial 

communication function γ on A, a special constant δ (deadlock, δ ∉ A) and several 

operators: + (alternative composition), ⋅ (sequential composition), || (parallel 

composition), ⌊⌊ (left merge), | (communication merge), and ∂H (encapsulation). 

The axiom system of process algebra ACP in style of [8] is given in Table 1. Within 

the table a, b, c denote atomic actions of a finite alphabet, while x, y and z are 

processes. Axioms A1 – A7 represent laws for processes composed using basic 

operators for alternative and sequential composition. Basic properties of 

communication are expressed by axioms C1 – C3 and further specified by the 

axioms CM1 – CM9. The axioms D1 – D4 are connected with the encapsulation 

operator ∂H, which function is to encapsulate a process with respect to actions in 

the set H. 

Further, we will also consider several axioms in addition to those in Table 1. The 

axioms in Table 2 provide the mechanism for hiding internal actions. The constant 
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τ (silent action) is introduced, so Aτ = A   {τ}. The operation τI renames actions 

in I into τ. Here H and I are both subsets of Aτ, such that H ⊆ A and I ⊆ A - {δ}. 

Table 1 

Axioms of process algebra ACP [8] 

x + y = y + x A1 a x ⌊⌊ y = a(x || y) CM3 

(x + y) + z = x + (y + z) A2 (x + y) ⌊⌊ z = x ⌊⌊ z + y ⌊⌊ z CM4 

x + x = x A3 a x | b = (a | b) ⋅ x CM5 

(x + y) ⋅ z = xz + yz A4 a | bx = (a | b) ⋅ x CM6 

(x ⋅ y) ⋅ z = x ⋅ (y ⋅ z) A5 ax | by = (a | b) ⋅ (x || y) CM7 

x + δ = x A6 (x + y) | z = x | z + y | z CM8 

δ ⋅ x = δ A7 x | (y + z) = x | y + x | z CM9 

a | b = b | a C1 ∂H(a) = a if a ∉ H D1 

(a | b) | c = a | (b | c) C2 ∂H(a) = δ if a ∈ H D2 

δ | a = δ C3 ∂H(x + y) = ∂H(x) + ∂H(y) D3 

x || y=x ⌊⌊ y + y ⌊⌊ x + x | y CM1 ∂H(x ⋅ y) = ∂H(x) ⋅ ∂H(y) D4 

a ⌊⌊ x = ax CM2   

Process algebra with axioms from both Table 1 and Table 2 is named ACPτ in [9]. 

For the sake of simplicity, we use the name ACP also for ACPτ within this work. 

Table 2 

Additional axioms of process algebra ACPτ 

xτ = x T1 x | (τy) = x | y TC4 

τx + x= τx T2 ∂H(τ) = τ DT 

a(τx + y) = a(τx + y) + ax T3 τI(τ) = τ TI1 

τ ⌊⌊ x = τx TM1 τI(a) = a if a ∉ I TI2 

(τx) ⌊⌊ y = τ(x || y) TM2 τI(a) = τ if a ∈ I TI3 

τ | x = δ TC1 τI(x + y) = τI(x) + τI(y) TI4 

x | τ = δ TC2 τI(x ⋅ y) = τI(x) ⋅ τI(y) TI5 

(τx) | y = x | y TC3   

4.2 Semantics 

The constants in set A (atomic actions) are considered indivisible actions. The 

process x ⋅ y executes process x first and after it is finished, it starts executing y. The 

process x + y executes either process x or process y. For the parallel composition (x 

|| y) within a process algebra without communication, the actions of x and y are 

arbitrarily interleaved. It is assumed, that the atomic actions have no duration in 

time, and that two actions cannot happen simultaneously [5]. In order to specify the 

merge by finite number of equations, the auxiliary operator ⌊⌊ was introduced. The 
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operator has the same meaning as the operator || with the restriction, that the first 

step to execute must be from the left process (e.g. from x in the case of x ⌊⌊ y). In 

ACP, however, for the merge of two processes x || y there are three possibilities to 

proceed in general (CM1 in Table 1). The process either starts with a first step of x, 

or a first step of y or with a communication between the processes. The 

communication merge (x | y) is the merger of two separate processes, where the first 

step is a communication between the processes. The merge, is an extension of the 

communication function, on atomic actions (γ: A A   A). 

When the communication function is not defined, the communication merge equals 

to δ. In the case, we want to express that some actions cannot happen and should be 

blocked, we can rename them to δ by applying the encapsulation operator ∂H. A 

process ∂H(x) can execute all actions of the process x, except the actions, which 

names are in the set H. An important tool in the analysis of systems is abstraction, 

as the names of internal events can be hidden, so the relationship between externally 

visible events becomes clearer. The hidden action (τ) cannot be observed directly, 

nor communicate with other actions [17]. In order to assign an operational semantics 

to process expressions, we need to determine, which actions a process can perform. 

The fact, that the process t can execute the action a and turn to the process s can be 

denoted by: 𝑡 →
𝑎
𝑠. The symbol √ is used for representing successful termination, 

so expression 𝑡 →
𝑎
√ denotes the fact that t can terminate by executing the action a. 

Definitions of action relations for process algebra ACP can be found in [5]. 

4.3 PSF Language 

PSF is a formal description technique for specification of concurrent systems [16]. 

PSF has been designed for a set of tools to support process algebra ACP. Process 

expressions in PSF can be constructed using atomic actions and operators. Such 

expressions in combination with recursive process definitions can be used to define 

processes. Basic operators on processes include sequential, alternative and parallel 

composition. Communication between parallel processes can be defined using the 

communication function.  The encapsulation operator can be used for renaming 

actions to the constant indicating a deadlock (delta). The hiding operator can be 

used for renaming actions to the constant indicating an internal action (skip). 

4.4 mCRL2 Language and mCRL2 Toolkit 

The mCRL2 language and toolset have been developed in order to support the 

analysis of complex distributed systems. The mCRL2 language consists from three 

parts: a data language, a process language, and a property language [13]. Data and 

transformations on them are described using abstract data types, which allows users 

to create their own data types. There is a built-in support for several data types, like 

booleans, natural numbers, integers and reals. More complex types can be created 
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using type constructors like sets, lists, and functions over any data type. The 

behavior of a system is described by processes. Processes are composed from a set 

of actions and a set of operators on actions and processes. The operators include 

sequential, alternative and parallel composition, multi-action composition and 

abstraction. Primitives for modeling real-time systems are also available. Actions 

can be parametrized by data and conditional process behavior is supported as well. 

The semantics of processes is given using a structural operational semantics, which 

associates a labelled transition system to every expression. High-level properties 

can be expressed using an extension of propositional modal μ-calculus. Least and 

greatest fixpoint operators can be used together with modal operators for describing 

requirements. The mCRL2 toolset consists of several tools for analysis of systems 

specified using the mCRL2 language. The collection of tools is open source and is 

available on most popular operating systems. More details can be found in [12]. 

5 Extending the PSF Semantics for P/T Nets 

In this section we briefly present the ideas of extending our PSF semantics for Petri 

nets. In order to support modeling features of P/T Nets (e.g. arc weights), we made 

several generalizations to the original definition of the semantics [24]. At the 

beginning a special variable (E-variable) for every place of a Petri net is defined 

(e.g. variable E(p) for the place p). A variable is assigned an algebraic term 

expressing all computations starting in the corresponding place. The particular form 

of the term depends on the structure of the Petri net around the place. 

 

 

 

 

 

Figure 1 
Petri nets - basic configurations 

Basic configurations (Figure 1) are extended by considering the weights of arcs. In 

the case a) no arcs are connected to the place p, so no computations are initiated in 

the place and the term δ (deadlock) is assigned to the variable E(p). In the case b), 

if a sufficient number of tokens is ready in the place p, a choice is made and one of 

the transitions t1, ..., tn can fire. In the case c) (general composition), enough tokens 

must be present in all pre-places (p1, ..., pn) of the transition t to enable it for firing. 
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Figure 2 
Three basic compositions as a special cases of the general composition 

The general composition can be perceived as a generalization of three basic types 

of composition [24]: sequential (if n=1 and m=1), parallel (if n=1 and m>1) and 

the synchronization (if n>1 and m=1, Figure 2). The alternative composition, as 

another one of the basic types, was considered above. Now we can proceed to 

construction of process terms representing the possible computations in particular 

situations. 

Definition 1. According to the structure of a Petri net in the neighborhood of the 

considered place, the terms for elementary configurations are defined as follows: 

1. Deadlock (Figure 1 – a)): 𝐸(𝑝) = 𝛿 

2. Generalized sequential composition (Figure 2 – a)): 

𝐸(𝑝) = 𝑡𝑒𝑝𝑝, 𝑤𝑠𝑡 = (𝑡𝑒𝑝𝑠 ∥. . . ∥ 𝑡𝑒𝑝𝑠⏟        
𝑤𝑖

) ⋅ 𝑡 ⋅ (𝐸(𝑞) ∥. . . ∥ 𝐸(𝑞)⏟          
𝑤𝑜

∥ (𝑤𝑠𝑡)) ,

𝛾(𝑡𝑒𝑝𝑠, 𝑡𝑒𝑝𝑝) = 𝑡𝑒𝑝𝑐 , 𝐼 = {𝑡𝑒𝑝𝑐}, 𝐻 = {𝑡𝑒𝑝𝑠, 𝑡𝑒𝑝𝑝}

 

3. Generalized alternative composition (Figure 1 – b)): 

𝐸(𝑝) = 𝑡1𝑒𝑝𝑝+. . . +𝑡𝑛𝑒𝑝𝑝,

𝑤𝑠𝑡1 = (𝑡1𝑒𝑝𝑠 ∥. . . ∥ 𝑡1𝑒𝑝𝑠⏟          
𝑤𝑖1

) ⋅ 𝑡1 ⋅ (𝐸(𝑞1) ∥. . . ∥ 𝐸(𝑞1)⏟            
𝑤𝑜1

∥ (𝑤𝑠𝑡1+. . . +𝑤𝑠𝑡𝑛)) ,

. . .

𝑤𝑠𝑡𝑛 = (𝑡𝑛𝑒𝑝𝑠 ∥. . . ∥ 𝑡𝑛𝑒𝑝𝑠⏟          
𝑤𝑖𝑛

) ⋅ 𝑡𝑛 ⋅ (𝐸(𝑞𝑛) ∥. . . ∥ 𝐸(𝑞𝑛)⏟            
𝑤𝑜𝑛

∥ (𝑤𝑠𝑡1+. . . +𝑤𝑠𝑡𝑛)) ,

𝛾(𝑡1𝑒𝑝𝑠, 𝑡1𝑒𝑝𝑝) = 𝑡1𝑒𝑝𝑐 , . . . , 𝛾(𝑡𝑛𝑒𝑝𝑠, 𝑡𝑛𝑒𝑝𝑝) = 𝑡𝑛𝑒𝑝𝑐 ,

𝐼 = {𝑡1𝑒𝑝𝑐 , … , 𝑡𝑛𝑒𝑝𝑐}, 𝐻 = {𝑡1𝑒𝑝𝑠 , 𝑡1𝑒𝑝𝑝 , . . . , 𝑡𝑛𝑒𝑝𝑠 , 𝑡𝑛𝑒𝑝𝑝}

 

4. Generalized parallel composition (Figure 2 – b)): 

𝐸(𝑝) = 𝑡𝑒𝑝𝑝, 𝛾(𝑡𝑒𝑝𝑠, 𝑡𝑒𝑝𝑝) = 𝑡𝑒𝑝𝑐 , 𝐼 = {𝑡𝑒𝑝𝑐}, 𝐻 = {𝑡𝑒𝑝𝑠, 𝑡𝑒𝑝𝑝} 

𝑤𝑠𝑡 = (𝑡𝑒𝑝𝑠 ∥. . . ∥ 𝑡𝑒𝑝𝑠⏟        
𝑤𝑖

) ⋅ 𝑡 ⋅ (𝐸(𝑞1) ∥. . . ∥ 𝐸(𝑞1)⏟            
𝑤𝑜1

∥. . . ∥ 𝐸(𝑞𝑚) ∥. . . ∥ 𝐸(𝑞𝑚)⏟            
𝑤𝑜𝑚

∥ (𝑤𝑠𝑡))
 

5. Generalized synchronization (Figure 2 – c)): 
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𝐸(𝑝1) = 𝑡𝑒𝑝1𝑝, . . . , 𝐸(𝑝𝑛) = 𝑡𝑒𝑝𝑛𝑝,

𝑤𝑠𝑡 = (𝑡𝑒𝑝1𝑠 ∥. . . ∥ 𝑡𝑒𝑝1𝑠⏟          
𝑤𝑖1

∥. . . ∥ 𝑡𝑒𝑝𝑛𝑠 ∥. . . ∥ 𝑡𝑒𝑝𝑛𝑠⏟          
𝑤𝑖𝑛

) ⋅ 𝑡 ⋅ (𝐸(𝑞) ∥. . . ∥ 𝐸(𝑞)⏟          
𝑤𝑜

∥ (𝑤𝑠𝑡)) ,

𝛾(𝑡𝑒𝑝1𝑠, 𝑡𝑒𝑝1𝑝) = 𝑡𝑒𝑝1𝑐 , . . . , 𝛾(𝑡𝑒𝑝𝑛𝑠, 𝑡𝑒𝑝𝑛𝑝) = 𝑡𝑒𝑝𝑛𝑐 ,

𝐼 = {𝑡𝑒𝑝1𝑐 , . . . , 𝑡𝑒𝑝𝑛𝑐}, 𝐻 = {𝑡𝑒𝑝1𝑠, 𝑡𝑒𝑝1𝑝, . . . , 𝑡𝑒𝑝𝑛𝑠, 𝑡𝑒𝑝𝑛𝑝}

 

6. Composition with transition without post-places (Figure 3 – a)): 

 
𝐸(𝑝) = 𝑡𝑒𝑝𝑝, 𝑤𝑠𝑡 = (𝑡𝑒𝑝𝑠 ∥. . . ∥ 𝑡𝑒𝑝𝑠⏟        

𝑤𝑖

) ⋅ 𝑡 ⋅ (𝑤𝑠𝑡),

𝛾(𝑡𝑒𝑝𝑠, 𝑡𝑒𝑝𝑝) = 𝑡𝑒𝑝𝑐 , 𝐼 = {𝑡𝑒𝑝𝑐}, 𝐻 = {𝑡𝑒𝑝𝑠 , 𝑡𝑒𝑝𝑝}

 

7. Composition with transition without pre-places (Figure 3 – b)): 

𝐸(𝑝) = 𝑡 ⋅ (𝐸(𝑝) ∥ 𝐸(𝑞) ∥. . . ∥ 𝐸(𝑞)⏟          
𝑤𝑜

) 

A concept of synchronizing processes has been used in [24] in order to define the 

PSF semantics for synchronization composition. In this work we use generalized 

compositions, considering also weights of arcs, so the concept is utilized more often. 

This way, we can express in PSF language a P/T Net condition that a transition can 

only fire, when its pre-place holds enough tokens, which is given by the weight of 

the arc connecting them together. For example in the case of generalized sequential 

composition (Figure 2 - a)), a new process wst is defined in a way: 

𝑤𝑠𝑡 = (𝑡𝑒𝑝𝑠 ∥. . . ∥ 𝑡𝑒𝑝𝑠⏟        
𝑤𝑖

) ⋅ 𝑡 ⋅ (𝐸(𝑞) ∥. . . ∥ 𝐸(𝑞)⏟          
𝑤𝑜

∥ (𝑤𝑠𝑡)) 

This ensures, that the synchronization will precede the execution of the action t. To 

achieve the required behavior, E(p) = tepp and the communication function is 

defined: γ(teps,tepp) = tepc. So the actions teps and tepp can communicate together and 

the result will be action tepc. The action is further hidden (renamed to τ, by including 

it to the set of internal actions I) to make the synchronizing actions invisible. A set 

of actions to be encapsulated (renamed to δ) is defined to force the communication 

of teps and tepp actions, instead of their individual execution: H = {teps,tepp}. 

 

 

 

 
 

Figure 3 
Transitions without input/output places 
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In the case, when a transition without pre-places is present within the Petri net 

(Figure 3 - b)), we need to preserve the firing properties of such transition. Since 

the transition can fire infinitely, we propose the solution, where for every such 

transition a new pre-place is created and connected to the transition according to the 

Figure 3 - c). By combining the basic principles introduced so far, we are able to 

construct the corresponding terms for more complicated net structures. 

5.1 Enhanced PSF Semantics for P/T Nets 

Within this subsection we are going to define PSF semantics for P/T nets. 

Definition 2. Let the P/T net be given by the N = (P, T, F, W). The algebraic PSF 

semantics for the P/T net N and the marking m is given by: 

𝐴(𝑁,𝑚) = 𝜏𝐼 (𝜕𝐻 ((𝑤𝑠𝑡1+. . . +𝑤𝑠𝑡𝑠) ∥ 𝐸(𝑝1)
(𝑖1) ∥. . . ∥ 𝐸(𝑝𝑘)

(𝑖𝑘)))              (1) 

Considering the equation 1, E(pj) represents a process term, constructed according 

to the Definition 1. The value ij, given by ij = m(pj) represents the initial marking in 

the place pj, 1 ≤ j ≤ k. By the E(pj)(i) we mean the term E(pj)||…||E(pj), representing 

a multiple (i-times) parallel composition of a process E(pj) itself. Synchronizing 

processes wsti, 1 ≤ i ≤ s, where s is the total number of synchronizing processes in 

the system are composed to the rest of the system. We do not provide the proof of 

correctness of the PSF semantics defined above. It is given here mainly as the 

motivation for defining the new (mCRL2-based) semantics later within this work. 

5.2 PSF Semantics for P/T Nets - Incorrect Behavior 

Incorrect behavior of the generated PSF specification was not easy to spot. It was 

only possible to observe in the special situation with multiple synchronizing 

transitions. To illustrate this kind of behavior, let us consider a simple Petri net as 

depicted in the Figure 4. There are three synchronizing transitions in the net (t0, t1, 

t2) and two places, which are pre-places to more than one transition (p3 and p7). 

 

 

 
Figure 4 

Sample Petri net with multiple synchronizing transitions 

Considering the analysis of given Petri net, places p1, p2 and p5 can be considered 

as counters of firing transitions t0, t1 and t2 respectively. And since there is “enough” 

tokens in the places p0, p4 and p6, we can concentrate on the places p3 and p7. Firing 
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the transition t0 takes one token form p3, similarly firing the transition t2 takes a 

token from p7. However, firing the transition t1 consumes one token from both p3 

and p7. No transition is enabled for firing (deadlock), when both p3 and p7 have no 

tokens. So if m(p3) = 0 and m(p7) = 0, then we can (using P-invariant equations 

generated e.g. by the PIPE tool) derive the following properties: m(p1) = m(p5) and 

m(p2) = 5 – m(p1). The corresponding PSF specification is given in listing below. It 

was generated using the updated transformation, as it is described in section 5. 

process module SYSTINAaltsync04P2A070 
begin 
  atoms 
    t2ep7p,t1ep7c,t2ep6p,t0ep0p,t0ep3s,t0ep3p,t1ep4c,t2ep6s,t2ep7s,t1ep3c,t0ep0s, 
    t1ep4p,t1ep7s,t1ep3p,t0ep3c,t1ep4s,t2ep6c,t1ep7p,t2ep7c,t0,t1ep3s,t0ep0c,t1,t2 
  processes 
    ep0,ep2,ep1,ep4,ep3,ep6,ep5,ep7,wst2,wst1,wst0,Sys 
  sets of atoms 
    H = {t2ep7p,t2ep6p,t0ep0p,t0ep3s,t0ep3p,t2ep6s,t2ep7s,t0ep0s,t1ep4p, 
    t1ep7s,t1ep3p,t1ep4s,t1ep7p,t1ep3s} 
    I = {t1ep7c,t0ep3c,t1ep4c,t2ep6c,t2ep7c,t1ep3c,t0ep0c} 
  communications 
    t0ep3s|t0ep3p = t0ep3c 
    t1ep3s|t1ep3p = t1ep3c 
    t0ep0s|t0ep0p = t0ep0c 
    t2ep7s|t2ep7p = t2ep7c 
    t1ep4s|t1ep4p = t1ep4c 
    t1ep7s|t1ep7p = t1ep7c 
    t2ep6s|t2ep6p = t2ep6c 
  definitions 
    ep5 = delta 
    ep2 = delta 
    ep1 = delta 
    ep4 = t1ep4p 
    ep6 = t2ep6p 
    ep3 = t1ep3p + t0ep3p 
    ep0 = t0ep0p 
    ep7 = t1ep7p + t2ep7p 
    wst1 = (t1ep7s||t1ep4s||t1ep3s) . t1 . (ep2||(wst1+wst2+wst0)) 
    wst2 = (t2ep7s||t2ep6s) . t2 . (ep5||(wst1+wst2+wst0)) 
    wst0 = (t0ep0s||t0ep3s) . t0 . (ep1||(wst1+wst2+wst0)) 
    Sys = hide(I,encaps(H,((wst0+wst1+wst2)||ep4||ep4||ep4||ep4||ep4||ep4 
    ||ep4||ep4||ep4||ep4||ep6||ep6||ep6||ep6||ep6||ep6||ep6||ep6||ep6 
    ||ep6||ep3||ep3||ep3||ep3||ep3||ep0||ep0||ep0||ep0||ep0||ep0||ep0 
    ||ep0||ep0||ep0||ep7||ep7||ep7||ep7||ep7))) 
end SYSTINAaltsync04P2A070 
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a) b) c) 

Figure 5 

PSF Toolkit – simulation 

Simulations of the PSF specification were performed using the PSF Toolkit. Except 

a number of valid runs, like the one in Figure 5, case a), we also observed, time to 

time, some which were not fully consistent with expected behavior. Example of this 

behavior is a premature deadlock (Figure 5, case b)). We observed this kind of 

behavior when we selected “incorrect” internal action, i.e. the one that would lead 

to execute the action which is not enabled for execution (as is the internal action 

t1ep4c in Figure 5, case c) which would lead to situation like in Figure 5, case b)). 

6 mCRL2 Algebraic Semantics for P/T Nets 

In this section a description of the proposed transformation is provided. The main 

idea of the transformation is to define a model (in a form of process specification), 

which would be able to simulate the behavior of the original Petri net. In the model, 

we need a notion of state of the Petri net given by its marking. We also define actions 

(corresponding to the Petri net transitions) with the ability to modify that state 

according to transition firing rules. So the important part is the definition of guards 

specifying conditions, when certain action can be executed. And, after the execution 

of particular action, we need to update the current state in the model appropriately. 

We also defined special data structures (structured sorts) for representing entities 
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like marking and transition vectors. To represent a marking of a Petri net with four 

places (p1, p2, p3, p4), we can use the following mCRL2 definition: 

sort MTup = struct mtuple(p1:Nat, p2:Nat, p3:Nat, p4:Nat); 

Similarly, transition vectors can be represented as follows: 

sort TTup = struct ttuple(mp1:Int, mp2:Int, mp3:Int, mp4:Int); 

Except these definitions we would need to define additional three sections of 

mCRL2 specification file: act, proc and init. Section act provides the names of 

actions appearing in the process definition. Section proc contains definitions of 

processes. In our case only one process will be used, for simulating the behavior of 

the considered Petri net. It will be a recursive process with several data parameters. 

Let the process name will be Sys with parameters including current marking of a 

Petri net, transition vectors and transition in-vectors. Transition vectors are required 

for updating the marking after firing of particular transition. Transition vectors 

alone, however, would not be enough if we want to model the behavior of Petri nets 

with self-loops properly. And since we intend to support also this kind of Petri nets, 

we provide an additional set of transition vectors as parameters (transition in-

vectors) as well. Transition in-vector of a particular transition represents weights of 

arcs incoming to the transition. So, for example, if we consider a Petri net with three 

transitions (t1, t2, t3), then the Sys process parameters would be the following: 

Sys(M:MTup, Tt1,Tt2,Tt3,TIt1,TIt2,TIt3:TTup) 

In the above declaration, M is the actual marking, Tt1, Tt2, Tt3 are transition vectors 

and TIt1, TIt2, TIt3 are in-vectors of the three transitions. Further we use guards 

expressing conditions for enabling transitions to fire. The conditions are based on 

actual marking and non-zero elements of in-vector of particular transition, e.g.: 

(p1(M) >= abs(mp1(TIt1)) && p2(M) >= abs(mp2(TIt1))) 

Here, mp1(TIt1) and mp2(TIt1) represent first two elements of in-vector of the 

transition t1. When the condition of the guard is met, action corresponding to given 

transition can be executed and actual state (marking) needs to be updated. 

t1.Sys(mtuple(Int2Nat(p1(M)+mp1(Tt1)),Int2Nat(p2(M)+mp2(Tt1)),Int2Nat

(p3(M)+mp3(Tt1)),Int2Nat(p4(M)+mp4(Tt1))),Tt1,Tt2,Tt3,TIt1,TIt2,TIt3) 

So in the above example, after executing the action t1, execution continues again 

as process Sys, with updated parameter representing the actual marking. The init 

section provides the initial values of the initial marking, transition vectors and 

transition in-vectors according to the original Petri net configuration. We provide a 

small illustrative example (Figure 6) and the corresponding mCRL2 specification. 
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Figure 6 

Simple P/T net - illustrative example 

act 

    t1; 

    t2; 

    t3; 

proc 

    Sys(M:MTup, Tt1,Tt2,Tt3,TIt1,TIt2,TIt3:TTup) = 

    (p1(M) >= abs(mp1(TIt1)) && p2(M) >= abs(mp2(TIt1))) -> 

    t1 . Sys(mtuple(Int2Nat(p1(M)+mp1(Tt1)), Int2Nat(p2(M)+mp2(Tt1)),  

    Int2Nat(p3(M)+mp3(Tt1)), Int2Nat(p4(M)+mp4(Tt1))),  

    Tt1, Tt2, Tt3, TIt1, TIt2, TIt3)  

    +  

    (p4(M) >= abs(mp4(TIt2))) -> 

    t2 . Sys(mtuple(Int2Nat(p1(M)+mp1(Tt2)), Int2Nat(p2(M)+mp2(Tt2)), 

    Int2Nat(p3(M)+mp3(Tt2)), Int2Nat(p4(M)+mp4(Tt2))), 

     Tt1, Tt2, Tt3, TIt1, TIt2, TIt3)  

    +  

    (p3(M) >= abs(mp3(TIt3))) -> 

    t3 . Sys(mtuple(Int2Nat(p1(M)+mp1(Tt3)), Int2Nat(p2(M)+mp2(Tt3)), 

    Int2Nat(p3(M)+mp3(Tt3)), Int2Nat(p4(M)+mp4(Tt3))), 

    Tt1, Tt2, Tt3, TIt1, TIt2, TIt3); 

init 

    Sys(mtuple(3,2,1,0), 

    ttuple(-1,-1,1,1), ttuple(0,2,0,-2), ttuple(1,0,-1,0), 

    ttuple(-1,-1,0,0), ttuple(0,0,0,-2), ttuple(0,0,-1,0)); 

Now we define the above construction more formally: 

Definition 3. mCRL2 specification for the Petri net N = (P, T, F, W, m0) 

1. Two structured sorts are defined for representing marking (mtuple) and 

transition vectors (ttuple), k = |P| is the number of places in the Petri net: 

 sort MTup = struct mtuple(p1:Nat, p2:Nat, ... , pk:Nat); 

 sort TTup = struct ttuple(mp1:Int, mp2:Int, ... , mpk:Int); 

2. A section act is created in the mCRL2 specification file, with a list of action 

names used in the process definition. Action names correspond to the names 

of transitions in the Petri net, and n is the number of transitions (n = |T|). 

 t1; t2; ... tn; 

3. Process Sys is defined in section proc, simulating the behavior of the Petri net: 

Sys(M:MTup, Tt1,Tt2,...,Ttn,TIt1,TIt2,...,TItn:TTup) 

The process has several parameters. M is a vector with the actual marking of 

the Petri net. Tt1, ..., Ttn are transition vectors, representing the effect of firing 

of the particular transition to the marking, where t1, ..., tn are transition names. 

Transition in-vectors (TIt1, ..., TItn), represent the weights of incoming arcs. 
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4. For each Petri net transition an alternative branch in the process Sys is created. 

The particular branch consists of two parts: the guard, expressing the condition 

enabling the branch to execute, and the corresponding action. After executing 

the action, execution continues as the process Sys again, with updated marking. 

(a) Guards are defined for each branch of the process, such that execution 

of the branch is only permitted, when the corresponding transition is 

enabled for firing. Condition for tj (1 < j < n) is based on the actual 

marking M and non-zero elements of in-vector of the transition tj. 

(pi1(M) >= abs(mpi1(TItj)) && ... && pil(M) >= abs(mpil(TItj))) 

pi1(M) is the value of marking in the place pi1, and pi1 ... pil are the 

places we need to consider in the condition (pre-places of the given 

transition). mpi1(TItj) is the weight of the arc leading from the place 

pi1 to the transition tj. Since the non-zero elements of the transition in-

vectors have negative values, we use the absolute value (abs) here. 

(b) After executing an action corresponding to the particular transition (tj), 

marking is updated according to its change in the Petri net. 

tj . Sys(mtuple(Int2Nat(p1(M)+mp1(Ttj)), ... ,  

Int2Nat(pk(M)+mpk(Ttj))), Tt1, ..., Ttn, TIt1, ..., TItn) 

Values of particular elements (mpi) of the transition vector (Ttj) are 

added to the corresponding elements (pi(M)) of the modeled marking 

M, so 1 < j < n, 1 < i < k, and k = |P|. Int2Nat conversion is used, as 

the elements of the marking vector (mtuple) are of the Nat type. 

5. Initialization of the Sys process parameters is provided within the init section 

of the specification, based on the original Petri net configuration. 

Sys(mtuple(m(p1),m(p2),...,m(pk)), 

ttuple(t1v1,t1v2,...,t1vk), ..., ttuple(tnv1,tnv2,...,tnvk), 

ttuple(t1iv1,t1iv2,...,t1ivk), ..., ttuple(tniv1,tniv2,...,tnivk)); 

Where m(pi) denotes the initial marking in the place pi, 1 < i < k and k = |P|. 

Further, tjvi denotes the i-th element of vector of the transition tj, and tjivi 

denotes the i-th element of in-vector of the transition tj, 1 < j < n and n = |T|. 

The following theorem summarizes the corresponding behavior of the original Petri 

net and its algebraic (mCRL2) representation. 

Theorem 1. For given Petri net N = (P, T, F, W, m0), its algebraic mCRL2 

representation has the same operational behavior. 

Proof. Sketch of proof of the Theorem 1 is based on exploration of the possibility 

of mutual simulation of a Petri net N and its corresponding mCRL2 specification 

(given by the process Sys). First we will manifest the possibility of simulating steps 

in N by the corresponding mCRL2 specification and then, in the opposite direction, 

the possibility of simulating steps of mCRL2 specification by the Petri net N. 

We will seek for answers to the following questions: 
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• If there is a transition enabled in Petri net N, is it also possible to execute 

the corresponding action (branch) of the Sys of the algebraic specification? 

◦ Initial marking of the Petri net N and its model in mCRL2 

specification are the same (Definition 3, section 5). 

◦ Firing a transition in N and executing the corresponding action of the 

Sys have the same effect on the marking (Definition 3, section 4 (b)). 

◦ In the particular state the set of enabled transitions in N and the set of 

executable actions of the Sys are the same (Definition 3, section 4 (a)). 

• If a transition is fired in Petri net N, does the resulting marking correspond 

to the one obtained by executing the matching branch of the Sys process? 

◦ In the particular state the set of enabled transitions in N and the set of 

executable actions of the Sys are the same (Definition 3, section 4 (a)). 

◦ Firing a transition in N and executing the corresponding action of the 

Sys have the same effect on the marking (Definition 3, section 4 (b)). 

And vice versa, simulating steps of mCRL2 specification by the Petri net N. 

• If it is possible to execute an action (branch) in the mCRL2 specification, 

is the corresponding transition in the Petri net N enabled too? 

◦ In the particular state the set of enabled transitions in N and the set of 

executable actions of the Sys are the same (Definition 3, section 4 (a)). 

• If the (action) branch of the Sys is executed, does the resulting state 

correspond to the marking of N obtained by firing the associated transition? 

◦ In the particular state the set of enabled transitions in N and the set of 

executable actions of the Sys are the same (Definition 3, section 4 (a)). 

◦ Firing a transition in N and executing the corresponding action of the 

Sys have the same effect on the marking (Definition 3, section 4 (b)). 

7 Examples 

To demonstrate the practical utilization of the proposed approach, we will consider 

Petri nets from the Figure 6 and Figure 4, respectively. For analysis we can use the 

selected tools from the mCRL2 toolset. A simulation tool LpsXSim can be used for 

the basic insight into the system behavior. To investigate more specific properties, 

the model checking approach can be very useful. For the Petri net from the Figure 

6, the corresponding mCRL2 specification is given in section 6. To check if the 

system is deadlock-free, the Mu-calculus formula [true*]<true>true can be used. 
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Figure 7 
Verification of Mu-calculus formulas in mCRL2 IDE 

An interesting question may be whether all the actions (t1, t2, t3) can be eventually 

executed within a computation starting in any state, as expressed by the formula 

[true*][true*.t1.true*.t2.true*.t3.true*]true, named 03trn_for_all_rep in 

the Figure 7.  To check, if the given action can be executed consecutively several 

times, we can use formulas like: [true*]<true*.t1.t1.true*>true, 

[true*]<true*.t2.t2.true*>true, or [true*]<true*.t3.t3.t3.true*>true. 

Formulas are named 03trn_for_2t1, 03trn_for_2t2, and 03trn_for_3t3, respectively 

in the Figure 7. As we can see, all the formulas evaluate to true, except the 

03trn_for_2t2. This means, that the action t2 cannot be executed twice in a row. 

Using the Petri net from the Figure 4 we demonstrated an incorrect behavior of the 

corresponding PSF specification (Figure 5). As a kind of validation, we translated 

the mentioned Petri net into the mCRL2 language using the approach proposed in 

section 6. The resulting specification is given in the following listing (formatted). 

% petri2acp v0.72 generated 

% PN places: p0 p1 p2 p3 p4 p5 p6 p7 - initial marking: [10, 0, 0, 5, 10, 0, 10, 5] 

% PN transitions: t0 t1 t2  

% - transition vectors: [[-1, 1, 0, -1, 0, 0, 0, 0], [0, 0, 1, -1, -1, 0, 0, -1],  

 [0, 0, 0, 0, 0, 1, -1, -1]] 

% - transition in-vectors: [[-1, 0, 0, -1, 0, 0, 0, 0], [0, 0, 0, -1, -1, 0, 0, -1],  

 [0, 0, 0, 0, 0, 0, -1, -1]] 

% - transition out-vectors: [[0, 1, 0, 0, 0, 0, 0, 0], [0, 0, 1, 0, 0, 0, 0, 0],  

 [0, 0, 0, 0, 0, 1, 0, 0]] 

 

sort MTup = struct mtuple(p0:Nat, p1:Nat, p2:Nat, p3:Nat, p4:Nat, p5:Nat, p6:Nat,   

 p7:Nat); 

sort TTup = struct ttuple(mp0:Int, mp1:Int, mp2:Int, mp3:Int, mp4:Int, mp5:Int,  

 mp6:Int, mp7:Int); 

act 

 t0; 

 t1; 

 t2; 

proc 

 Sys(M:MTup, Tt0,Tt1,Tt2,TIt0,TIt1,TIt2:TTup) = 

 (p0(M) >= abs(mp0(TIt0)) && p3(M) >= abs(mp3(TIt0))) -> 
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 t0 . Sys(mtuple(Int2Nat(p0(M)+mp0(Tt0)), Int2Nat(p1(M)+mp1(Tt0)),  

  Int2Nat(p2(M)+mp2(Tt0)), Int2Nat(p3(M)+mp3(Tt0)), Int2Nat(p4(M)+mp4(Tt0)),  
  Int2Nat(p5(M)+mp5(Tt0)), Int2Nat(p6(M)+mp6(Tt0)), Int2Nat(p7(M)+mp7(Tt0))),  

  Tt0, Tt1, Tt2, TIt0, TIt1, TIt2) 

 +  

 (p3(M) >= abs(mp3(TIt1)) && p4(M) >= abs(mp4(TIt1)) && p7(M) >= abs(mp7(TIt1))) -> 

 t1 . Sys(mtuple(Int2Nat(p0(M)+mp0(Tt1)), Int2Nat(p1(M)+mp1(Tt1)),  

  Int2Nat(p2(M)+mp2(Tt1)), Int2Nat(p3(M)+mp3(Tt1)), Int2Nat(p4(M)+mp4(Tt1)),  

  Int2Nat(p5(M)+mp5(Tt1)), Int2Nat(p6(M)+mp6(Tt1)), Int2Nat(p7(M)+mp7(Tt1))), 

  Tt0, Tt1, Tt2, TIt0, TIt1, TIt2)  

 +  
 (p6(M) >= abs(mp6(TIt2)) && p7(M) >= abs(mp7(TIt2))) -> 

 t2 . Sys(mtuple(Int2Nat(p0(M)+mp0(Tt2)), Int2Nat(p1(M)+mp1(Tt2)),  

  Int2Nat(p2(M)+mp2(Tt2)), Int2Nat(p3(M)+mp3(Tt2)), Int2Nat(p4(M)+mp4(Tt2)),  

  Int2Nat(p5(M)+mp5(Tt2)), Int2Nat(p6(M)+mp6(Tt2)), Int2Nat(p7(M)+mp7(Tt2))),  

  Tt0, Tt1, Tt2, TIt0, TIt1, TIt2); 
init 

 Sys(mtuple(10,0,0,5,10,0,10,5),ttuple(-1,1,0,-1,0,0,0,0),ttuple(0,0,1,-1,-1,0,0,-1), 

  ttuple(0,0,0,0,0,1,-1,-1), ttuple(-1,0,0,-1,0,0,0,0), ttuple(0,0,0,-1,-1,0,0,-1), 

  ttuple(0,0,0,0,0,0,-1,-1)); 

Using the LpsXSim tool (Figure 8) we found, there is no premature deadlock in the 

situation from the Figure 5, case b), as it was in the case of the PSF specification. 

Further we will use model checking to verify some of the system properties. By the 

formula <t1.t1.t1.t2.t2.t0>true, we can verify if there exists a path leading to 

a state, where true is valid. So we want to know if an action can be performed after 

the given sequence of actions. The formula evaluates to true. The formula 

<t1.t1.t1.t1.t1.t1>true can be used to check the possibility to perform six 

actions t1 in a row. The formula evaluates to false. Indeed, within the system 

neither of the actions (t0, t1, t2) can be performed more than five times. 

 

Figure 8 

LpsXSim simulation 

8 Conclusions 

This paper proposed the mCRL2 algebraic semantics, for P/T Nets. After 

introducing the basic principles, it was defined more precisely and provided a sketch 

of the proof as well. The proposed ideas were implemented within a developed 

software tool that demonstrated the viability of the concept through targeted 

examples. Using this approach, for a system specified by the P/T net, one can obtain 

the corresponding representation of the system in the process language mCRL2. 
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This way one can (almost effortlessly) gain another view on the considered system 

and utilize the benefits of the new representation and the available tools. 

Comparing with our previous work on PSF algebraic semantics for Petri nets, the 

proposed solution provides several advantages: 

• Correct behavior also in the cases where the previous solution failed 

• More flexible and easier extensible 

• mCRL2 is very powerful process language, with the extensive toolset 

Comparing with some of the more theoretical approaches mentioned in section 2, 

the work presented within this paper aims to be more practically oriented. Many of 

the available solutions are based on process algebras like CCS, or they can use their 

own process languages. We have chosen the mCRL2 language, which is based on 

the process algebra ACP. While CCS uses model-based approach, the ACP is based 

on equational style of reasoning. So within the ACP, the base point is an equational 

theory, which may have diverse semantic interpretations [7][3]: 

• Widely-adopted process language, without defining specialized extensions 

used as a destination language ensures solid support by the existing tools. 

• Available implementation in a software tool provides a potential for 

practical utilization of the solution. 

More research is required to fully assess the properties and benefits of the proposed 

approach. In the future, consideration to additional extensions (e.g. support for 

inhibitor arcs, place capacity, processes with data, or time relations) should be 

addressed. Another possible direction would be the support for verification of 

properties involving the marking of the Petri net. In such a case, one could 

incorporate additional information on the marking into the actions corresponding to 

Petri net transitions. Expressions involving values of the marking, then could be 

used in μ-calculus formulas in a more straightforward manner. 
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  t  →  a s


  t  →  a √


  E  ( p ) = 𝛿


     E  ( p ) =   t  e p p , w s t =  (       t  e p s ∥ . . . ∥   t  e p s ⏟  w i ) ⋅ t ⋅  (     E  ( q ) ∥ . . . ∥ E  ( q ) ⏟  w o ∥  ( w s t ) ) ,   𝛾  (   t  e p s ,   t  e p p ) =   t  e p c , I = {   t  e p c } , H = {   t  e p s ,   t  e p p }


     E  ( p ) =   t  1 e p p + . . . +   t  n e p p ,     w s t 1 =  (       t  1 e p s ∥ . . . ∥   t  1 e p s ⏟    w i 1 ) ⋅   t 1 ⋅  (     E  ( q 1 ) ∥ . . . ∥ E  ( q 1 ) ⏟    w o 1 ∥  (   w s t 1 + . . . +   w s t  n ) ) ,   . . .     w s t  n =  (       t  n e p s ∥ . . . ∥   t  n e p s ⏟    w i  n ) ⋅   t  n ⋅  (     E  ( q n ) ∥ . . . ∥ E  ( q n ) ⏟    w o  n ∥  (   w s t 1 + . . . +   w s t  n ) ) ,   𝛾  (   t  1 e p s ,   t  1 e p p ) =   t  1 e p c , . . . , 𝛾  (   t  n e p s ,   t  n e p p ) =   t  n e p c ,   I = {   t  1 e p c , … ,   t  n e p c } , H = {   t  1 e p s ,   t  1 e p p , . . . ,   t  n e p s ,   t  n e p p }


     E  ( p ) =   t  e p p ,   𝛾  (   t  e p s ,   t  e p p ) =   t  e p c , I = {   t  e p c } , H = {   t  e p s ,   t  e p p }     w s t =  (       t  e p s ∥ . . . ∥   t  e p s ⏟  w i ) ⋅ t ⋅  (     E  ( q 1 ) ∥ . . . ∥ E  ( q 1 ) ⏟    w o 1 ∥ . . . ∥     E  ( q m ) ∥ . . . ∥ E  ( q m ) ⏟    w o  m ∥  ( w s t ) )
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     E  ( p ) =   t  e p p , w s t =  (       t  e p s ∥ . . . ∥   t  e p s ⏟  w i ) ⋅ t ⋅  ( w s t ) ,   𝛾  (   t  e p s ,   t  e p p ) =   t  e p c , I = {   t  e p c } , H = {   t  e p s ,   t  e p p }


  E  ( p ) = t ⋅  ( E  ( p ) ∥     E  ( q ) ∥ . . . ∥ E  ( q ) ⏟  w o )
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