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Abstract: The aim of this study is to develop a three-variable Karnaugh-Map (K-MAP) in
hardware. K-MAPs are extensively used in digital logic design for simplifying Boolean
expressions. Here, we automate the process of Boolean expression simplification by
designing a K-MAP hardware circuit, that can show the simplified expression in real-time.
The hardware is comprised of input, combinatory, comparator, and output units. The input
unit accepts minterms from the DIP switches. These minterms are processed in combinatory
unit against all the possible combinations of boxes in power-of-two. The output from the
boxes with higher power-of-two is kept in the comparator unit and the result is displayed on
LEDs in the output unit. The proposed hardware design can be used in a classroom setting
to teach the concepts of Boolean function simplification and verify the practice problems.
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1 Introduction

Karnaugh maps (K-MAP) are widely used for simplifying Boolean functions, which
are represented as the sum of minterms or the product of max-terms format.
The major advantage of this technique lies in the systematic nature of the
simplification process, as opposed to the classical Boolean algebra [1-3]. Literature
reveals that K-MAPs have been used in a variety of applications such as secure
transmission systems [4], database normalization [5], reliability engineering [6],
pattern classification [7], power electronics [8], chemical kinetics [9], software
engineering [10], and others. A number of modifications to the K-MAP algorithm
have also been proposed which make it even more versatile e.g., a method is
presented in [11] to introduce the traceability feature of minterms when mapped
from the Boolean expression onto the K-MAP. This add-on will benefit students
and instructors alike when reviewing the problem at a later stage. A generalized K-
MAP technique is proposed in [12] to lessen the difficulty of simplifying Boolean
expressions having more than 6 variables. A tree of four variable K-MAPs is
constructed and the notion of K-Don’t care is introduced along with backtracking
to simplify the Boolean expression. Another lower complexity version, Yasser (Y-
MAP) is proposed in [13]. The capability of K-MAP is extended in [14] to yield
optimal multi-level logic designs based on XOR patterns. The modified K-MAP is
used for the minimization of spintronic and memristive logic functions in [15].
The concept of combining boxes on the K-MAP is introduced in [16] which results
in a more simplified Boolean expression than the standard combination scheme.

In our present work, we reimagine the process of Boolean expression
simplifications by K-MAP as a proper functional device that utilizes the
fundamentals of K-MAP to yield simplified expressions in real time. With our
proposed device, students can simply consult the truth table and feed the potential
minterms as inputs to the device which shall give a simplified expression at the
output. The process of construction of the proposed hardware prototype can be used
as a case study in an undergrad digital logic design course. In addition, it can be
used in a classroom environment to verify the practice problems. To the best of the
authors’ knowledge, the proposed hardware design of K-MAP has not been
presented before.

This paper is organized as follows: The proposed hardware design is presented in
Section 2. The software and hardware implementation results are included in
Section 3, followed by Conclusions in Section 4.
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2 Proposed Hardware Design

To start with, we assume that the Boolean function is represented in the sum of the
minterms format. The possible minterms appearing in the 3-variable K-map are
shown in Table 1. These 8 minterms form the input to the proposed hardware and
user can enter minterms of their choice through 8 selection switches, where the
HIGH status of a switch S; indicates the presence of minterm, m, in the Boolean
expression. The selected minterms are passed to the combinatory unit which
generates 27 Boolean expressions (as shown in Appendix A) corresponding to all
possible combinations of boxes in a 3-variable K-map. The co-existence of various
combinations, as yielded by the combinatory unit, is eliminated in the comparator
unit. The final simplified Boolean expression is displayed on LEDs, where a
particular LED represents one of the 27 possible terms in the output Boolean
expression. The detailed design of combinatory and comparator units will be
presented next.

Table 1
Truth table 3-variable K-Map [2]

A B C MINTERM | EXPRESSION
0 0 0 mo A'B'C
0 0 1 mp A'B'C
0 1 0 m2 A'BC’
0 1 1 m3 A'BC
1 0 0 my AB'C’
1 0 1 ms AB'C
1 1 0 me ABC
1 1 1 m7 ABC

2.1 Combinatory Unit

The design of the combinatory unit is based on the fact that the boxes or squares in
the K-Map are combined according to the integer powers of 2. To this end, all
possible combinations and the respective Boolean expressions are determined, as
outlined below.

2.1.1 Combination of 8-Boxes
Since the assumed Boolean expression is a function of three variables, there is only

one way for combining 8 boxes on the K-map, as depicted in Fig. 1. Subsequently,
we obtain only one expression i.e., fi (A,B,C) = 2(0,1, 2,3,4,5, 6,7) .
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BC

A 00 01 11 10
0 1 1 1 1
1 1 1 1 1

Figure 1
Possibility of combining 8-boxes

2.1.2 Combination of 4-boxes

Now, we consider possible ways of combining 4 boxes. It is found that there are 6
such combinations which result in a total of 6 expressions, out of which 2 are
obtained through horizontal grouping of minterms i.e., fir ( A, B, C) = Z(O, L3, 2)

s fia ( A, B,C)ZZ(4,5,7,6), while 3 are obtained through vertical grouping of
minterms ~ i.e., fis(4,B,C)=>(0,1,45), f,,(4,B,C)=Y(1,3,57)
Sas (A, B,C) = 2(3,2,7,6) , and the remaining is due to the minterms at the edges
of the K-map i.c., fis (A,B,C) = 2(0,2,4,6). This process is shown graphically

in Fig. 2.

BC

A 00 01 11 10
0 1 1 1 1
1 1 1 1 1
Figure 2
Possibility of combining 4-boxes

Red Box: f41I =4, f“ =A> f4,3 = B', Green Box: f4’4 =(C,Blue

Box: f45 = B, Brown Box: fis =C'

2.1.3 Combination of 2-boxes

Now, we search all possible ways of combining 2 boxes at a time. This yields a total
of 12 expressions, out of which 6 are obtained through horizontal grouping of

minterms ie., for (2, 3,2)=>"(0,1) for (2, 3,2)=D7(1,3)
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Soa(%3,2) = 2.3, falx3:2)=2(45)> fis(x02)=2(57),

frs(x,3.2 Z while 4 are obtained through vertical grouping of minterms

iew £ (ny.2)= 2(04) fs(22,2) =2 (15)s fo(x22)=2(3.7)

Foro x Dz ) Z 2 and the remaining 2 are due to the minterms at the edges i.e.,

f2 L (xy,z ) Z 0 f2 L (%2 ) Z(4,6)~ The pictorial representation is given
in Fig. 3.

BC

Figure 3
Possibility of combining 2-boxes

Blue Box: fz,l =AB', f2,2 = A'C , Purple Box: fZ,S = A'B , Brown Box: f2!4 = AB',
S5 =AC, frg=AB.RedBox: f = B'C". fos =B'C,
f2’9 = B(C, Green Box: f2,10 = BC', f2,11 = A'C', Dark Blue Box:

f2,12 =AC

2.1.4 Combination of 1-boxes

Here, we treat each box separately (Fig. 4) which results in a total of 8 expressions.
These Boolean functions correspond to the expressions of minterms, as shown in

Table I i.e., f1,1 =m,, f1,2 =m, f1,3 =m,, f1,4 =ms, f1,5 =my, f1,6 = m;
) f1,7 =mg, fig=m,.
BC

A 00 01 11 10
0 @ 1 1
10| O

Figure 4

LR

Possibility of combining 1-boxes
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Red Box: fA'B'C, fi2ABC, f13 A'BC, Green Box: f} ,A'BC,

Blue Box: ﬁ 5 AB'C’, Purple Box: ﬁ 6 AB'C, Brown Box: ﬁ 7 ABC, fi 3 ABC

2.2 Comparator Unit

To retain only the simplified terms, outputs from the combinatory units are
processed in comparator unit which eliminates the extra terms. For instance, let
g( A, B,C) = Z((), 2, 4,6)be the Boolean function to be simplified. This function

will activate the following outputs of  combinatory  units:
St fizs Fiss fras foms fanos fonrs Janns fog - However, the simplified expression

should only contain f, ,. Thus, comparator unit is imperative to address the

overlapped boxes in K-map and such overlapping’s in K-map are resolved in
following ways:

2.2.1 Comparator Unit for 2-boxes and 4-boxes

The basis for this unit is explained through previous example of simplifying the
Boolean function g . Since f4’6 = C'is activated, it should inhibit the outputs

Sors Frios Joats fono as they all contain S ie.
fos=Fort foo+ fon * fons zc'(B'+B+A’+A):C'. Thus, for this specific

example, the simplified outputs of 4boxes and 2boxes combinations are generated
as:

04,6 = f4,6’ 02,7 = f4’,6f2,7 > 02,10 = f4,,6f2,10’ 02,11 = f4,,6f2,11: 02,12 = f4,,6f2,12

Continuing in this manner, we eliminate the possibilities of generation of extra 2-
box-terms by forming the final outputs as:

02,1 = fz,lﬁtl,lﬁty,sfxla 02,2 = sz,z.ﬁ;,lf;tlAf;{,’ 02,3 = f‘2,3f;1',1f;1,,5f8,9 02,4 = f2,4f;1’,2f;1,‘3f8,’
02,5 = fz,sfzt',zﬁt,Afsla 02,6 = f2,6f4',2f;1’,5f8,’ 02,7 = f2,7f4,,3f4,,6f8,9 02,3 = f2,8f4’,3f4',4fx,9
02,9 = f2,9ﬂ,5.ﬂ,4f8'» 02,10 = fz,lofzt’,sfzt',efs,: 02,11 = fz,llfzt’,]ﬂ,afs's 02,12 = fz,lzﬁtr,z.fzt’,sfs,’

Here, fg is active when all the (input) minterms are high. The final outputs of the

4-box-terms are generated as:

04,1 = f4,1fs'a 04,2 = f4,2f;§,’ 04,3 = f4,3f8,’ 04,4 = ﬁ1,4f8" 04,5 = f4,5f8’7 04,6 = ﬁt,6f8,’
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2.2.2  Comparator Unit for 1-boxes

Continuing previous example of simplifying the Boolean functiong, the

combinatory outputs f,

mechanism, which is based on the fact that a minterm has three neighbors on a three
variable K-map. A particular combinatory output from 1box unit will only be
activated if all its neighboring entries on K-map are zero. This implies that all

combinatory outputs £, . £ .. f:., £, will be inactivated since one of the neighbors

fissfis» [, are eliminated by virtue of their generation

of each minterm is zero e.g., m, = oleads to £, =0, and m, = 0leads to fi5=0- By

generalizing this process, we obtain the outputs of 1box units as:
_ o1 _ [ _ o1

0, = mymm,my, O, , = mymymsms, O, ; = mymym,m ,
_ [ _ o1t _ [

0,4 = mymsmgmy, O, s = mmgmsmy, O, ¢ = msmm;my ,

_ [ _ [
01,7 = m;msmgni;, 01,8 = mgm,;m,m, .

3 Results

The proposed K-MAP solver is first tested in MULTISIM environment and the
complete circuit diagram is shown in Fig. 5. The following ICs are used for
implementing the framework: 74LS04(Not Gate), 74LS08(2 input And Gate),
74LS11(3 input And Gate) and 74LS21(4 input And Gate). After the circuit is
implemented on MULTISIM, we verify its output for different cases. The results
are recorded in the form of a video which contains the following 5 cases in sequence
(video can be downloaded from ISLAF YouTube channel at
https://youtu.be/jSHONrICyTw).
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3.1 Case-1:

3.1.1 Find Boolean Expression for Sum of Minterms
(mo, m2, m3, m4, ms, Me, M7)

BC

A 00 01 11 10
0 1 1 1 1
1 1 1 1 1

In this case, only O, = fywill be active while all other outputs O, ,,...,0, ,
0,,,.,0,,,, and O,,...,0 ¢ will be zero either due to the presence of

complement of f8 in each of these outputs (AND operation) or by virtue of the

mechanism of generation.

3.2 Case-2:

3.2.1 Find Boolean Expression for Sum of Minterms
(mo, m2, m3, m4, ms, me)

BC
A 00 01 11 10
0 1 ‘ 1 1
1 1 1‘ 1

Red Box: C’, Blue Box: A’B, Green Box: AB’ : Sum of Product = C’+AB’ + A’B

In this case, 1-combination outputs and 8-combinations outputs are clearly zero.
Only one 4-combination output O, (is active which inhibits the 2-combinations

outputs 02 ,and 02 1o due to the presence of the complement of 7/ in these terms.
The only 2-combination outputs, 0,;= fZ’3 f4"] f4"5 S, and 0,, = fz, . f4” 5 f4” oy will
beactive,as f, ., f,,, fos, fogs fogs fons fouis o, aT€ all zero.
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3.3 Case-3

3.3.1 Find Boolean Expression for Sum of Minterms
(mo, m3, ms4, ms, me)

BC

1 1 1 1

Red Box: B’C’, A’BC, Green Box: AB’, Blue Box: AC’ Sum of Product=B’C’ + AB’ + AC’ +
A’BC

In this case, 8-combination output is zero while only 1-combination output
O, = m3m1'm;m; is active due to three surrounding inactive minterms.

Furthermore, there is no contribution from 4-combination outputs. However, 2-
combination outputs 0,4 = o fisSes Oy = for fisSiefss and
0, ., = fonfis fr o fi, Will be active while all other 2-combinations outputs are zero

due to the inactivation of their respective functions, f, .

3.4 Case4

3.4.1 Find Boolean Expression for Sum of Minterms
(mo, mi, mz2, m3, ms, m7)

BC
A 00 01 11 10
0 | 1 1 1 1 |
1 1 1
Red Box: A’, C : Sum of Product=A’+C

In this case, 8-combination and 1-combination outputs are clearly zero. The 2-
combination outputs are also zero, either due to the activation of certain 4-box

combination outputs or the inactivation of respective Boolean functions, f2x
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Jaoand fo,

resulting in the activation of outputs, O, ,,and O, ,, respectively.

3.5 Case-5

3.5.1 Find Boolean Expression for Sum of Minterms
(mo, m3, ms, me)

BC

1 1

Red Box: A’B’C’, AB’C, A’BC, Green Box: ABC?
Sum of Product = A’B’C + A’BC + AB’C+ABC’
In this case, Boolean functions pertaining to 8-combination, 4-combinations, and 2-
combinations boxes are all inactive. The only activity is generated by the 1-

combination boxes who’s neighboring minterms are inactive i.e., outputs
0,,,0,3,0, 5,0, (will be HIGH.
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Figure 5

Proposed hardware circuit for real time simplification of Boolean functions

Finally, hardware of the proposed K-MAP solver is constructed and is depicted in
Fig. 6 (a). The circuit is verified for different cases e.g., when all the input minterms
are active (Fig. 6(b)), when only one of the input minterms is active (Fig. 6(c)), and
when four of the input minterms are active (Fig. 6(d), Fig. 6(e)).
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Figure 6

(e)
Hardware of the proposed K-MAP solver (a) Hardware unit (b) Input-Output unit showing result of
Z (m osees Ty ) (c) Input-Output unit showing result of Z (ml ) (d) Input-Output unit showing

result of z (mm my,m,, m6) (e) Input-Output unit showing result of Z (mo , My, My, My )

Conclusions

In this paper, we have presented a hardware design for determining the simplified
Boolean expressions through K-MAP. The circuit accepts minterms from DIP
switches and processes them in the combinatory and comparator units to yield the
simplified Boolean expression, which is displayed on LEDs. The interesting aspect
of the proposed hardware, is the utilization of K-MAP concepts to develop a
hardware version of K-MAP. The proposal can be included in undergrad course on
digital logic design, as a case study.

In the future work a hardware version of higher order K-MAPs with Don’t-care
conditions, will be developed.
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