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Abstract: The elevation differences between a point of the terrain surface and the points of 
a circle whose centre is this point may be the base of a Fourier series, where the azimuth 
(from the examined point to a point of the circle) is the variable of the function.  
The coefficients of this azimuth-based Fourier series are applicable for the analysis of the 
elevation models, for example classifying the points of the surface. The described analyses 
are implemented easy in varied GIS software because the coefficients are calculated by 
convolution filters. This paper describes equations for calculating fuzzy values of the 
landform classes from the coefficients of the azimuth-based Fourier series. 
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1 Introduction 

The parts of the terrain surface can be classified to different landforms types.  
The peaks and pits are the local maximum and minimum points of the surface. 
The ridges and valleys are the lines where two hillside (slope) join. The saddle is a 
special point of the terrain surface where the lines of valleys and ridges join.  
The plain areas are the part of the ground surface where the elevation differences 
are not greater than a threshold. 

There are other classifications, which use more classes. For example, Márkus [26] 
uses three class for the slope areas: even, concave and convex slopes. MacMillan 
[24] describes various landform classification with other classes and in some cases 
sub-classes. Guilbert [14] writes about landform ontologies. 

Several methods have been published for making geomorphology analysis and 
classifying the landform types. This article describes a new method, which is 
capable to classify the landform elements or make other geomorphological 
analysis. 
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2 Some Well-known Methods for Landform 
Classification 

This section contains the short descriptions of some well-known landform 
classification methods. Bishop [2] presents some methods for geomorphological 
mapping, and Evans [9] writes about the landform mapping. Güler [15] describes 
a vector based morphometric tool. 

Yokoyama [51] describes a method, which calculates the zenith angle of the 
terrain surface in different directions (in azimuths which are multiple of 45 
degrees) and various distance. The classification is based in these parameters. 
Jacek [19] presents a similar method, which works in a DEM with the neighbour 
node’s elevations. 

Stepinski [40] presents a method of geomorphons. A point’s geomorphon contains 
the signs of the elevation differences in 8 different directions. 

Prima [33] uses supervised classification from DEM-derived parameters to 
separate different landform elements in a Japanese test area. The classification 
uses not only the DEM data, for example Saadat [37] presents a classification 
from DEM and satellite imagery data. The classification may be used with a 
segmentation, as Drăguţ and Eisank described [8]. 

There are various values derived by the elevation models and related to the 
landform. For example, Weiss [53] introduced the TPI, the Topographic Position 
Index. This value is the difference between the elevation of a point and the 
average elevation of this points neighbourhood (with a defined radius). The TPI 
values with different radiuses may be usable for the landform classification. 

3 The Suggested Method 

3.1 The Principles of Azimuth-based Fourier Series 

Similar to more well-known methods, the suggested procedure studies the 
elevation differences between the studied point and other places around this point 
in a circle with a defined radius (denoted r). In this case, the elevation difference 
is a function of the azimuth (the azimuth from the studied point to a point of the 
circle, denoted δ): 
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where the h : R2→R function means the digital elevation model which can 
produce the elevation in a horizontal position determined by x and y coordinates. 
The r (radius of the circle) is a constant parameter in these equations. 

A function (f : R →R) may be approximated by a sN function: 

 
where ai and bi (i ≤ N) are called Fourier coefficients. If N = ∞, the function is 
called Fourier series. ([11, 12]) In the practice, we use finite N values for the 
calculations. The Fourier coefficients of the f function can be calculated by the 
following equations: 

 
The ∆H(δ) function may be approximated by a Fourier series because this is a 
periodic function. The Fourier coefficients can be calculated by the (3) and use 
∆H(δ) from the (1) instead of f(x): 

 
In the practice, the integrals are changed to sums because we use numerical 
integral with M slices: 
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3.2 Calculating Azimuth-based Fourier Series by Convolution 
Filters 

When the terrain surface is modelled by a GRID model, the elevations of the 
surface are known in the nodes of a rectangular grid with τ distance. The h(x,y) 
function may use bilinear interpolation, and calculates the elevation as the linear 
combination of the neighbour grid points of the position determined by x and y 
coordinates. The interpolated elevation is a linear combination of the elevations of 
the four neighbour grid nodes. 

This interpolation method can be used in (5), and the Fourier coefficients will be 
the linear combinations of the values (elevations) of the grid points.  
The parameters of these linear combinations may be ordered to matrices. These 
matrices can be applied as a convolution filter in a GIS software to calculate the 
Fourier coefficients in each grid points of a digital elevation model. 

In the first step, the size of the convolution matrices must be determined. This is a 
function of the radius (r) which is given in the unit of the grid resolution (τ).  
The size of the matrices is (2n + 1) × (2n + 1), where n = ⌈r⌉ (or n = ⌈r/τ⌉, if r is 
in a distance unit). The rows and columns of this matrix indexed 0 . . . n . . . 2n 
numbers, the (n,n) element is the centre of the matrix. 

The elements of the convolution matrices are calculated by a numerical integral of 
the azimuth (δ) angle, see in the Figure 1. A point of the arc is calculated in each 
iteration: 

 
The elevation of the (x;y) point can be calculated from the neighbour grid points, 
denoted A, B, C and D. The grid coordinates (or the matrix indexes, y is the row, x 
is the column) of these points: 

 
Using the method of [28] the elevation is calculated from these grid point with 
weights, which are proportional to the opposite rectangular areas. In this case, we 
do not calculate the elevation, instead the products of the weights and the Fourier 
components are added to the elements of the matrices. In this addition may be 
used the Simpson’s rule [41], if the odd iterations have double weight. 



Acta Polytechnica Hungarica Vol. 22, No. 8, 2025 

 – 229 – 

 

Figure 1 
The calculations of the convolution filters in the coordinate system of the grid. This figure shows only 
the first quadrant (where the coordinates are between n and 2n), but the method works similarly in the 

other quadrants. 

The Python [44] module represented in Figure 2 calculates the convolution filters 
by the specified method. 

The calccffilt function returns the calculated filters in a dictionary (hash), where 
the keys are the identifiers of the coefficients (for example ’A1’) and the values 
are NumPy [49] arrays with the convolution filters. The input parameters of this 
program are the R (in unit of the grid, denoted τ ), and optionally the default 
values of the azimuth resolution (3600) and the levels of the Fourier series (the 
default is 3, which means 0, 1 and 2) can be modified. 
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Figure 2 
The source code of the calccffilt function 

Figure 3 shows a visualized example for the convolution filters. The provided 
Python function can calculate the filter with any other parameters. The size of the 
arrays of the returned filters depends on the radius. 

Karasaridis [21] and Simoncelli [39] uses similar filters for image processing. 
Vörös [48] uses Fourier analysis to study the shape of a selected landform element 
(cones). 
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Figure 3 
The convolution filters of a0, a1, b1, a2 and b2 Fourier coefficients, with different radiuses using bilinear 

interpolation. (Most of the values are close to zero.) 

3.3 Study the Coefficients 

The azimuth-based Fourier coefficients can be calculated in each point of a DEM 
grid by two-dimensional discrete convolution filters, which are produced by the 
program described in Section 4. (Figure 2) 

The following parameters can be calculated from the Fourier coefficients (a0, a1, 
b1, a2 and b2): 

 
The e is a new parameter, it means the roughness of the terrain surface. The e has 
a length dimension (meter or other elevation unit) similar to the ai and bi Fourier 
coefficients. The Pi parameters have no dimension. The values of P0 are between 0 
and 1, and the values of other Pi parameters are between −1 and 1. 
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One hand if the P0 value is larger (near 1), the landform type proves plain. On the 
other hand the value of P1 is large in the hillside (slope) areas. The value of P2 is 
near  −1 in ridges and near 1 in valleys. The P3 value is larger in near a pit or 
peak; if a0 < 0 it is a peak and if a0 > 0 it is a pit. The P4 is larger near the saddles. 

3.4 Fuzzy Landform Classification 

The fuzzy provides transitions between true and false (fuzzy logic) or an 
element’s membership (fuzzy set). [52, 10, 46] The fuzzy classification is based 
on the fuzzy sets, uses fuzzy membership functions or fuzzy decision trees [43]. 

Fuzzy methods have been already used for landform classification in [38] with 
fuzzyfication of usual DEM-derived parameters. Irvin [18] uses ISODATA 
method for fuzzy classification of landform elements, Burrough [4] and Gorsevski 
[13] published a similar analysis with k-means method. MacMillan [25] also 
describes a fuzzy based landform classification. 

The presented fuzzy based method differs from these previous methods. Azimuth 
based Fourier coefficients were used for creating a fuzzy landform classification. 

The following fuzzy parameters can be calculated from the attributes which have 
been produced by the (8): 
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These equations present the memberships function of the sets of different 

landform types. This classification defines fuzzy sets. The wflat, wslope, wridge, wvalley, 
wsaddle, wpeak and wpit parameters can be made the related landform types stronger 
or weaker. 

4 The Suggested Method in Practice 

4.1 Implementation 

Python programs were created for testing the presented method in the practice. 
The calccffilt function, which calculates the convolution filter has been presented 
in the Section 4. (Figure 2) 

The calculations of (8) and (9) can be executed by simple expressions because the 
operators between two NumPy arrays with same size provide a third array with the 
results per each item. The NumPy also has a lot of functions for these calculations. 

The two-dimensional discrete convolution filters need one other module.  
The signal module of the SciPy [3, 47] was applied to make this calculation. 

The GDAL [50, 36] module provides tools for reading grid data from varied raster 
formats into a NumPy array. The GDAL also can write a NumPy array into a 
raster file. 

Matplotlib [17] was used for visualizing the result and create figures (Figure 5). 
Besides QGIS [34] also used for these tasks. 

Of course, any advanced desktop GIS software (e.g. GRASS [29, 30], SAGA [6, 
31, 32], ArcGIS, etc.) include this data processing. The convolution filter and the 
map algebra or raster algebra are basic tools in these applications. 

The process can be automated by QGIS Graphical Modeler, ArcGIS Model 
Builder or other graphical tools. 
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4.2 Results 

 

Figure 4 
The fuzzy classifications of the landform in the sample area of Mátra mountains in Hungary. The 

contour interval is 25 meters. The landform is represented by blended colours. The blue and red areas 
(shaped lines) are the valleys and the ridges. The yellow areas are the slopes, and the green areas are 

the planes. (Created by QGIS) 

After the development of the required programs (Section 7), the results derived by 
different parameters in different areas were studied. The elevation model was 
derived from the one arc second resolution SRTM [20, 35, 45] model by 
resampling in Standard Hungarian Projection [42] (HD72 or EOV, SRID=23700) 
in 25 meters resolution. 

Figures 4 and 5 show the result in a sample area from Hungary. The r=2.1, τ=27.5 
m and e=0.9 m. 
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Figure 5 
The defuzzified classifications of the landform in a sample area of Mátra mountains in Hungary. The 
elevation map with traditional colours on the left, and on the right is the defuzzified result map with 

colours similar to Figure 4. The darker red and blue areas are the pits and the peaks. (Created by 
Matplotlib) 

5 Possibilities of Use in the Practice and Further 
Development 

Landform classification is an important tool in several GIS application, for 
example in soil surveying [16], land consolidation [22], land valuation [23], 
hydrological related geomorphological analysis [1, 7], and in analysis of urban 
areas [27]. 

The landform is related to the performance of different DEM interpolation 
methods [5]. The optimal interpolation method can be chosen by any parameters 
of the introduced calculations. 

The ai and bi parameters may be the input data of a machine learning algorithm in 
any analysis which uses terrain data. 

Conclusion 

The azimuth-based Fourier series are usable for geomorphological analysis and 
landform classification. The Fourier coefficients can be the base of several 
parameters. Fuzzy sets can be created based on the classification. 
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The presented methods can be used in several GIS software, because the 
convolution filter and raster calculator (map calculator) functions can provide the 
building blocks of the processing background. 

wvalley=1.00 

wpit=1.00 

 

wvalley=0.90 

wpit=1.50 

 

wvalley=0.80 

wpit=2.00 

 

wvalley=0.60 

wpit=3.00 

 

Figure 6 
An enlarged part of the deffuzified map of the Figure 5 with different wvalley and wpit parameters 

The classification between valleys and pits is difficult. The r and e parameters 
influence the result, including this classification problem. The wvalley and wpit 
parameters are very suitable for this goal. Figure 6 shows this problem and the 
result of the analysis with different parameters. 
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