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Abstract: Cellular automata are parallel computing devices working on a discrete time-
scale. In the paper, each cell of the triangular grid has a state from the binary set (i.e., we
have a binary pattern, an image, on the grid), and the state in the next time instant depends
only on the actual state of the cell itself and the states of its side-neighbor cells. We illustrate
their use in image synthesis, e.g., generating snowflakes, and in image analysis: some of our
automata are connected to image processing operations, e.g., dilation and erosion.
Computation of Hausdorff distance of two binary images on the triangular grid is also
presented. In image processing, and especially in mathematical morphology, operations are
local operations, and thus, cellular automata are apt to use. On the other side, the triangular
grid is not a point lattice, thus the definition of translation based image operations is not
always straightforward.
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1 Introduction

Cellular automata are widely used classical parallel computing models formulated
by von Neumann, Ulam and Codd in the 1940’s. These automata work on discrete
grids, each cell has a state from a finite set and they are able, e.g., to do “self-
reproduction”. 2D models are widespread [7, 10, 24, 27]; “Game of Life” is one of
the most popular cellular automata, it was introduced in 1970 by Conway [8, 9, 10,
23]. It is designed on a square grid where each cell has only 2 states: dead or alive.
Many life-like automata have been studied since then (see, e.g, [5]). One of the most
important properties of the cellular automata is the type of the grid. There are
various two dimensional infinite grids: square, triangular, pentagonal and hexagonal
grids. Digital image processing and mathematical morphology use discrete images
represented on a grid. There are various algorithms which are based on the value of
the cell and on the values of its neighbors. This fact gives us the possibility to
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establish relations between specific cellular automata and morphological
operations.

Image processing and image analysis are important parts of artificial and
computational intelligence. The most used digital space is the square grid, it is used
most frequently in applications as well. There are two other regular tessellations of
the plane, the hexagonal and the triangular grids; they are also in a duality relation
in terms of planar graphs. Because of some better properties some of the image
processing algorithms are also developed for these grids [15, 18, 21, 13]. However,
the triangular grid is not a point lattice, thus translation based local operations
cannot be defined in a straightforward way. This is an important difference from the
square and hexagonal lattices. In mathematical morphology, dilation and erosion
are based on local translations, various approaches to extend their definitions to the
triangular grid was shown recently in [1]. This paper is also motivated by the reason
of lack of morphological operations described and analysed on the triangular grid.
In various image processing applications parallel and distributed algorithms become
important and popular, we will present parallel algorithms (cellular automata) for
morphological operations.

In this paper, we are going to study cellular automata on the triangular grid giving
some general characteristics. Some models can be connected to image processing
techniques, especially parallel algorithms to dilation and erosion. Cellular automata
were already introduced on the triangular grid [4], but with a larger neighborhood
(for a Moore-type of neighbourhood having 12 neighbors). Here, in this paper, the
smallest natural neighborhood (with 3 neighbors) is considered, that is analogous to
the von Neumann neighbourhood used in the square grid.

2 Preliminaries

2.1 Cellular Automaton

A cellular automaton consists of a regular grid of cells with finite number of
dimensions. Each cell has a finite number of states, such as “on” and “off” (In case
of 2 states, it is called binary). For each cell, there is a set of cells called its
neighbors. An initial state (time t = 0) is where each cell has one specified state
(e.g., “on” or “off”). A new generation (t + 1) is created according to some fixed
rules that specify the new state of each cell based on its current state and its
neighbors’ states. The rules are the same for each cell and do not change. They are
simultaneously applied to the whole grid. In the next subsection we recall a specific
binary model.
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2.2 Conway's Game of Life

The progress of the Game of Life, also known just as Life, is determined by its
initial state, requiring no further input, thus it is a zero-player game. To “play” this
game one creates an initial pattern and observes how it generates the next ones. It
runs in a space of unlimited two-dimensional square grid. Each cell has two possible
states, dead or alive, and interacts with its eight neighbors that are adjacent
diagonally, vertically, or horizontally. This Moore neighborhood, also called
chessboard neighborhood in image processing, is defined as

N, y) ={x y)|x' e lx —Lxx+ 1}y €y — Ly,y + B\{(x»)}
The game has simple rules which are as follow:

e Birth: adead cell at time t with exactly 3 living neighbors will be alive at
timet+ 1.

e Death: a living cell at time t with less than 2 or more than 3 living
neighbors will die at time t + 1.

The initial pattern is the system’s seed. Each generation is a function of the previous
one. The generation t + 1 is created by applying the game’s rules simultaneously to
each cell in the generation t. The rules are applied repetitively to create the next
generations.

2.3 Triangular Grid

The Triangular Grid is also called isometric grid; it is a grid generated by tiling the
plane regularly with equilateral triangles. Various coordinate systems can be used
for this grid. Here we use the one which was described in [16, 17, 15]. Each cell has

3 coordinates, i, j and k where i, j,k € Zand 1+ j+k € {0,1}. See also Figure

1(a). There are 2 types of cell: type ”E*, even cells, where the sum of coordinates
equals to 0 and type ”O*, odd cells, where the sum of coordinates equals to 1.
Closest neighbors, also called side-neighbors are used throughout this paper. Two
cells are neighbors if exactly one of their coordinates differs, and this difference is
+1. Consequently, each cell has 3 neighbors, the cells with which it shares a side.
Even cells have odd neighbors and vice versa. Example of neighbors can also be
seen in Figure 1(b) and (c), respectively.
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Figure 1
(a) Triangular grid. (b) A cell type “E” and (c) a cell type “O” with their neighbors

3 Definitions

Each cell has 2 possible states: dead or alive, they are represented by colors: black
cells are alive, white cells are dead. A pattern is a set of living cells on the triangular
grid. A starting state is just a finite pattern in the triangular grid.

The next definitions are somewhat analogous to the embedding hexagon of [20].

Definition 1. The Bounding Hexagon of a pattern is the smallest hexagon on the
triangular grid which contains the pattern properly inside of itself. We use notation
B for the Bounding Hexagon.

xmin_lsxsxmax'i'l:ymin_lSysymax—l'l:
Zmin =1 <2 < Zpmgx +1

Let H, = {(x, Y, Z2) }, then

x=xml-n—1orx=xmax+1ory=ymin—1or}
Y=YVmax +10rz=2z,n, —10rz=2zy,, +1

B = {(x,y,z) € H,

Definition 2. Outer Hexagon is the smallest Hexagon on the triangular grid which
contains the bounding hexagon properly inside of itself. We use notation O for the
Outer Hexagon.

_2stxmax+2’ymin_2Sysymax"'zi

_ Xmin
Let H, —{(x,y,2)| Zmin — 22 Z < Zpax + 2

},then
x=xmin—20rx=xmax+20ry=ymin—20r}

0 ={(x,y,z)€H1 V=VYmax +20rZ = Zpn — 200 Z = Zygy + 2

See Figure 2, for examples.
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Figure 2
A sample pattern (black), its bounding hexagon (blue) and its outer hexagon (green)

Definition 3. A BS-Automaton on the triangular grid consists of a starting state and
its rule R that is a combination of 2 sets. The first set is called “Birth” (shortly “B”)
which shows the number of living cells needed in the neighborhood of a dead cell
to make it alive. The second set is called “Survival” or “Stay alive” (“S”) which
shows the number of living cells needed in the neighborhood of a living cell to keep
it alive.

R € {BxSy|x,y € {0,1,2,3}" are strings containing each of the numbers
at most once}.

Since we have 3 neighbors, it is clear that B and S are subsets of M = {0,1,2,3}, and
the above notation is used where string x contains the elements of B and y contains
the elements of S. Both for B and S there are 2* possible sets, thus the total number
of possible rules of BS-automata is 256. In the next section we show some of their
properties.

4 Results

We start the section with some general observations.

Theorem 1. Any BS-automaton with rule R: 0 € B and 3 & S leads to alternating
states such that every second state consists of infinitely many living cells.

Proof: Based on the definition, the starting state is a set of finitely many living cells.
If we consider the Outer Hexagon of the pattern, every cell outside of this hexagon
is dead and has only dead neighbors. Since 0 is included in B, in the next step all
these cells become alive, thus we have infinitely many living cells which have 3
living neighbors and only finitely many without 3 living neighbors. For the next
generation, since 3 is not included in the set S, all these cells would die, and then,
we have finitely many living cells and infinitely many dead cells. This property of
the pattern is repeated by period 2. O

Further, we assume that our automaton is not of the previously described “flashing”
type, and we deal with BS-automata with the condition 0 ¢ B.

Theorem 2. Any BS-automaton with rule R with 1 € B leads to an unbounded
growth (concerning the size of the pattern).
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Proof. If we consider the Bounding Hexagon of the pattern, there would be 1 or
more boundary cells which share an edge or a vertex with the Bounding Hexagon.

If at least 1 boundary cell shares an edge with the Bounding Hexagon, then at the
next step, since 1 € B, its neighbor cell in the Bounding Hexagon becomes alive.
This means that the new Bounding Hexagon is bigger than the previous one in this
direction.

If none of the boundary cells share an edge with the Bounding Hexagon, then at the
next step, at least one cell becomes alive such that it shares an edge with the
Bounding Hexagon. Thus, even the new Bounding Hexagon would be the same
size, at the next step, as we have shown in the previous part of the proof, the new
Bounding Hexagon will be bigger.

The unlimited increase of the Bounding Hexagon shows the unbounded growth of
the automaton. O

4.1 Case Studies with Growing Patterns
After some general results we are going to study some specific BS-automata.

Case B1S0123. In this automaton since S equals to M, any living cells live forever.
By Theorem 2, there is no stable or periodic pattern. It usually makes the shape of
snowflakes. It will never stop and it goes to infinity. Regardless of the type(s) of the
starting cell(s) (“E” or “O”), it generates similar patterns. Figure 3 presents sample
1 where the starting state is a single cell of type “O”. It also presents a real snowflake
in the ending of the second line for the comparison. In Sample 2 the starting state is
consisting of 2 separate cells with different types, as one can see on Figure 4, the
growth of the pattern is very similar to the previous example. This automaton can
be used for image synthesis.

Figure 3
Automaton B1S0123, Sample 1, and a real snowflake’comparing to generation 20

SnowCrystals.com. Web. 1 Jan. 2017. <http://www.snowcrystals.com/>
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20 21

Figure 4
Automaton B1S0123, Sample 2

Case B1S123. Since the birth condition is 1, there is no stable pattern. Also there is
no periodic pattern and it goes on to infinity. It generates inherently different
patterns depending on the fact that the staring state includes only one type of cells
or both types. If the starting state has only one type of cells, then after each step we
have only one type of cells. In sample 3 the starting state consists of a single cell of
type “O”. It starts with type “O” and after that only type “E” cells are alive, and this
property is repeated with period 2. See Figure 5. In the next sample the starting state
is consisting of 2 adjacent cells with different types. Surprisingly, we got back very
similar snowflake as we have seen in case of automaton B1S0123. Actually the two
automata generate the same sequence of patterns from this start state. See Figure 6.
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Automaton B1S123, Sample 3
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Figure 6
Automaton B1S123, Sample 4
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and no periodic pattern; it grows to infinity. If we start with one type of cells the

method generates pattern similar to water’s wave. In Sample 5, the starting state
consists of a single cell of type “O”. In each step we only have cells of one type.

See Figure 7. This method has completely different behavior when we have both
types of cells in the starting state. In such cases it fills the whole space easily and

also, sometimes we may have finitely many holes. In sample 6 the starting state
pattern soon and there is no infinite growth. Also since S equals to M, any living
cells live forever. This automaton is a good tool for filling small spaces between

cells. Sample 7 is transformed to a stable pattern in one generation, as it is shown

Case B2S0123. In this case any starting pattern will be transformed to a stable
in Figure 9 (2 left images).

consists of 3 separate cells. There are 2 cells of type “O” and 1 cell of type “E”.

Case B12S123. Since 1 is included in the set of birth conditions, there is no stable
Figure 8 shows this example.

4.2 BS-Automata related to Image Processing

Figure 7
Automaton B12S123, Sample 5
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Figure 8
Automaton B12S123, Sample 6
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Figure 9
B2S0123, Sample 7 (2 left images); Sample 8 (middle) and Sample 10 (right) are stable

In Sample 8, we have 2 lines with distance 1. This is a stable pattern and the
automaton does not change the generation 0 (see Figure 9 (middle)). Next we add
one single living cell to the left end. The automaton starts to fill the empty spaces
between the 2 lines step by step and then arrives to a stable pattern on generation
11, as Figure 10 shows. However, it cannot be used to fill more than 1 cell width
holes (Sample 10, in Figure 9).
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Figure 10
Automaton B2S0123, Sample 9

This automaton can be used for image recovery. In Sample 11 we have a set of
living cells which should represent letter “Z”. However, some of the living cells
were deleted. The shape of Z is established after some generations. However, this
automaton cannot filter out usual salt and pepper noises; see Sample 12 (Figure 12).

—53-



M. Saadat et al. Cellular Automata Approach to Mathematical Morphology in the Triangular Grid

AAA A

wv

Figure 11
Automaton B2S0123, Sample 11, reconstruction of the character “Z”

Figure 12
Automaton B2S0123, Sample 12

It could repair some patterns but couldn’t remove the usual noises.

Case B2S123. This case is similar to the case B2S0123 but since 0 is not included
in S, every living cell needs at least one living cell in its neighborhood to stay alive.
With this automaton we have stable shapes and also periodic shapes (see Figure 13,
Sample 13, left) but no infinite growth. This automaton gives us an important ability
of Noise Filtering. Sample 14 is supposed to represent the word “Hi”. Run of the
automaton results to a stable pattern in 3 generations. (See Figure 13, Sample 14,
middle.) This method still cannot filter inner noises (salt noise), see Figure 13,
Sample 12, right.
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Automaton B2S123, Sample 13, an oscillator with period 2 (left), noise filtering on word “Hi”,
Sample 14 (middle) and Sample 12, (right)

Case B23S123. With this automaton we may have stable shapes and periodic shapes
but not infinite growth. The automaton can be used to repair the shapes, to remove
the outer noises (pepper) and to fill the inner noises (salt) at the same time, see
Figure 14, left. Usage of this automaton also has some disadvantages. It will
completely delete Sample 15 in 5 generations as it is shown in Figure 14 (right).
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Automaton B23S123, Sample 12 (left), Sample 15 (right)

By the next examples we take the next step to the direction of image processing
applications.

4.3 Pattern Recovery by Combining BS-Automata

Using a combination of two or more automata can help to recover the patterns and
to filter the noises. One solution is to apply automaton B2S0123 first, then
automaton B23S123 to the stable state obtained by automaton B2S0123 (we may
call it middle state of the process). We used this method for Sample 16, see Figure
15. We have also tested the method on the Logo of our university (Eastern
Mediterranean University, see Figure 16, left). Some noises are applied (2™ picture
of Figure 16) on the original pattern and we used this image as the starting state.
Figure 16 shows not only the original pattern and the starting state, but the middle
state and final (stable) state as well. The finally obtained stable state is almost the
same as the original pattern: the difference contains only 2 cells.
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Pattern Recovery, Sample 16
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Figure 16
Pattern Recovery, Sample 17, Logo of the “Eastern Mediterranean University”
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5 Morphologic Operations

Definition 4. The dilation of a pattern A on the triangular grid is a pattern D(A) such
that:

D(A) = {qlq € A or at least one of the neighbors of g is an element of A}.

Definition 5. The erosion of a pattern A on the triangular grid is a pattern E(A) such
that:

E(A) = {qlq € A and all the neighbors of q are elements of A}.

Note that the dilation and erosion above are done by the neighborhood used in this
paper. In paper [1] similar operations are defined in a more general manner, instead
of a fixed neighbourhood, various structural elements were used with various
constraints. Allowing only vectors that translate the grid to itself, the strict approach
is defined. In the weak approach each grid point can be used for translation.
However, to describe our neighbourhood relation one may also need vectors with
value (-1) as the sum of its coordinates, e.g., (-1,0,0). In the strong variants any three
dimensional vectors are allowed to use, but only those triplets can be displayed
which have 0 or +1 sum. Our special definition here is compatible only with this
most general variant of operations of the mentioned paper having the following7-
element set as structural element including the following 6+1 vectors
{(0,0,1),(0,1,0),(1,0,0),(0,0,-1),(0,-1,0),(-1,0,0),(0,0,0)}.

By checking the definition of our automata one can establish the following:
Theorem 3. The automaton B123S0123 is equivalent to dilation.

Proof. Assume that ¢ € D(A), then either g € A orthereisaq’ € A such that q and
q' are neighbors. Let us run B123S0123 on A. Clearly if g € A then it is element of
the resulted image because S0123, i.e., each pixel of A survives. If g ¢ A but there
isa q' € A such that g and g’ are neighbors, then g is also element of the resulted
image because of B123.

Now, let us assume that q is an element of the resulted image of running B123S0123
on A, then either because of S0123, q € A or because of B123, there isa q' € A
such that g and q' are neighbors which in both cases imply that g € D(A).

a

Theorem 4. The automaton BS3 is equivalent to erosion.

Proof. Assume that g € E(A), then g € A and also all of its neighbors are element
of A. Letusrun BS3 on A. Clearly if g is element of the resulted image, then because
of S3, g and all of its neighbors are elements of A which means q € E(A).

O

Definition 6. The opening of a pattern A on the triangular grid is the pattern
D(E(A)).
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Opening Closing

Figure 17
A pattern and its various morphologic transformations

Definition 7. The closing of a pattern A on the triangular grid is the pattern E(D(A)).

Similarly to the already shown combinations of BS-automata, one can apply 1 step
with B123S0123 and then 1 step with BS3 to obtain the closing of the original
pattern. Using these automata in the opposite order, the opening of the original
image is obtained. See also Figure 17. Based on the distance of pixels measured by
the length of the shortest path(s) connecting them through neighbor pixels (for more
details we refer to, e.g., [16, 17, 15, 13]) we can also introduce the distance of
patterns (see, e.g., [14]). This, so-called Hausdorff-distance, is used to measure, e.g.,
image similarities.

Definition 8. The Hausdorff-distance of two patterns A and B is defined as
d(A,B) = max {rggf min d(p,q), max min d(p, q)}-

It is known that the Hausdorff-distance can be computed by dilations: By counting
the minimum number of dilations that one needs to make on A to get a pattern D"(A)
such that D"(A) o B, and vice-versa, the minimal m such that D™(B) o A, and finally
taking the maximum of n and m gives exactly the value of d(A,B) (see, e.g, [14]).
Figure 18 shows an example. Obviously, the iterated dilations can be done by
applying B123S0123 on both images.
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Figure 18
Patterns A and B (up), and their iterated dilation with 2 and 3 steps, respectively, resulting an image
containing the other one, this yields to d(A,B) =3

6 Literature Review

In this section the relation of our results and some results from the literature is
shown. First we consider cellular automata related literature, then, we discuss also
image processing algorithms, concentrating on those models that are defined on the
triangular grid.

Cellular automata have already been defined and used in various grids. As we have
already mentioned, in [4], Bays described cellular automata on the regular triangular
grid, but based on 12 neighbors of the cells. In [4] stable patterns and gun like shapes
were analysed in connection to Conway’s Game of Life. Bays has also extended
some notions on the pentagonal and hexagonal grids in [6]. In [11] it is analysed
how messages can be transported in various grids based on a cellular automata
approach. A new family of hexavalent networks stabilizing the symmetry axes,
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providing the highest symmetry level for a 6—valent finite lattice is also presented
there. In [19], the regular triangular grid is used (in its dual representation) to see
how signals can spread on the grid based on various speed defined by neighborhood
sequences. In [25] cellular automata on the regular triangular and hexagonal grids
are used for path planning of robots based on artificial intelligence algorithms. In
[3] cellular automata with memory are used to provide a reversible model on the
triangular grid which may be helpful in bio- and physics related modelling and
applications. In [26], triangles on specific topologically surfaces defined the grid of
the cellular automata. In [29] the developments of the patterns are studied on any
triangulated surface. Only grids with finitely many triangles are considered.
Although the used grid is usually irregular triangular mesh, each triangle (except
those that are on the boundary of the surface) has three neighbors, thus the rules of
the automata are somewhat similar to those that we will define. However, the
behaviour of the automata is different. In irregular meshes, no general coordinate
system, no lanes, even and odd pixels are defined. Although cellular automata only
on the square grid were used in [22], we should recall that, the authors used cellular
automata for image processing applications such as noise removal and edge
detecting. In this way, our paper can also be seen as a kind of extension of some of
the results of [22] to the triangular grid. However we have used only deterministic
cellular automata, while in [22] non deterministic model is considered for noise
removal.

Morphological operations dilation and erosion are considered for the triangular grid
in a more general and mathematical approach in [1, 2]. Our aim here was to show
how cellular automata can be applied in mathematical morphology and other related
image processing tasks on the triangular grid. We have shown also opening and
closing and other image processing operations. About filtering operations, we
briefly mention the median filtering. For binary images, in fact, this filtering assigns
for each pixel the color of the majority of the pixels in its neighborhood. Notice that
it works nicely on the square grid with both the usual used city block (von
Neumann) and chessboard (Moore) neighborhood, since a pixel with their
neighbors consist of 5 and 9 pixels, respectively [12]. However, this method does
not work on the triangular grid using the closest neighbourhood, since a pixel with
its 3 neighbors may have no majority color. On the triangular grid, median filter
based on the 12 neighbors of the pixels can be defined, see, e.g., [28]. Considering
the triangular grid with the closest neighbors, we may modify a little bit the original
concept of the median filter. If we keep a pixel 0 only if the average of the value of
the 4 pixel (the pixel and its 3 neighbors) is less than 0.5, and set it to 1 if this value
is at least 0.5, we got a somewhat similar filter. In fact, a pixel is set to value 1, if at
least 2 of the 4 pixels had value 1. Figure 19 shows how this filtering method can
recover a noisy pattern (left). Applying it 35 times, the pattern is recovered (right)
with a relatively small pixel error (18 pixels). By comparing this result to Fig. 16,
we may see that our method with cellular automata shows a better performance (2
pixel error). Actually, our filtering method is based on morphological type of
operations, as we have discussed.

-59 -



M. Saadat et al. Cellular Automata Approach to Mathematical Morphology in the Triangular Grid

A vV A AV v A Y w
AA |V A A YV AV
A A A V A AA A AA
v AA V V AAY
v A AVASVN W W
v A A v
AAAV % A AW AALNVUYVVAAA = X A‘A
AVASVIVIVAA
w vy YV A
YV A A A‘A A A AVENA AVEY. AV VY VA A A AV
v VYV  AA AL ANNVVVAASY VAV
VAV v N A VALVYYY ‘ AA
W v A
A V& i A A" N _—
VAW A v V. v
AA VY AY A
W ? N AVAVA A VA v
V A A VA
A Y A
% A AAA ATA
v AVAY, y v
v A WS AVAVA A
A AA L &
AY A ‘V
A VvV VY ¥V V AVaA A A
V A A AA A A
A A
Figure 19

Pattern Recovery by a median like filter (the right figure, a stable pattern, is obtained after 35 steps)

Conclusions

In this paper various cellular automata are shown, some of them imply infinite
growth of patterns; some of them reach a stable pattern or lead to a periodic
behavior. Some of them are used to do some pattern recovery (step by step) filling
concavities and holes; others can be used to remove noise. We have also shown how
specific models can do dilation and erosion. These models are entirely parallel
methods of computing. Based on them, further morphologic operations, the opening
and closing were also computed. Further, by an iterative application of the automata
for dilation, the Hausdorff distance of patterns on the triangular grid is computed.
Parallel computing becomes very popular in practice, since more and more
hardware devices support it, thus these approaches are valid alternatives to the
traditional sequential computations (which are still frequently used on images).

In order to create the figures and find the properties of each case considered we
have designed a Windows application using Microsoft Visual Studio 2015 platform.
This software was used for the simulations presented.
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