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Abstract: The computation to find the number of minimal-length paths from a point to other
in honeycomb grid is presented in this paper. There are three kinds of neighborhood used in
the honeycomb grid. We solve the shortest-path counting problem for two of the
neighborhoods: in case of 1- and 2-neighborhoods, given the coordinate triplets of the two
points, closed formulae are proven. The case of 3-neighborhood is also considered, as well
as a brief discussion is also stated for the counting the minimal paths in other grids.
The number of minimal paths in isometric grid is also proposed here. The problem has
theoretical aspects and can be applied in networking and in digital image processing.

Keywords: hexagonal grids; combinatorics; path counting; digital distances; shortest paths

1 Introduction

Digital geometry is related to some mathematical disciplines like discrete
mathematics and geometry, but it is mainly connected to other disciplines including
crystallography, image processing, computer graphics and network theory. In the
discrete space points are addressed by integer coordinates. The two usual
neighborhood criteria are defined in digital geometry for the rectangular grid [1]—
cityblock and chessboard. The cityblock step allows movements only on the
gridlines: horizontally and vertically (4-neighborhood); at the chessboard step
diagonal directions are also allowed (8-neighborhood). These two types of motions
allow us to define two kinds of distances. A brief summary of studies on the

—281—



M. Dutt et al. Number of Minimal Paths in a Honeycomb Grid

rectangular grid is presented in [2, 3]. In this grid, the coordinates of a point are
independent of each other. Generally, in # dimensions, to describe the rectangular
grids, n coordinates are used that are independent of each other. In the # dimensional
rectangular grid, the structure of the n-dimensional cubes is isomorphic to the
structure of the nodes. These grids are the subjects of the ‘Geometry of Numbers’
[4,5, 6, 7]. The concepts of ‘array’ and ‘lattice’ are also used which are synonymous
with the concept ‘grid’, that we use here.

Digital geometry also involves the honeycomb (hexagonal) and isometric
(triangular) grids in the studies. A relation among the cubic, isometric and
honeycomb grids is established [8, 9, 10, 11, 12], and thus, three integer coordinates
can be used on these grids to address their points (see Fig. 2 (right)). The hexagonal
grid has various advantages for representing digital images over rectangular grid
and used in image processing and computer vision [13, 14]. Here, we analyze the
stated path counting problem on the honeycomb grid, which has 3 types of
neighborhoods. Analogously, in [15], three types of neighborhood relation on the
triangular grid are discussed along with the thinning algorithms on the three regular
2-dimensional grids. The honeycomb grid has 3 coordinates which are not
independent [10, 16, 17, 18]. The length of any shortest paths connecting two points
using a kind of neighborhood gives the digital distances of the two points. In these
paths, in each step one moves to the next point that is the given type of neighbor of
the previous point. Distances when the neighborhood can vary on a path based on
so-called neighborhood sequences are studied: metrical properties [19], optimality
[20, 217 and other properties are discussed [22, 23]. The weighted distance is given
in [24, 25], where the distance function is defined using the three weights assigned
to the types of neighbors. Binary tomography is developed in [26, 27, 28]. Rotations
and other transformations are studied in [29, 30, 31]. Various advantages of non-
traditional grids are highlighted in [32]. Shortest paths play important roles in
various communication scenarios in networks. The honeycomb network was
analyzed in [18, 33, 34, 35] from various points of view including its topology and
algorithmic approaches.

The shortest paths have applications in various fields, e.g., networking (social
networking, routing, etc.), robotics (finding shortest paths), VLSI floor planning
(usage of minimum wires), geographic information systems, digital geometry,
image analysis, etc. In discrete space and in networks, the shortest path is usually
not defined uniquely. Similar problems are considered on various types of graphs
since they are interesting combinatorial problems and also important for several
applications in computer networks. This problem also has applications in inter-
processor networks where alternative routes for communication are important. For
instance, in [36], the path planning algorithm for robotics is proposed on a
hexagonal grid map. Also, in digital grids (which can be seen as infinite graphs),
their number between any two points could be more than one. Their number, e.g.,
inside a shape can reflect some properties of the shape on the figure. Path counting
in digital images was already introduced in [1] as a technique to analyse images.
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As a related combinatorial puzzle, see Fig. 1, and consider the question how many
ways it is possible to read out the word ‘RECTANGLE’ by stepping only to the
right and down. The recursive formulation to count the number of minimal paths
(in the term of number of steps) in case of cityblock, chessboard, and octagonal
paths, from a point to another in the 2D rectangular grid was computed in [37]. In
[38], Das computed the number of shortest paths between each pair of points of
digital images with various neighborhood criteria. He considered the images as
matrices, therefore, his algorithm is based on matrix operations. A shortest grid path
(isothetic, cityblock) from any point to another inside a digital object is presented
in [39, 40]. The stated algorithm uses combinatorial technique to obtain the resulting
shortest isothetic path. There could be more than one minimal isothetic path
between any two given points. Thus, counting the shortest isothetic paths between
any two given points becomes essential. An algorithm is shown in [41] to find out
the total number of shortest isothetic paths between any two given points inside a
digital image for the given grid size. Now, in this paper, we contribute to the field,
namely we count the number of minimal paths in the honeycomb grid with all three
neighborhoods. Our previous conference paper [42], in which the counting on the
triangular grid is addressed, is extended and reformulated here, e.g., by considering
3-neighborhood and to shift the notation to the honeycomb grid. For the sake of
completeness and comparisons, we also include similar results on the other regular
grids, the isometric and rectangular the grids. For the latter, new direct proofs are
presented here (comparing them to the proofs given in [37, 38]).

Figure 1
A way to read the word RECTANGLE is a shortest path from the comer ‘R’ to corner ‘E’

This paper has the following structure. Section 2 presents the preliminaries of the
honeycomb grids which are required to understand the problem. The formulation
for the number of minimal paths for the three neighborhoods along with the proof
of correctness are given in Sec. 3. This section also includes the combined formula
for 1- and 2-neighborhoods. The discussion on the number of minimal paths for
various grids (rectangular and isometric) is presented in Sec. 4. The number of
minimal paths between two points in isometric grid is also given. Minimal paths
with chessboard neighborhood in 2D rectangular grid are counted by Das [37, 38]
using recurrence relations. Here, we present a direct proof that is shorter based on
combinatorics. Concluding remarks are given in Sec. 5.
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Figure 2
Types of neighbors in honeycomb grid and coordinate system with lanes in honeycomb grid

2 Basic Notions and Definitions

Some basic notations and definitions are recalled to be able to read the paper. There
are 3 kinds of neighbors in the honeycomb and in the triangular grids [15, 16] as we
show in Fig. 2 (left) for the latter. Every node (we also refer them as points) of the
honeycomb grid has three edges. There are two orientations of the edges at a node:
shape Y and upside-down Y. There are three 1-neighbors (connected directly by the
edges), nine 2-neighbors (six 2-neighbors in the shorter diagonal positions
additionally to the previous 1-neighbors), and there are twelve 3-neighbors (three
of them in the longer diagonal positions additionally to the nine 2-neighbors) w.r.t.
each hexagon.

As we have mentioned, we use three coordinate values to address the points. One
point in the honeycomb grid is the origin with coordinate triplet (0,0,0). There are
3 lines through the origin, in the directions of the edges connected to it: they are the
coordinate axes y, £, and « (as they are shown Fig. 2 (right)). The coordinate triplet
assigned to a node is computed from the triplet of another node based on the step,
which is parallel to an axis. In case the movement is in the same direction as the
axis, then the coordinate value is incremented by 1, however, if the step and the axis
are in the opposite direction, then the coordinate is decremented by 1, respectively.
Starting from the origin, by this method, all nodes get their unique coordinate triple
[16, 18, 29]. The honeycomb grid is 2-dimensional, therefore, the 3 coordinates
depend on each other. A point is called odd (of shape upside-down Y) and even (of
shape Y) based on the sum of their coordinates: it is either 1 or 0, respectively.
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Let £ and F be 2 grid points of the honeycomb grid. They are #-neighbors (4 € {1,
2, 3}), if both the next conditions are fulfilled:

1. |EG)—-F()| <1forie {l1,2,3},and (1)
2. [E(D) - F)|+|EQ2) - FQ)|+|EGB)—FQ)| <h. (2)

In case for a value of 4, there is an equality in Eqn. (2), then, the points are in strict
h-neighborhood. If one of the points (E or F) is not the origin, then translation or
reflection can be used (isometric transformations are described in [29]).

The set points that are sharing one of their coordinate values, i.e., z, y, or x-
coordinate, is a /ane. Every lane is perpendicular to a coordinate axis, as the
corresponding coordinate is fixed for these points. When stepping to neighbors in a
lane, the other two coordinates are changing by £1. When two points do not have
any common coordinate value, then they can be connected using 2 lanes with angle
2z between.

By the symmetry of the grid, we cut it basically to 6 parts. These sextants are called
direct and indirect sextants: if two of the coordinates of a point are positive, then it
in an indirect sextant. Actually, by the properties of the coordinate system, the third
value is necessarily negative in these cases. On the other hand, if a point has two
negative and a positive coordinate, then it is in a direct sextant. Thus, the
honeycomb grid built up by three lanes that go through the origin and six pairwise
disjoint sextants. Two of these lanes border two of the sextants (in fact, a sextant
and half of these lanes contain neighbor points).

In case none of the points for those we are doing the computation is the origin, we
may need to do some transformations of the honeycomb grid. Assume that £ is not
the origin of the grid. In case £ is an even point, e.g., (x,y,z) with x+y+z=0, a
translation of the grid via vector (—x,—y,—z) helps: each node (u v,w) is translated to
(u—x,v—y,w—1z)[29]. On the other hand, it could be that £ is odd point. Assume
that the odd point £” has coordinate triplet (x,y,z) with x +y + z= 1. It is transformed
to the origin by a reflection [29], and any point F” having, e.g., coordinate triplet
(u,v,w) will be transformed to F with the same transformation, where the
coordinates of F" are (x — u, y — v, z — w). Both these transformations are isometric:
the structure, the distance and the number of shortest paths are kept. Therefore, in
the followings, wlog., we consider only counting the minimal paths between the
origin £(0,0,0) with other points.

3 Formulation of the Number of Minimal Paths

Let us count the number of minimal paths between two points (let them be £ and F)
in the honeycomb grid. The result depends on the used neighborhood. As we have
described above, without loss of generality, let £ be the origin addressed by (0,0,0)

—285—



M. Dutt et al. Number of Minimal Paths in a Honeycomb Grid

and F be another point, let its coordinates be (u,v,w). As we have mentioned, there
are 3 lanes through E (see in Fig. 2). Let fi(u,v,w) be the number of minimal paths
from E to F' by using /-neighborhood.

From the symmetry of the honeycomb grid, it can be said that fi(u,v,w) = fi(u,w,v)
= fi(v,u,w) = fu(v,w,u) = fu(w,u,v) = fu(w,v,u). So only the values of a coordinate
triplet are important. In each sextant two of the coordinates have the same sign—
either negative or positive, and the third value has the opposite sign, this latter
coordinate is referred as the prime coordinate. The former two (with the same sign),
are referred as secondary coordinates. In the top-most sextant of
Fig. 2(right) u > 0 and w > 0 with v < 0. Therefore, v is the prime coordinate
(corresponding to axis f.). The coordinates # and w are secondary ones. A sextant
is referred by its prime coordinate, thus the previously described sextant is the v-
indirect sextant. Further, the value of the prime coordinate cannot be smaller than
the values of a secondary one (by taking their absolute values). It is implied that the
secondary coordinates play an important role in counting the number of minimal
length paths based on 1-neighborhood.

The computation of the number of minimal paths by 1-neighborhood, 2-
neighborhood, and 3-neighborhood are shown below along with the proof of
correctness. We determine the number of shortest paths in 2-neighborhood based
on the formulation for 1-neighborhood. A combined formula for 1- and 2-
neighborhoods are also provided.

3.1 The Case of 1-Neighborhood

The number of minimal paths by I-neighborhood for points with various
coordinates are presented in Fig. 3. It is to be noted that if F lies in one of the 3
lanes that pass through E, then there is a unique minimal path between F and E in
I-neighborhood.

Theorem 1. Let fi(u,v,w) be the number of minimal length paths from £(0,0,0) to
F(u,v,w) by 1-neighborhood in the honeycomb grid. Then,

el +|d where e,d =>0ore,d <0,
fl(u,v,w)=<| [+ ] I)‘

le] e € {w,u,v},d € {w,u,v}\{e} 3)

Proof. We prove the formula by induction on the length of the paths for both the
odd and even points. In both cases for the points of the mentioned lanes and for the
points of the (indirect and direct) sextants. Based on that we have 5 cases.

Case 1: We start with points on the lanes. It is easy to see that any minimal path
connecting the origin £ to a point with triplet (u,v,0) or (0,v,w) with v> 0 has exactly
lul+ v or v+w| steps, respectively. Actually, in these cases, the minimal path is
unique, going neighbor to neighbor point of the considered lane. Applying Equation

3, the result is (|16|) =1 (or (:Z:) =1, or (g), or equivalently, (z) =1) and
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wly _ (|W|) v . vy .
( 0 ) =1 (or i)’ or (0), or equivalently, (v) = 1), respectively. Thus, by

using the symmetry of the grid, equation (3) has been proven for all points on the 3
lanes going through on (0,0,0).

Case 2: Let us consider now points of the direct sextants. The proof is shown for
the v-direct sextant, and based on symmetry, it must hold for the all direct sextants.
The proof goes by induction based on the sum of absolute values of secondary
coordinates of the sextant. Considering first, an even point (u,v,w) of the v-direct
sextant, the conditions v> 0 and u,w < 0 must hold. In a minimal length path starting
at £, we can reach (u,v,w) from (u,v,w+1) or from (u+1,v,w). There are no other

possibilities. Therefore, fi(u,v,w) = fi(u,v,w+ 1) Hi(u+1,v,w) = ('”' +lwl = 1) +

[ul
(Iul + |w| - 1) _ (Iul + [wl
lul =1 [ul
odd.

). Notice that both points (u,v,w+1), (u+1,v,w) are

Figure 3
Number of minimal paths (inside the circles) by 1-neighborhood

Case 3: Let us see what is the case if the point is odd in this sextant, i.e., v>0 and
u,w<0. Now, in a minimal path from E, the last step of the path can be only from
the even point (u#,v—1,w) to the point (u,v,w), therefore, fi(u,v,w) = fi(u,y—1,w).

Notice that we can use the already proven cases for the lanes, where one of the
coordinates is 0. One can see that the binomial coefficients appear in the form of a
Pascal’s triangle. However, every value appears twice assigned to and shared by an
even point and one of its odd point neighbors, right below.
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Case 4: Consider now the v-indirect sextant. Here, v<0 and u,w>0. As for the basis
of the induction, consider points with a 0 coordinate value and see that the proof for
points on the lanes that are bordering this sextant is already shown. Further, consider
the odd points inside the sextant. In a minimal path from E, to reach the point (u,v,w)
(with u+v+w=1) the last step can be from (u,v,w—1) or from (u—1,v,w). There are no
other possibilities. Therefore, fi(u,v,w) = fi(u,v,w—1)+fi(u—1,v,w). Notice that both
these points are even.

Case 5: Considering even points inside the v-indirect sextant, in a minimal path
starting at E, the path goes through and reaches the odd point (u,v—1,w) just one step
before reaching (u,v,w). Therefore, fi(u,v,w) = fi(u,v—1,w). Thus, the proof based
induction shows also the binomial coefficients in this case in a very similar manner
as we have seen in the j-direct sextant. ]

3.2 The Case of 2-Neighborhood

The number of minimal paths with 2-neighborhood will be shown as a function of
the 1-neighborhood result; while some specific values are shown in Fig. 4.

Theorem 2. Let f>(u,v,w) be the number of minimal length paths between two points
F(u,v,w) and E(0,0,0) by 2-neighborhood and computed as follows.

a=1, whenw +v+u=0;

fLw,v,w) =axf,(uv,w), a=max{lw|,|v|,|ul}, whenw X v X u = 0;
a = max{|w|, |v|, lul} + 1, whenw X v X u < 0.

4)

i.e., for even points f>(u,v,w) is the same as fi(u,v,w) and for odd points in the direct
sextants and on the lanes passing through the origin it is multiplied by the largest
absolute value of the coordinates. Finally, for points in the indirect sextants that are
odd, fi(u,v,w) is multiplied by the sum of the absolute values of the secondary
coordinates.

Proof. The proof in the case of 2-neighborhood goes by cases for odd and even
points, and by their locations: we prove for the lanes through (0,0,0), and for the v-
indirect and v-direct sextants. Thus, altogether there are 2x3 cases based on the
parity and location. Since the grid is rotational invariant, the proof for other
locations follows immediately.

Generally, in a minimal path from £ with 2-neighborhood to an even point all steps
change exactly two coordinates (i.e., the path built up by strict 2-steps). On the other
hand, to an odd point starting at E, there is exactly one 1-step in a minimal path, the
other steps must change 2 coordinates (see, e.g., [10, 17]).
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Number of minimal paths by 2-neighborhood

Case 1: Consider, first, an even point on any of the lanes passing through £ (0,0,0).
Clearly, any minimal path starting at E to a point with coordinates
(u,v,0) = (—v,v,0) or (0,v,w) = (0,v,—v) with v > 0 built up by v steps, respectively.
In fact, there is a unique minimal path in these cases in which steps to strict
2-neighbors are used in the lane. From Equation (4), in these cases, the result is also

(|1é|) =1and (|V(|)/|) = 1 that is exactly the same value that we have in the case of
1-neighborhood.

Case 2: Next, we do the computation for odd points in the lanes passing through E.
Let the point be (u,v,0) or (0,v,w) with v>0 that is (1-v,v,0) or (0,v,1-v),
respectively. A minimal path starting at £ and ending at (1-v,v,0), one arrives to
there either from (1-v,v—1,0) or from (2—v,»—1,0). In a similar manner, to (0,v,1-v),
the last step is either from (0,y—1,1-v) or from (0,»—1,2—v) in a minimal path; it
cannot be otherwise. Therefore, the number of minimal paths between E and these
odd points is computed as f2(0,v,w) = £o(0,v—1,w)+f2(0,y—1,w+1) and fo(u,v,0) =
So(u,v—1,0)+f(u+1,j—v,0). In both of these formulae, the first parts count minimal
paths to even points and the other parts count shortest paths to odd points which can
be  expanded  similarly.  Using  induction of  Equation  (4),
1(0,v,w) =f1(0,v—1,w) +£1(0,y—1,w+1)x(v—1) and

Fo(u,v,0=fi(u,v—1,0)+fi(u—1,—1,0)x(v—1), respectively. Thus, f(0,v,w) =
(0+|w|>+(0+|w|—1>x(v_1) o fz(u,v,0)=(|u|_1+0)+

|w lw| -1 lul -1

(lullu_l i-; 0) X (v — 1), i.e., f2(0,v,w)=1+1x(v—1) or fo(u,v,0)= 1+1x(v—1). Hence,

f(0,v,w) = v and also fo(u,v,0) = v. Therefore, applying symmetry of the grid,
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Equation (4) has been proven for all points on the three lanes passing through the
origin.

Case 3: Now, let an even point F(u,v,w) be given in v-direct sextant (v>0) and
compute the number of minimal paths starting at £. Any of these paths built up by
strict 2-steps, therefore, only even points are contained in them. There could be 2
points from which F(u,v,w) is reached in the last step: from (u,v—1,w+1) or from
(u+1,y—1,w). Therefore, to count these paths we have fi(u,v,w)=
fo(uy—1,w+)+fo(ut+1,v—1,w). Both terms are formulae for even points. Therefore,

SouywyEfi(u,y-1LwtDifitly—Lw), ie., fz(u’ v W) - (lul +|'|L‘LA|/| ) 1) "
(R = By _ (e Ty g
= = fi(u,v,w).

lwl -1 |ul

Case 4: In a minimal path starting at E, we may reach the odd point (u,v,w) of the
v-direct sextant in the last step from (u,v—1,w+1) or (u,v—1,w) or (u+1,v—1,w).
Therefore,  fo(u,v,w)=f(u,v—1,wt1)+fo(ut1,y—1,w)tH(u,y—1,w). Two terms
represent values for odd points but the last term represents a value corresponding to
an even point. Applying Equation (4),
Lfouywy=fi(u,y—1wtD)x(v—Dtfi(u+Ly—1w)x(v—1)+  fi(u,yv—1,w).  Therefore,
fZ (u, v, W) =

w—1) x (('”' +|'L‘LA|’| - 1) + ('”' |;|1_+1|W')) Ay —1w) = —1)x

(lul + |W|) + (lul + |W|) =v X (lul + |W|) = v X f;(u, v,w). Observe that the
[u] [ul [ul

formula is the one we intended to prove for this case.

Case 5: Next, consider minimal paths starting at £ and finishing at even point
(u,y,w) in the v-indirect sextant (v<0). The number of them is counted as
fo(u,v,w)y=fa(u—1,v+1,w)+fo(u,v+1,w—1) because in the last step (u,v,w) is reached
from (u—1,v +1,w) or (u,v +1,w—1). Both parts are values for even points.
Consequently,  A(u,v,w)=filu—1 v+1w)ytfiluy+1,w-1), ie., fL(u,v,w)=

((u—1+W)+(u+W—1)>=(u+W):f1(u'v‘W).

u—1 w u

Case 6: Finally, consider the only remaining case. Let (&,v,w) be an odd point inside
the j-indirect sextant. It can be reached by a minimal path only from the following
points in the last step: (u—1,v,w), (w,y,w—1), (u—1,v+1,w) and (u,v+1,w—1).
Consequently,

So(u,y,wy=hH(u—1,v,wythHu,y,w—1+H(u—1,v+1,w)+f(u,v+1,w—1). Two parts are
counting paths for even points and the other two parts are counting paths for odd
points. Applying Equation (4),

fo(u,v,w) = filu—1,v,w)ytfi(u,y,w—1)+fi(u—1 v+, w)x(u—1+w) +

Situy+1,w—1)x(utw—1). Therefore, f,(u,v,w) = (u ; 1_-; W) + (u + ‘Z B 1) +
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(u;l_-liw)x(u—1+w)+(u+‘::_1)><(u+w—1). Thus, f,(w,v,w) =
(") (L) () = () s

w—1) X(uZW) = (u-zl-lw) Xu+w—-1+1)=fiw,v,w)xu+w). In
the v-indirect sextant, for any odd pointu +v+w=1and |v| + 1 =u + w, since v<O0.
Hence, fo(w,v,w) = fi(w,v,w) X (|v| + 1).

In similar way, the proof can be extended to other sextants including u-indirect, w-
indirect, u-direct and w-direct sextants. [ |

In the next corollary we will make a connection of the results shown in Theorems
1 and 2.

Corollary 1. Let f{u,v,w) be the number of minimal paths between points F(u,v,w)
and £(0,0,0) in S-neighborhood where f € {1,2} and is defined as follows,

where ¢,d >0 or c¢,d <0;
c € {u,v,w}, d € {u,v,wi\{c}

a=1, when g = 1.
f(u,v,w)=<|C|+|d|)><a><ﬁ, Further, when f = 2:
Ic] a=1 whenu+v+w = 0;
a:M, whenu X v Xw = 0;
a = mexulwivB+1 ywhen y x v X w < 0.

2

®)

Proof. When the value of f is 1, f{u,v,w) is equal to the number of minimal paths
between two points in 1-neighborhood as given in Eqn. (3), i.e., flu,v,w)=fi(u,v,w)
if = 1. The proof of this formula is already shown for Theorem 1. The number of
shortest paths between two points, f{u,v,w) is equal to the number of minimal paths
between two points in 2-neighborhood as given in Eqn. (4) when the value of f is
2, i.e., flu,y,w) = fo(u,v,w), if f = 2. The resulting formula with its proof is already
proposed in Theorem 2. [

3.3 The Case of 3-Neighborhood

Path counting in 3-neighborhood is formulated here in two parts— for boundary
points and other points. The formulations are given as follows.

Theorem 3. Let f3(u,v,w) be the number of minimal paths between two points
F(u,v,w) and E(0,0,0) in 3-neighborhood. The formulation for the boundary points,
i.e., points close to the lanes separating the sextants, (see colored nodes in Fig. 5) is
given below.
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2%, where a,b €{w,v,ul,a=>b=0,{w,v,ul\b,a} = {1}
21al=1" where a,b € {w,v,u},|a| = |b| # 0, {w,v,u}\{b,a} € {0,1}
a-—-3 Where ace {u! v, q}! mln{|W|, |U|I |u|} = 1:
[3 3 ax2%7], w+v+u=0 and max{|w|, |v|, [u|} = a;
fs(w,v,w) =< where a € {w,v,u}, |v|# |ul, |u|l=#|w|,
13 x ax297% + 272, lv| # wl, min{lw|, [v], lul} = 0,
w+v+u=1 and max{|w|, |v|, [ul} = a;
3 % g x 2lal-3 _ plal-2 where a € {u, v, w}, min{|w|, |v|, |u[} = 2,
" w+v+u=1andmin{w,v,u} =a < -3.

(6)

Proof. For 3-neighborhood, the proof can be done for even and odd points using
induction. The cases are by the locations of the points shown in various colors in

Fig. 5.

7 (210.;1) _‘ (4.0,
(L[J.M?)‘A 3,0,

18>0
v

Number of paths with minimal length by 3-neighborhood

Case 1: Let us first consider the gray points (see Fig. 5). Three such points are there
which can be reached from origin by one and only one path only. These three points
are in 1-neighborhood of E. Two of the coordinates are zero. The value as per Eqn.

(6) is always 2° = 1.
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Case 2: Now, let us consider the yellow points in Fig. 5. Nine yellow points are in
3-neighborhood of E, i.e., those points can be reached by an appropriate single step.
The values at other yellow points (whether even or odd) which can be reached by
two steps are dependent on the values of the two of their neighbors. This yields the
value 2. The yellow points which can be reached by appropriate three steps are
actually the sum of values of the two points which are reachable by appropriate two
steps. Thus, the value is 4. This leads to exponential growth in the values — powers
of two. All the yellow points are at the boundary of each sextants.

Case 3: Let us consider the red points (Fig. 5), which are even points. In v-indirect
sextant, a red point is reached from three of its neighboring points. Let us consider
the red point, F, in v-indirect sextant which can be reached by an appropriate two
steps from the origin. If the coordinate triplet of F is (u,v,w), then it can be reached
by an appropriate single step from F, = (u—1,v+l,w), F» = (u,v+1,w), and
F3(u,v+1w—1), which are yellow points. As F is in the v-indirect sextant and red
point, max {|ul|,|v],|w|} = |v| and F1, F>, and F3 are exactly at single step distant from
origin. So, F' can be reached by exactly two steps from origin by f3(u — 1,v + 1,w)
+ Ay + ILw) + Ay +1w—1)=1+1+1=3 ways, ie., 3 x 241 =3 x M 11 =
3 x 22 a5y <0 as per Eqn. (6). Let F” = (u + 1,y — 1,w) be the point which can be
reached by exactly two steps from origin and by an appropriate single step from F,
Fh(u+ 1v,w), F3(u + 1,v,w— 1), and F’4(u,v,w + 1) (from one red point and three
yellow points). Here, max {|ju + 1|,jv| + 1,|w|} = |v| + 1 as v < 0. fs(u+1,v,w) = fa(u +
lyw — 1) = fiwvw + 1) = 2M1 (Eqn. 6). filu + Ly — 1w)
=3 x 2M2 4 3 % oM =3 % 2WTI3 4 3 % OMIP2 = 3 x|y — 1| x 2M713 Let 7 =
(u”,v”,w”) be a red point in v-indirect sextant which can be reached exactly by w
steps in 3-neighborhood. Then, F” can be reached from four points which are
exactly w — 1 steps from origin. Let F”’1 = (u” — 1v” + 1, w”), F, = (u”,v’+1,w"),
F3=wpy’+1,w—1),and F’s=(w” — 1,y + 1, w” + 1) be such points (one red
point, one green point, and two yellow points). So, F”’ can be reached by an
appropriate two steps from origin by f3(u” — 1,v° + 1,w”) + fi(u”,v” + L,w”) +
L@y 1w = 1)+ fiw” — 17+ Lw” + 1) =3 x v’ x 23 ways, Similarly, it
can be proven for other sextants also.

Case 4: Now consider the blue points (odd points) which has one zero value in
coordinate triplet. Let F = (u,v,0) be an odd point in j-indirect sextant and
u>0>v,u—|v|=1. F can be reached from origin by an appropriate u steps and F
=w-1v1),F,=w-1y,0), F3=(wu—-1,v+1,0), and Fs= (u—1,v+ 1,—1) be such
points which can be reached by an appropriate # — 1 steps from origin. Thus, the
value for F will be fs(u — 1,v,1) + fs(u — 1,v,0) + fs(u—1,v+1,0) + fs(u—1,v+1,—1).
The red point at (#,v,—1) can be reached from F>, F3, and F4 by an appropriate single
step. The value for the red point will be fi(u — 1,v,0) + fai(u—1,+1,0) +
Su=1,+1,-1) =3 x u x 2°3 as max{u,[v|,[-1|} = u by Eqn. (6). F\ is the yellow
point which has the value 2" = 2472 as |v| = u — 1. Hence, the value for F will be 3
Xy X 214*3 + 2u*2.
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Case 5: Now consider the green points (odd points) which has one value ‘2’ in their
coordinate triplet. Let 7' = (u,v,w) be an odd point in j-indirect sextant and u =2 or
w =2, max{|ul,|v|,|w|} = |v|. F can be reached from origin exactly by |v| steps and F
=(wu-1y+1lw),F,=@w—-1lLyv+1lw—1),and F3 = (u,v + L,w — 1) be such points
which can be reached by an appropriate [v| — 1 steps from origin (on yellow, one
red, one green). Thus, the value for F will be fs3(u—1,v+1,w) + fs(u—1,v+1,w—1) +
f3(u,y + 1L,w—1). The red point at (u,v,w — 1) or (u — 1,v,w) can be reached from Fi,
F», F3, and one more yellow point by an appropriate single step. The value for the
green point will be 3 x ¢ x 2173 — 2472, [ |

In Fig. 5, the formulation for the boundary points are shown in five different colors
for each condition in Eqn. (6). The first, second, third, fourth, and fifth conditions
in Eqn. (6) are shown in gray, yellow, red, blue, and green color respectively.

For other points (white points in Fig. 5), the total number of minimal paths in
3-neighborhood can be generated as sum of the number of shortest paths for
previous neighboring points. In indirect sextant, for an odd point, the number of
minimal paths is sum of the paths for its three neighbors, whereas for an even point,
it is sum of the paths for its five neighbors. For direct sextant it is just the reverse
of the indirect sextant. The generating function for the v-indirect and
v-direct sextants are given below.

Theorem 4. Let f3(u,v,w) be the number of shortest paths between two points
F(u,v,w) and E(0,0,0) in 3-neighborhood. The formulation for the points other than
boundary points for the v-direct and v-indirect sextants (see the white balls in Fig.
5) is given below.

fg(u,U,W) =
fsflu—1Lv+1L,w+D+fu—1Lv+1L,w+ fs(u,v+1,w)
+wv+1L,w-1D+fi(u+1,v+1,w—1) where
u+v+w=0andw,u=>0,v<0.
fsu—Lv+1iw)+fsu—1Lv+1L,w—-D+fuv+1,w-1)
whereu+v+w=1andw,u>0,v <0.
fsu+L,v—1Lw-D+fzu+lL,v-1,w+ f;(u,v—1w)
+fa(w,v—1L,w+ 1)+ fz(u—1,v—1,w+ 1), where
u+v+w=0andw,u<0,v=0.
ffu+lL,v-1w+fsu+L,v-1Lw+D+fzu,v—1w+1)
whereu+v+w=1andw,u<0,v=0.

(7

Proof. For white points the number of minimal paths is generated recursively by
using the Eqn. (7). Let us consider an even white point F(u,v,w) which can be
reached from E by appropriate |v| steps. F can be reached by exactly single step
from Fi(u — 1,v+ 1w+ 1), Fo(u — 1,v + 1,w), F3(u,v +1,w), Fa(u,v + 1,w — 1), and
Fs(u+1,v+ 1,w— 1) which can be reached exactly by |v| — 1 steps from origin. Thus,
fHuy,w) = fu—1y+l,w + Dtfsw—1,v +1,w) + fi(u,y + Lw)tfiw,y +1,w—1)
+ f3(u + 1,y + 1,w — 1). Let us consider an odd white point F(u,v,w) which can be
reached from E exactly by |v| steps. F can be reached by an appropriate single step
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from Fi(u — 1,v+ Lw), Fo(u— 1,v+ 1,w— 1), and F3(u,v + 1,w — 1) which can be
reached by exactly |v| — 1 steps from origin. Thus, f(u,v,w) =
Sw=1y+ 1w+ fiw—1Ly+Lw=1)+fiwy+ Lw-1). m

Example 1. Let us consider the even point (2, —4, 2) in v-indirect sextant.
f(2,74,2) = f3(1,-3,3)+(1,-3,2)+4(2,-3,2)+4(2,-3,1)+£4(3,-3,1). All the points
are at boundary, values can be put according to the Eqn. (6). (2, —4,2)=4+9+7
+ 9 + 4 = 33. Now, consider the odd point (3, =5, 3) in v-indirect sextant. f3(3, =5,
3)=£(2,-4,3) +f3(2, 4, 2) + f3(3, —4, 2). The first and third points are at boundary,
so we can directly calculate their values. The middle point is not at boundary, it can
be expanded recursively until we will get boundary values. Thus, £(3, =5, 3) =
20+£(1,-3,3)+4(1,-3,2)H4(2, -3, 2)+4(2,-3,D)44(3,-3,1) +20
=20+4+9+7+9+4+20="73. The above formulation for other sextants can be
done similarly.

4 Counting Minimal Paths in Other Grids

The number of minimal paths between two points in the other two regular grids are
discussed here for the sake of completeness and comparisons. There are differences
also in the number of neighborhoods. First, we consider the rectangular grid and
then, the isometric grid. The former has two neighborhoods—city block (4-
neighborhood) and chessboard (8-neighborhood). The explanation for the number
of minimal paths in rectangular grids for the two neighborhoods are given in [37,
38]. A portion of enumeration of the number of minimal paths between two points
in 4-neighborhood is shown in Fig. 6 and that of 8-neighborhood is shown in Fig.
7.

Let f-4(i,j) be the number of shortest paths from (i) to (0, 0) considering
4-neighborhoods, i.e., grid paths in this case, in rectangular grid. The number of
shortest paths between p(7,j) to ¢(0,0) is given below.

fstipy = (M2 V) ®
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The result for the number of shortest paths in 8-neighborhood in rectangular grid
has already been proven by Das [37, 38] with recurrence relations. Here, we show
a shorter direct proof with combinatorial tools for the formulation of
8-neighborhood in rectangular grid as follows.

Theorem 5. Let fs(7,j) be the number of shortest paths from the origin ¢(0,0) to
any other points p(i,j) in 2D rectangular grid in §-neighborhood and

r+i<|j| |||
S jl!
fa-r () = nr (il —r =0l

1=0,r-1=|i|,r=1

where |j| > || €))

Proof. Consider the two points p(i,j) and ¢(0,0) for which the number of shortest
paths in 8-neighborhood in 2D has to be proved. Let |j| > |i|. The distance between
p and ¢ is max{|i,/j|}. Here, the distance between p and q is |j|. When the value of i
is zero, all possible paths between two points is shown in Fig. 8(bottom, purple
Ljl
2
The total number of left and right movements is less than or equal to |j. When
i # 0, the total number of left and right movements is less than or equal to |j| (see
the top of Fig. 8, orange background). It is also evident from the figure that if the
number of right movements is |i|, then there is no left movement or if there is a left
movement, then there will be two right movements (in case 7 = 1). From these the
conditions of summation in the Eqn. (9) is evident. There will be in total |j| steps to
reach p from ¢q. These |j| steps can be taken in |j|! ways. The letters /, », and
|jl = r — I represent the total number of left moves, right moves, and forward moves
(when only the coordinate with the larger difference changes). Correspondingly, /!,
rl, and (|| — » — [)! are used in the denominator considering all possible left moves,

right moves, and forward moves. For a particular value of left moves, the
1!

Ur!(|jl-r=0D!"

paths for each left movements is given in Eqn. (9). ]

background). There are % left movements and = right movements at maximum.

corresponding number of paths is The sum of all possible number of

It is to be noted here that formulation for |i| > |j|, is just the reverse (exchanging i
with ;) of the above equation (Eqn 9). f—4(i,j) has a similarity in values with fi(i,j,k).
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f3(i,7,k) has some boundary conditions as we have for f4(i,/). Thus, it can be stated
that there are some similarities in honeycomb grid and rectangular grid for the
number of minimal paths between two points.

A
! / >0_pr
I E SO RGPS
0 i
@@@@@@@0

(=4, —0)(=3,~4)(=2,=4)(- 1, — n(u 0 (T U(z 1(5 ) (4 ~4)
y<0

Figure 8

The isometric grid has only one neighborhood whereas the honeycomb grid, which
is its dual, has three neighborhoods. In the isometric grid, the origin has six
neighbors. Let fi(i,j,k) be the number of shortest paths from (i,j,k) to (0,0,0)
considering only one neighborhood in isometric grid. The number of shortest paths
between p(i,j,k) to ¢(0,0,0) is given below.

» r<0,y>0,2<0

Figure 9

Counting minimal paths in the isometric grid

.. la| + |b|\ wherea,b € {i,j, k} and
1. N Ik = ( ); .. 10
fiso @ db) = (101 ) a4 b] = 10, K\ {a, b (10)
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are zero and one only (even and odd nodes). In 3-neighborhood of honeycomb grid,
there are twelve neighbors among them six are even points and six are odd points
w.r.t. g. The coordinate sets of that six even points are present in the six neighbors
of ¢ in the isometric grid.

Conclusions

In digital geometry step-based, digital distances are defined on various grids. They
are applied in various research areas, especially in digital image processing and in
network modeling. Non-traditional grids have various advantages comparing them
to traditional rectangular grids based on, e.g., their symmetric properties [32]. For
instance, there are three kinds of usual neighborhood in the honeycomb grid, while
there are only 2 in the 2D rectangular grid, and only 1 in the isometric grid. This
gives more flexibility in applications to the honeycomb grid. The minimal paths are
counted in this paper based on all the three neighborhoods of the honeycomb grid.
The result is of theoretical nature: we have formulated the problem and proved the
correctness of the result. One can also expand the problem to obtain one combined
formula which is suitable to find shortest paths between any two points in the
honeycomb grid for the three neighborhoods. This could be a future task. On the
other hand, the numbers of minimal paths in the cubic grid for the different
neighborhoods, and the number of minimal paths in the square grid with weighted
distances, as some of the related results have been explored in [43] and in [44],
respectively. Possible applications are in networking, when to deliver some data,
various shortest paths can be used simultaneously. Path counting was also applied
in two-dimensional images [1]. Papers [42, 45] show similar path counting results
on the triangular grid.
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